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University of Washington
Abstract

ANISOTROPY OF ICE I;: DEVELOPMENT OF FABRIC AND EFFECTS OF
ANISOTROPY ON DEFORMATION '

by Throstur Thorsteinsson

Chair of Supervisory Committee

Professor Charles F. Raymond
Geophysics Program

The anisotropy arising from preferred crystal orientation of ice I; is examined. To under-
stand plastic anisotropy of polycrystalline materials it is necessary to examine the behavior
at the single crystal level. Ice crystals have extremely strong plastic anisotropy that strongly
influences the bulk behavior. There are several ways to relate single crystal deformation to
the bulk behavior. Two approaches are used here. The first one is to assume a homogeneous
stress throughout the bulk, which allows us to derive analytical relations between stress and
strain rate. The anisotropy affects the strain rate-stress relationship significantly. For ex-
ample strongly anisotropic ice, with a vertically symmetric fabric, can deform transversely
to the applied stress in pure shear, be nearly undeformable in vertical compression, and
shear easily in simple shear. The second approach takes the interaction between neighbor-
ing crystals into account, and recrystallization processes are also considered. Comparison
of fabric evolution using the model and fabric from the GRIP ice core indicates that nearest
neighbor interaction is necessary to explain observations. Quantification of the interaction
is complicated by recrystallization processes.

A consistent method of characterizing measured fabric is needed to verify models of fabric
development. Here the elastic anisotropy of ice plays a central role, and relations between

fabric and elastic wave velocities are used. to characterize fabric. As always, several other



methods are possible, but comparison indicates that sonic measurements give an accurate
estimate for deformation effects from vertically symmetric fabric, especially in simple shear.
- The deformation of the borehole at Dye 3, Greenland, has been measured with borehole
inclinometry. Sonic velocity measurements done in the borehole allow us to model the defor-
mation using an anisotropic flow law. Anisotropy alone cannot explain all the deformation.
The additional processes responsible for the extra deformation are still unknown.

The anisotropy effects the deformation of polycrystalline ice, and therefore the flow of
ice sheets. Criteria for folding is modified by the anisotropy. Anisotropy of polycrystalline
ice must be taken into account when modeling the flow of ice sheets and interpreting ice

core records.
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Chapter 1

INTRODUCTION

1.1 BACKGROUND

Water, H2O, in its many forms, is probably one of the materials most studied throughout
human history (Ball, 2000). There are at least 12 known solid forms of water. But, only
one of these, ice I, forms naturally under Earth-like conditions. Of all the water on Earth,
. 97% resides in the world’s oceans, and 2.4% as ice. The remainder is in rivers, groundwater
and the atmosphere { Wallace and Hobbs, 1977).

The two large ice sheets, Greenland and Antarctica, account for over 98% of all the ice on
Earth (van der Veen, 1991). Interest in the behavior of these ice sheets is great, particularly
in light of the potential sea level rise should they melt. Total melting of Greenland could
raise sea level by 7.5 m, West Antarctica by 6.0 m, and East Antarctica by 60 m (van der
Veen, 1991). The exploration of past climate variations relies heavily on our ability to
model the flow of ice, as do predictions of future behavior of ice sheets in response to
climate forcing.

The flow of ice has traditionally been described by Glen’s flow law (Glen, 1958)
€ij = A(T)a';‘_la';j, (1.1)

where A(T) = Aoexp(—Q/(RT)), and Ag is a constant with a slight dependence on pressure,
@ is the thermal activation energy for creep, R is the gas constant, T is the temperature,
o is the deviatoric stress and 202 = o405 and I will assume that n = 3. Glen’s flow law
has been used with great success to model the flow of ice sheets. However, as data quality
and measurement technique have advanced, important deviations from Glen’s flow law have

emerged.



This is not surprising; Glen (1958, 1963) warned that the non-random crystal orientation
of crystals (anisotropy) of polycrystalline ice would invalidate some of the assumptions made

in deriving the flow law.

In recent years, each factor in Glen’s flow law has been questioned. The stress exponent
n is generally taken to be 3, but that seems to be valid only at high stresses (>0.1 bar),
and even under those conditions values of n = 4 have been suggested (Durham et al., 1997;
Goldsby and Kohlstedt, 1997). -Values closer to 1 have been suggested at lower stresses,
but it is difficult to get accurate measurements at low stresses, since the strain rate is so
low, which makes experimental evidence inconclusive. The Ag constant has often been
modified to fit deformation rate data. These “corrections” or enhancement factors have
often been attributed to softening effects of impurities and/or other potential softening
mechanisms (crystal size, anisotropy) as needed. Especially intriguing is the possibility of
relating dislocation densities to impurity content and to the possible grain size dependent
mechanism, but these concepts are not pursued here. The activation energy Q is fairly well
known, but some questions still linger (Goldsby and Kohlstedt, 1997). The proportionality
between strain rate and stress components &;; &« o;; does not hold when anisotropy is taken

into account.

Ice I} has extreme plastic anisotropy, with glide in the basal plane being 60 times easier
than other slip systems (Duval et al., 1983). The strong anisotropy represents a major
complication when modeling the deformation of single crystals and their interactions in
polycrystalline ice. The distribution of stress and strain between crystals in an aggregate
has no analytical solution (Wenk and Christie, 1991). Assuming homogeneous stress or
strain for all the crystals in an aggregate defines two end member cases; the “true” behavior
is most likely somewhere in between. In glaciology, Glen’s flow law (Glen, 1958) has been
used with great success since its introduction. This thesis examines the effects of anisotropy

on the bulk deformation, the evolution of fabric, and measurements of anisotropy.



1.2 MOTIVATION AND GOALS

Large gaps still exist in our understanding of the flow law for ice. The effects of fabric,
impurities, and crystal size, for example, on the deformation of ice are poorly understood.
The goal here is to examine the effects that the strong plastic anisotropy of single ice
I crystals has on the bulk deformation. I also want to calculate how the fabric evolves
as the ice strains, since fabric evolution leads to the anisotropy at depths in ice sheets.
To measure fabric for use in a flow law for the instantaneous deformation, I want to use
sonic wave velocities. Then the anisotropic elastic properties of ice also become important
in order to relate the velocity to the degree of anisotropy. The effects of impurities and
crystal size on strain rate are briefly examined in order to explain bore hole deformation.
The deformation of ice is likely to involve several processes acting in parallel. However,
deformation mechanisms, other than dislocation glide, will, most likely, have an isotropic

contribution and the formulation of the anisotropic response would still remain valid.

1.3 SYNOPSIS

The underlying physics of ice flow lies in part in the deformation mechanisms of ice crystals.
A short overview is given in Chapter 2. This is not meant to be an exhaustive summary of
the possible deformation processes, nor a complete review of the processes covered. The idea
is first and foremost to introduce dislocation glide and slip systems. With some background
information about how crystals deform, one can better appreciate all the complications
that arise when constructing a flow law. The emphasis in that chapter is on evidence of
deformation mechanisms and anisotropy from seismology and solid earth physics. This
highlights the close relation between the deformation of ice, other rocks and even metals.
The main challenge when studying deformation of polycrystalline natural ice is to relate
the single crystal properties to the bulk behavior. This question is examined in Chapter
3. The biasic assumption is that the stress is homogeneous at the single crystal level. This
assumption is often attributed to Sachs (1928), as discussed by Tomé (1998). The derived
equations for the strain rate are analytical and are formulated in a way that resembles Glen’s

flow law. There are, however, many differences between the resulting strain rate obtained



using the anisotropic formulation and Glen’s flow law (isotropic). These differences are
highlighted with examples in that chapter.

The deformation of the bore hole at Dye 3, Greenland, is examined in Chapter 4. Previ-
ously, enhancement factors correlated to impurities, fabric, and crystal size had been used
to describe the deformation. I had hoped, with new measurements of anisotropy (sonic
log) and an anisotropic flow law, to show that anisotropy would explain all the deforma-
tion not explained by Gler’s flow law. It turned out that anisotropy alone cannot do that;
some other process is occurring simultaneously. Chronologically this work preceded the full
development of the analytical relations for anisotropy.

In Chapter 5 I develop a new method for modeling fabric evolution. Nearest neighbor
interaction is included explicitly. The interaction significantly changes the rate and style of
the fabric evolution. Dynamic recrystallization is also included, by considering the energy
associated with evolving dislocation density and grain boundary energy. The results are
compared to other models (without recrystallization) and data from ice cores. The fabric
determined from the model matches the fabric in the GRIP ice core very well. The results
are similar to those calculated using VPSC models (Castelnau et al., 1996b), and they
are more realistic than fabric evolution modeled using the homogeneous stress (no nearest
neighbor interaction) and strain rate assumptions.

To verify models of fabric evolution and strain rates as a function of fabric, it becomes
extremely important to have a consistent and accurate method of measuring and character-
izing fabric. Thin section data provide information about the crystal orientation of single
crystals, but the measurements are time consuming and give the orientation of only a few
hundred crystals. Sonic logging, the little used but extremely useful method of measuring
fabric is the subject of Chapter 6. Here the elastic anisotropy of ice is utilized to relate fabric
and wave velocity anisotropy (Bennett, 1968). The fabric is then characterized using cone
angles, inferred from wave velocity measurements and thin section data. I then compare
the different estimates of cone angles obtained from wave velocities, thin section statistics
(R/N} and cone angle fit from thin sections. The sonic velocities give the “best” estimate
of fabric for predicting deformation.

Chapter 7 addresses fdlding in an anisotropic medium. The conditions for passive folding



of a layer disturbance in a steady state flow field are examined using the anisotropic flow
relations derived in Chapter 3. The source of layer disturbances is also examined, especially
in relation to changes in stress and/or orientation of the symmetry axis for the fabric.
Each chapter has been written as a stand-alone section. Chapter 4 has already been
published as a paper, and Chapters 3 and 5 have been submitted to refereed journals.
Chapters 6 and 7 have a complete description of the ideas presented within them, but await

further input from potential co-authors.



Chapter 2

DEFORMATION MECHANISMS

2.1 SUMMARY

Defects in the crystal structure play a crucial role in deformation of crystalline materials.
Diffusion creep, which involves the motion of vacancies, is expected to dominate at low
stress. Dislocation glide, the motion of linear defects, occurs at higher stresses. Defects are
almost always present in the crystal structure, either because they lower the free energy
of the crystal, or they are grown into the material or induced by strain. Deformation of
polycrystalline materials, such as rock and ice, by dislocation glide gives rise to a non-
random orientation distribution of the constituent crystals (Ribe and Yu, 1991) due to
intra-crystalline deformation. Ice I crystals deform mainly by dislocation glide on the
basal plane, other systems being at least 60 times harder. Deformation of a polycrystalline
materials by diffusion does not lead to preferred orientation of crystals, and neither does
grain boundary sliding (Goldsby and Kohllstedt, 1997), although the evidence is still rather

sparse.

2.2 INTRODUCTION

The origin and development of anisotropy have been the subject of intense investigations
in Earth science ever since Hess in 1964 and Francis in 1969 pointed out that deformation
during convection flow was the cause of lattice preferred orientation (LPO, fabric) of olivine
and of seismic anisotropy near ocean ridges (Chastel et al., 1993). Evidence for anisotropy
of the upper mantle comes from numerous direct measurements of ophiolite and xenolith
samples (Ribe and Yu, 1991) and also from seismology, where shear wave splitting gives the
strongest evidence (Savage, 1999). Analysis of seismological data has revealed an azimuthal

anisotropy of P and S-wave velocities and a polarization anisotropy of shear waves. Surface
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wave dispersion provides additional evidence of the anisdtropy of the mantle, down to 450 km
depth. P-wave anisotropy can reach 10%, but is typically 3-6% (Nicolas and Christensen,
1987). The wave speed (P and S) is faster in the horizontal direction in the asthenosphere;
this is seen from Love and Rayleigh surface-wave dispersion data (Nicolas and Christensen,
1987).

Generally it is assumed that 80% to 95% of the upper mantle is made up of a mixture
of olivine and ortho-pyroxene (Nicolas and Christensen, 1987), of which olivine is about
70% (Ringwood, 1979). These numbers are also approximately correct for the volume ratios
of these minerals. Minerals like olivine and ortho-pyroxene contribute much to the seismic
anisotropy, whereas clino-pyroxene and garnet do not (Nicolas and Christensen, 1987).
Although clino-pyroxene has a high seismic anisotropy, as does olivine and to smaller extend
ortho-pyroxene, it does not form strong LPO in the mantle. Garnet on the other hand
does not have large seismic anisotropy and is thus not important in this content. Olivine
(Ferromagnesium olivine (Mg, Fe)25i04) is the dominant and least viscous mineral in the
upper mantle and as such it is expected to be the controlling factor in the rheological
behavior of the upper mantle (Bai et al., 1991). Modeling of fabric evolution in a convection
cell, with olivine as the anisotropic mineral, shows broad agreement with the anisotropy
inferred from seismology (Dawson and Wenk, 2000).

The first observations of anisotropy in ice sheets arose in seismic work in Antarctica
and Bennett (1968) probably did the first theoretical studies in the 1960’s. Sonic velocity
measurements in bore holes are the first direct observations of the development of anisotropy
in ice sheets (Bennett, 1972; Bentley, 1972; Kohnen and Gow, 1979). The interpretation
of sonic velocities was based on the theory of Bennett (1968). Since then numerous thin
section studies have confirmed that fabric does develop at depths in the ice sheets.

There are several possible modes of non-elastic deformation of polycrystalline ice I5: i)
diffusion flow, ii) power law creep, iii) cleavage fracture (Duval et al., 1983), and iv) grain
boundary processes. Diffusion flow should be dominant at low stresses, high homologous
temperature (T'/Ty,, where T, is the melting temperature) and small (~ 1 mm) grain size
(Duval et al., 1983). Power law creep is dominant for higher stresses and high homologous

temperature. Cleavage fracturing happens only when deviatoric stresses are high and the



confining pressure low, a situation that does not apply at depths in real ice sheets. Grain
boundary migration is believed to be active in accommodating large deformations (Duval
et al., 1983). Grain boundary sliding is inferred for very small gfain sizes (a few to tens of
pum) (Goldsby and Kohlstedt, 1997). Whether grain boundary sliding occurs seems to depend
on the relative orientation of crystals (Ignat and Frost, 1987). Motion of grain boundary
dislocations seems to be the main mechanism of grain boundary sliding (Pshenichnyuk et al.,
1998; Weiss and Schulson, 2000). Laboratory experiments on ice, using >0.1 mm crystal
sizes, have not shown any significant dependence of secondary and tertiary creep rate on
crystal size (Duval and LeGac, 1980; Jacka, 1984).

In the absence of recrystallization, it is necessary to activate some other slip systems
in addition to the basal slip to develop large strains in polycrystalline ice. Self-consistent
modeling shows that at least 4 independent slip systems are needed. If homogeneous strain
is assumed, 5 independent slip systems would be needed. But deformation on other slip
systems of ice crystals requires stresses that are at least 60 times larger than that for basal
slip at the same strain rate. Since the basal slip system only contributes two independent slip
systems, non-basal slip or climb of dislocations must play a major role in the macroscopic
behavior of polycrystalline ice.

Laboratory experiments on ice are usually done at high deviatoric stresses and tem-
perature. Experiment have spanned a temperature range of 0°C to -50°C and octahedral
stress (Eq. 2.30) range from 0.02 to 2.5 MPa. But due to the temperature dependence and
slowness of ice flow, lower temperature usually must be accompanied by high stress to get
measurable deformation. In natural ice masses the temperatures can get even colder, but
deviatoric stress is generally no larger than about 200 kPa.

Single ice crystals shear about 2 orders of magnitude more rapidly, on their basal planes,
than does polycrystalline isotropic ice (Budd and Jacka, 1989) and 3 orders of magnitude
according to Duval et al. (1983).

In this Chapter I explore deformation processes, beginning at the atomic scale with
diffusion and dislocation glide, and show how these microscopic processes lead to large
scale deformation. Recrystallization is also introduced. Chapter 5 “Fabric Development

with Nearest Neighbor Interaction and Dynamic Recrystallization” addresses many of the
g



details.

2.3 DEFORMATION PROCESSES

At high temperature (T > % m) creep at significant strain rate occurs in response to
deviatoric stress. At low stress levels, Newtonian flow results from stress-directed bulk
vacancy diffusion; grain boundaries act as sources and sinks of vacancies. Vacancies are
created at faces under tension and migrate either through the lattice (Naborro-Herring
creep) or along the grain boundaries (Coble creep). At intermediate to high stress levels,
dislocation glide or climb controls the mechanical behavior (Tsenn and Carter, 1987).
Experiments on ductile flow of polycrystalline olivine show that dislocation glide dom-
inates at high stress and large grain size. Whereas, at low stress and small grain size,
diffusion dominates (Chastel et al., 1993). Diffusion depends on crystal size, but dislocation
creep does not (Chastel et al., 1993). At depths below a few kilometers, most rocks flowing
in steady-state deform pre-dominantly by diffusion-assisted dislocation creep (T'senn and
Carter, 1987). Diffusion does not produce fabric, and can even destroy preexisting fabric
(Karato, 1993), but dislocation glide does produce fabric (Nicolas and Christensen, 1987).
Evidence about dislocation glide comes from direct observations of xenoliths brought to
the surface. Green and Radcliffe (1972) used transmission electron microscopy (TEM) to
elucidate the dislocation flow mechanism of two of the major phases of the upper mantle,
olivine and orthorhombic pyroxene (enstatite). They concluded that flow in the upper man-
tle is dominated by dislocation movement and that such flow processes are rate controlled
by dislocation climb. Deformation tests on single crystals of olivine show that they deform
exclusively by dislocation glide. Tests done on both dry and wet (water in the structure)
samples, found that a factor of 2 higher stresses were needed for the dry samples relative to
the wet ones at constant strain rate. The deformational weakening in olivine is considered
to be the result of hydrolysis of Si-O-Mg bridges adjacent to slip dislocations (Blacic, 1972).
Observations of dislocations in ice are numerous (Baker, 1997). They show that basal
screw and 60° dislocations do not cross-slip and glide on non basal planes. This is strong

evidence that they are widely dissociated on the basal plane (partial dislocations) and that
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slip occurs on planes of the glide set (Baker, 1997), rather than on the shuffle set (Petrenko
and Whitworth, 1994a).

2.3.1 Diffusion Creep

Diffusion here refers to the movement of point defects in the crystal lattice. The point
defects can be vacancies, interstitials, impurity atoms, bivacancies, Schottky and Frenkel
pairs, and some others. Common to them all are the relationships between concentration,
formation energy, jump rates, diffusion coefficient and mobility (Petrenko and Whitworth,
1994b). Diffusion of these point defects can also affect dislocation motion, which is discussed
below.

At constant temperature and volume, thermal equilibrium is attained at minimum free

energy F' rather than minimum internal energy U,
F=U-TS, (2.1)

where T' is temperature and S the entropy. Defects increase the internal energy U, but the
entropy S increases more rapidly, so a minimum F' is attained at some finite concentration
of defects. To examine this a little further, consider a lattice of N identical points (atoms,
molecules). Formation of n defects (each has energy of formation E;) with equal probability

of forming at any one point in the lattice has a free energy
F=Eim—-TS,, (2.2)

where S. is the configurational entropy S. = kpln W, and W is the number of possible

arrangements of n defects over IV sites

N!

W= nY(N — n)!’

(2.3)

At equilibrium, 6 F/én = 0, using the Stirling formula In N'= NIn N ~ N for N >> 1, we
get using Equation (2.2)

n E;
N—n_ P _IcBT)' (2.4)

Assuming that Ef >> kT, we get n = Nexp (—éff). Typical values for ice are Ef ~
0.5eV and kgT ~ 0.023eV at —10°C (Petrenko and Whitworth, 1994b). To be very careful
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one must account for changes in vibrational entropy Sf, because of a slight change in the

elastic lattice vibration spectrum, which gives
S¢ Ef
n o~ Nexp(-g) exp(— kBT) . (2.5)

The equilibrium positions of point defects in the lattice are separated by potential barriers
of height U, and motion occurs by thermally activated hops over these barriers (Petrenko
and Whitworth, 1994b).

Now consider the motion of an electrically charged defect, of charge ¢, that will be called
an ion in the following. To move an inter-atomic distance a in the direction of the field F, a
positive ion would need an activation energy U, —qFa/2, and against the field, U, +-qaE /2.
The frequency of jumps along the field is

Un — an/Q)

Ji = vexp (— ioT (2.6)

and similarly for jumps against the field f,, but with a change in sign for the charge term.
v is related to the frequency of oscillations of the ion in its potential well. The mean drift

velocity is

Ty = a(fi — fo) = 2va exp (—- k[;",}) sinh (;;i;,) . (2.7)

Since usually ¢Fa << 2kgT one finds

ZZ;) exp (— ki_"}) E. (2.8)

7a = (

The probability of jumping, or the mean number of jumps in a given direction per second,

is then
iy = lyexp —U—m), (2.9)

and the diffusion coefficient of the ion is D = vpa?. For chaotic thermal motion of this kind,
the ion mobility u = iE‘i and the diffusion coefficient D are always related by the Einstein

relation
ko ldl

D kgT
so that (Petrenko and Whitworth, 1994b)

D = vpa? = va®exp (—%) . (2.10)
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Figure 2.1: Principle of diffusion creep (Nabarro-Herring). Vacancies flow from the faces
in tension (concentration C*) to the faces in compression (concentration C~ < C*) and
matter (atoms) flows in the opposite direction.

This relation holds for neutral as well as charged defects since neither ¢ nor F appears in
Equation (2.10).

Now consider a cube, with sides of length d, subjected to a normal compressive stress on
a pair of faces and to normal tensile stresses on the four other faces, as shown in Figure 2.1.
The compressive normal stress hinders the formation of vacancies while the tensile stress
facilitates it. The formation energy of vacancies is therefore increased by oV/kT on the
faces in compression and decreased by the same amount on the faces in tension, where V'
is the atomic volume (Poirier, 1991). The equilibrium concentrations of vacancies on the

faces in compression and tension are,
FoV
F_
C —Cgexp( BT ) (2.11)

There is a flow of atoms from the tensile to the compressed faces, and an opposite flow of

vacancies. The flux of atoms is given by
aD, (Ct —-C™)
d ?

where D, is the diffusion coefficient of vacancies and « is a geometrical factor. In a unit

J=-D,VC = — (2.12)

time Jd? atoms leave the faces in compression and are added to the faces in tension; thus
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the crystal shortens by Ad and widens by the same amount. Since Ad = (Jd?)V/d? = JV,
the strain rate is € = Ad/d = JV/d. Taking everything together we get

: = aD,CoVd 2 sinh (%) (2.13)
B

Using the coefficient of self diffusion Ds;q = D,N,, = D,CoV and assuming that oV << kgT

__. OzDstO_
T d2kpT

(2.14)

For ice the diffusion of molecules through the crystal or along its boundaries causes a
strain rate that can be expressed as

i‘;ﬁ (D, + ) (2.15)

where 2 is the molecular volume, § is the boundary thickness, d is the crystal size and D,,
and D are the lattice and boundary diffusion coefficients respectively (Duwval et al., 1983).

This can be simplified by writing the diffusion coefficients as
D = Dg exp(-———~) (2.16)

where @ is the activation energy for diffusion. At temperatures T > 0.8Ts, lattice diffu-
sion dominates, while boundary diffusion is more important at lower temperatures (Duval
et al., 1983). The activation energy Q for lattice diffusion in ice is large compared to most
other materials. This results in slower diffusion processes in ice, at a given fraction of the
melting point, than in other materials. According to Duval and LeGac (1982) diffusion flow
(Nabarro-Herring or Coble creep) seems to dominate the creep for the upper 905 m near

Dome C.

2.8.2 Dislocation Glide

Dislocations are line defects, bounding an area within the crystal where slip by an inter
atomic distance |b|, where b is the Burgers vector, has taken place (Poirier, 1991). The
case when the Burgers vector is parallel to the dislocation is called a screw dislocation, and

when b is perpendicular to the dislocation is called an edge dislocation (Lliboutry, 1987,



14

Figure 2.2: Slip by dislocation motion. (A) An undeformed crystal. (B) A dislocation line
created on the left side has moved inside the crystal and caused a slip by b behind it. The
up-side-down T indicates the dislocation. (C) The dislocation has swept the whole length
of the crystal and left a step, length &, at the surface. The shear strain is € = b/k (Poirier,
1991).
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p- 69). The motion of dislocations on a slip plane is called glide (Petrenko and Whitworth,
1994a). Figure 2.2 illustrates slip by dislocation glide, modified from Poirier (1991).

The density of mobile dislocation is given by p = (length of dislocation lines)/(volume)
which has units of 1/(area). When the dislocations move an average distance AL, the shear

strain is € = pbAL and the strain rate is
€ = pby, (2.17)

where 7 is the average dislocation velocity. Equation (2.17) ié called Orowan’s equation.
The mean velocity is controlled by the nature and distribution of obstacles. The principal

obstacle lies in the intrinsic difficulty in breaking atomic bonds (Poirier, 1991) and is called

lattice friction. If there are only discrete obstacles, with spacing AL, then the average

velocity will be given by
AL

tg+to

where t, is the average time gliding over distance AL between obstacles and ¢y is the time

(2.18)

v =

overcoming the obstacles. If t; << ¢, then 7 = AL/t,. Edge dislocations can overcome
obstacles by moving out of their glide plane by diffusion-controlled climb, called Weertman

creep. The strain rate in Weertman creep is

. pbALv,
E=—7%

where § is the distance to climb to escape obstacle, v, is the climb velocity. Thus we get,

(2.19)

with p < 02 and v, xx &

. QN 3

€= Aexp(—R—T)a , (2.20)
where Q is the activation energy for creep (T'senn and Carter, 1987). For ice, the stress
exponent is approximately 3, at least over the deviatoric stress range 0.1 MPa < 7 < 0.5
MPa in ice (Duval et al., 1983). The lower bound is poorly constrained since experiments

at such low stress are subject to great uncertainty.

2.4 DYNAMIC RECRYSTALLIZATION

Dynamic recrystallization can be defined as a solid-state process leading to the creation of a

new (and usually different) grain structure in the course of plastic deformation of crystalline
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solids. The differences between the initial and re-crystallized structures can reside in one
or several of the following features: preferred orientations of the grains (petrofabric), mis-
orientation between adjacent grains, and grain size and shape. Dynamic recrystallization,
as opposed to static (annealing) recrystallization, occurs simultaneously with deformation
under certain conditions of stress, strain, temperature, and purity, and the same microscopic
processes that cause or control deformation are also responsible for dynamic recrystallization
(Guillope and Poirier, 1979).

Recrystallization in materials involves the growth of new, relatively strain-free grains
(neoblasts) from old straired grains, thereby lowering the strain energy of the aggregate
(Ross et al., 1980).

At least two possible mechanisms are known for dynamic recrystallization. One is the
grain-boundary and sub-boundary bulge nucleation type. The other, progressive sub-grain
rotation may be important in relatively low stress and low temperature regimes.

Polygonization results when a pre-existing grain is split into two or more new grains with
similar orientations through the alignment of dislocations into low-angle grain boundaries
(Alley et al., 1995b).

DYna.mic recrystallization and deformation appear to produce qualitatively similar tex-
tures in olivine, although there are some differences (Chastel et al., 1993). In experiments on
single-crystalline halite (temperature range 250 to 790°C and stress 0.15 to 12 MPa), Guil-
lope and Poirier (1979) found that recrystallization occurs by two different mechanisms. At
lower temperatures and stresses the new grains result from the rotation of sub-grains, with-
out grain boundary migration (rotation recrystallization or polygonization), and at higher
temperatures and stresses the final texture results from the migration of the high-angle
grain boundaries of the rotated sub-grains (migration recrystallization or just recrystalliza-
tion (Alley, 1992)).

If different parts of a grain are subjected to different stress states (almost always the
case), then the grain can become bent or twisted. Dislocations tend to organize between
relatively undeformed regions called sub-grains to form sub-grain boundaries that relieve
this bending or twisting and lower the energy of the system. If a sub-grain boundary

becomes sufficiently strong, or a sub-grain becomes sufficiently rotated, then the boundary
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becomes a full grain boundary (Alley, 1992). Recrystallization is the production of new
grains at high angles to their neighbors. The new grains typically nucleate from existing
grain or sub-grain boundaries separating regions with different stored strain energy, with
the boundary bowing out toward the more strained side. The stored strain energy in the
region ahead of the migrating boundary must be large enough to overcome the increase in
grain-boundary energy caused by this bowing out of the boundary (Alley, 1992). This is

discussed in more detail in Chapter 5.

The free energy difference AP,, associated with the boundary energy is

AP, = 21—95 (2.21)

where r is the radius of the bulge and 4 is the grain boundary energy. If r = 100 zm and
Yg6 = 0.06 J m~2, then AP, =10% J m—3. This much energy can be available only if there

are peaks in the internal stress distribution, as discussed below.

The elastic energy per unit volume is
Py=1Z ' (2.22)

where E is Young’s modulus. With o = 0.5 MPa and E = 9 GPa, the elastic energy is
about 1 J m™3. This is approximately 0.1% of the energy needed to drive recrystallization.
The energy associated with a steady state dislocation density p = 902(Gb)~2, where G is

the shear modulus, o, is shear stress, and b is the magnitude of the Burgers vector is
~gl% (2.23)

This is 8 times the elastic energy, that is only about 1% of what is needed to drive dy-
namic recrystallization (De La Chapelle et al., 1998). In Chapter 5, I show that, with
non-homogeneous distribution of stress and strain, the dislocation density in the fastest
deforming crystals increases very rapidly, so that the energy needed for recrystallization is

obtained at a small bulk strain.
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2.5 ICE DEFORMATION

2.5.1 Single Crystals of Ice

At temperatures below 263K, the constitutive relation for single ice crystals has a different
stress sensitivity exponent, n = 2, than the n = 3 for polycrystals. The activation energy is
also smaller, E. = 63 kJ mol™!, compared to E. = 80 kJ mol~! for polycrystals. Non-basal
slip is extremely difficult to measure. In experiments where stress on non-basal planes is up
to 60 times larger than on the basal plane, all the deformation still happens by glide/slip
on the basal plane (Duval et al., 1983).

2.5.2 Polycrystalline Ice

To deform polycrystalline ice to large strains, slip systems other than the basal plane,
(0001) < 1120 >, where (0001) denotes the basal plane using Miller indices and < 1120 >
the direction (Hook and Hall, 1991), must be activated because at least 4 independent
slip systems are required. Glide on the basal plane gives two independent slip systems.
Other possible slip systems could in principle be the prismatic (1010) <1120 >, witch adds
two independent slip systems, and the pyramidal (1122) < 1123 >, which adds one new
independent slip system. Slip on the pyramidal slip system is not-observed (Fukuda et al.,
1987) and the prismatic slip system is at least 60 times harder than the basal slip (Duval
et al., 1983).

Another possibility is that shear on the basal plane generates dislocations which then
climb on planes perpendicular to the basal plane, giving two more independent systems, to
give polycrystalline plasticity (Duwval et al., 1983). Climb of [0001] or 3 <1123 > dislocations
on the basal plane, is in fact what (Fukuda et al., 1987) propose as the third deformation
mechanism for ice, in addition to basal slip and climb of dislocations on prism planes. By
this mechanism, the ice crystals deform under uniaxial loading parallel to c-axis at a low
rate limited by diﬁ'usion processes, but about million times faster than by Nabarro-Herring
diffusion creep (Fukuda et al., 1987). Liu et al. (2000) conclude that all dislocations have
Burgers vectors in the basal plane, and that loops expanding on this plane take up a hexag-

onal form made up of screw and 60° segments. They also concluded that screw segments
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cannot cross-glide on non-basal planes, but edge dislocations can glide easily on non-basal
planes containing their Burgers vector. That plays an important role in deformation of ice
since it provides the principal mechanism for the generation and multiplication of the dis-
location which subsequently move on the basal planes and produce macroscopic basal slip
(Baker, 1997). Using in situ synchrotron X-ray topography Liu et al. (1995) propose that
grain boundaries are the dominant mechanism for dislocation nucleation, and that internal
stresses result in basal plane glide deformation of crystals with no resolved shear stress on
the basal plane.

Perfect dislocations on the basal plane can be dissociated to partial dislocations by
3[1120] — 2[1010] + 3[0110]. Figure 2.3 shows how a dislocation with Burgers vector
b = b; + b, along a crystal axis can dissociate into two partials. The leading partial
dislocation b; is not a lattice vector, and therefore places the atoms behind it in posit:.ions
not allowed by the crystal structure. A planar defect, called a stacking fault, is thus created
behind it. But the fault ends at the trailing partial dislocation by, which restores the atoms
to normal lattice positions. Because stacking faults are regions of atomic mismatch, they
have an energy per unit area, the stacking fault energy, that effectively binds the partial
dislocations together (Barber, 1985).

The total energy of a dislocation per unit length can be approximated by
=X, (%) (2.24)
where K is a constant involving the rigidity and Poisson’s ratio, b is the length of the
Burgers vector, rg is the dislocation core cutoff radius and r is the average distance between
dislocations (Fukuda et al., 1987). It can then be shown that the dissociation of dislocations
in the basal plane, into partial dislocations p; and p2, lowers the energy of the dislocation
structure, thatis £ > F, + E,,.

In order to glide, dislocations must overcome the barriers presented by proton disorder.
For basal slip it is already known that proton disorder will prevent dislocation motion on
planes of the shuffle set (Whitworth, 1983). The rate controlling process for basal glide is
considered to be proton rearrangement, as first pointed out by Glen in 1968 ( Fukuda et al.,

1987).
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2.5.83 The Creep Curve of Polycrystalline Ice Iy

The creep curve of ice has four distinct regimes. Following loading, first there is initial
instantaneous elastic impulse strain, which is fully recoverable. Then there is primary creep,
with decreasing strain rate that occurs up to strains of about 1%. The primary creep is
largely anelastic; it has time dependent recoverable strain if the load is removed. When the
strain reaches about 10% ice is in the tertiary creep regime, which is irrecoverable viscous
creep (Budd and Jacka, 1989). In fact, almost all the creep beyond 1% is irrecoverable.
Between primary and tertiary creep there is secondary creep, where ice reaches a minimum
strain rate. The minimum strain rate €,,;, is achieved at octahedral strains of 0.5% to 2%,
usually close to 1% (Hooke et al., 1980). The exact value may depend on the stress applied,
although the experiments are inconclusive.

In constant stress experiments, the initial instantaneous elastic impulse strain increases
approximately linearly with stress from strain of 0.024% at 0.2 MPa to 0.3% at 2.5 MPa
(Budd and Jacka, 1989). Secondary creep is not truly a steady state, but rather a transition
from strain hardening to strain softening.

The secondary creep constant, B, depends on temperature with an activation energy E.

which is slightly larger than the activation energy for self-diffusion. B can be written as

B = Bgexp ["%] : (2.25)

where By is a constant.

There is some evidence that the rate controlling process during secondary creep is the
diffusion-controlled climb of dislocations on planes normal to the basal plane. Then the
slow creep of ice could have its origin in the unusually, compared to most other materials,
slow rates of diffusion, discussed above.

At temperatures larger than -10°C the activation energy, E., changes. The reason for
this change is not known, but the grain boundary mobility also increases at this temperature.
A possible explanation for both may be grain boundary melting (Duval et al., 1983).

After the minimum strain rate is reached at about 1% strain, the creep accelerates to
tertiary creep. The acceleration is often thought to be due to changes in fabrics (van der

Veen and Whillans, 1994), but others believe that 1% strain is far too small for significant
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changes to occur (Duval et al., 1983). Intrinsic softening of the individual crystals by
dislocation multiplication has also often been suggested (Hooke et al., 1980). An alternative
explanation is that internal cracks nucleate, increasing the stress on uncracked grains thus
accelerating the creep rate (Duwval et al., 1983). This has been seen in some experiments.
However, careful tests at different stress levels (in uni-axial compression) suggest that this
may not be the complete explanation, because some samples are crack free, while others
crack at very low strains, € ~ 1072%, even though all tests show a minimum creep rate at 1%
strain. Thus cracking cannot be the sole explanation. One possible mechanism to avoid this
controversy is dynamic recrystallization, if it causes a major reorientation of certain grains.
Dynamic recrystallization is known to happen at € < 1%, even in single crystals of ice,
because dynamic recrystallization induces the development of preferred c-axis orientation,

thus it can explain the acceleration of creep.

2.5.4 Flow Law for Ice
Glen’s flow law

An isotropic relationship between two second order tensors can generally be written in the

form

€ij = A(X1, X2, X3)dij + B(Zy, B2, X3)oi; + C(Z1, Te, L3)0ik0okj, (2.26)

where £;; is strain rate, o;; stress and the £;’s and E;’s are the invariants of the stress
and strain rate tensors (see Section 2.6). In order to simplify this expression for use in
an ice flow law it is assumed that density does not vary (the material is incompressible),
that is F'; = €;; = 0. Also because the material is not affected by hydrostatic pressure, it
- is standard to use the stress deviator (* denotes deviatoric stress), of; = oy; — $%;. This
assumption means that X} =

Then we can write
. 2
& = _'52520(2121 2:,3)6{_7' + 3(2,27 g)az{j + C’(2’21 Ef?.)atl'ko';:j’ (2'27)

Further simplifications follows from the assumption (Nye, 1957) of proportionality of

strain rate components and stress deviator components, and the assumption that the second
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invariant of the strain rate tensor is a function of £} only. If this is so, the equation reduces
to
& = B(Sh)ol;, | (2.28)

which is Glen’s flow law.

Anzisotropic flow laws

There are two extreme assumptions that can be made when modeling the deformation
of anisotropic aggregates. One is to assume homogeneous strain, the other is to assume
homogeneous stress. The former ensures strain compatibility, but stresses are discontinuous,
while the latter ensures stress continuity, but overlaps and voids can form. The homogeneous
strain assumption demands at least 4 active slip systems (from Visco Plastic Self Consistent
modeling, von Mieses criterion requires 5), but ice has only two. Modeling shows that
fabric evolution using the homogeneous strain assumption is much slower than observed,
while the homogeneous stress assumption leads to unrealistically rapid fabric evolution. The
homogeneous stress assumption is more plausible for ice, since grain boundary migration is
expected to relieve much of the incompatibilities and ice has very few slip systems. These

approaches are discussed in Chapter 5.

2.6 DEFINITIONS

There are several definitions for the invariants of stress and strain. The invariants of the

stress tensor, and similar ones for strain, are

E1 = O,

Lo = 10ijoij, (2.29)
- L.

23 = EG’,JO'J[:O'L.{.

In 'la.boratory experiments octahedral strain and stress are often used. Octahedral strain

rate and stress are defined as

Eij€i5,

(2.30)

m
N O
Wi Wl

0’,‘]‘0',']'.
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Equivalent stress and strain rate is also commonly used

2 __ 3.
Teq = 294%%0) (2.31)
égq = %ék[ékz.

There is also effective stress and strain
0= LOHOK, (2.39)

1 - -
= EKEK-
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Chapter 3
DEFORMATION OF STRONGLY ANISOTROPIC MATERIALS

This chapter has been submitted to the Journal of Glaciology. E. D. Waddington, C. F. Raymond and
T. Neumann provided helpful review comments.

3.1 SUMMARY

Deformation rates of single crystals, deforming by glide on the basal plane, as a function
of stress state and orientation, are used to infer the deformation rate of aggregates with
arbitrary c-axis orientations assuming that the stress distribution within the crystal ag-
gregate is homogeneous. Analytical equations for the deformation rate of anisotropic ice
aggregates are derived for vertically symmetric cone angle fabric. These equations can
easily be incorporated into existing models that are based on Glen’s flow law. Even with
this simple characterization of fabric, several interesting features arise. In a pure shear
stress state, there is a non-zero transverse strain rate, except in the limiting cases of either
perfect vertical alignment of crystals, or isotropic fabric. In simple shear there is a slight
de-enhancement for cone angles between 60° - 90°. In uniaxial compression the maximum
enhancement occurs when the cone angle is 57°. In combined uniaxial compression and
simple shear stress, the vertical strain rate is very sensitive to the degree of anisotropy at
small cone angles. Even if the fabric and the compressive stress at two sites in an ice sheet
are the same, but one has an added simple shear stress, the vertical strain rates measured

will be very different.

3.2 INTRODUCTION

For more than 40 years, ice deformation has generally been modeled using Glen’s flow law
(Glen, 1958). Due to its success in explaining both early field observations and laboratory

tests, combined with its simple analytical formulation, only minor adjustments have been
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made to it since its introduction. Recently, as measurement techniques and data quality
have improved, important discrepancies have emerged. The deformation rate of bore-holes
(Gundestrup and Hansen, 1984; Dahl-Jensen and Gundestrup, 1987; Thorsteinsson et al.,
1999) for instance, is often very different from what Glen’s flow law would predict (Paterson,
1991). This has lead to a commonly used correction to Glen’s law in terms of “enhancement
factors” that are empirical constants used to make the ice “softer”. The discrepancy between
measured and predicted deformation rates is, at least partly, due to effects of impurities
(which we will not consider here) and the non-random alignment of crystals, which makes
the ice anisotropic. Glen (1958) noted that anisotropy would render the existing theories
approximate.

It is well established that crystal fabric does strongly affect the plastic deformation of
polycrystalline ice (Steinemann, 1958; Russell-Head and Budd, 1979; Duval, 1981; Duval
and LeGac, 1982; Budd and Jacka, 1989; van der Veen and Whillans, 1990; Alley, 1992;
Anandakrishnan et al., 1994; Azuma, 1994, 1995; Azuma and Goto-Azuma, 1996; Castelnau
et al., 1996a). A strongly anisotropic aggregate of ice is much softer in simple shear applied
normal to the mean c-axis direction than is isotropic ice under the same stress condition.
From thin section measurements and sonic logging in Greenland and Antarctica (Kohnen
and Gow, 1979; Herron et al., 1985; Taylor, 1982; Thorsteinsson et al., 1997; Gow et al.,
1997; Thorsteinsson et al., 1999), it is known that ice develops an increasingly aligned
fabric with depth as it strains. If the temperature of the ice rises above about —12°C,
recrystallization will alter the fabric (Duval and Castelnau, 1995).

An initially isotropic polycrystalline ice aggregate undergoing ductile deformation will
develop lattice-preferred orientation (anisotropy) as a result of intra-crystalline slip. To
relate the deformation of single crystals to the bulk deformation, assumptions about the
distribution of stress and strain within the aggregate are needed. There are two well known
extremes: homogeneous stress and homogeneous strain. The homogeneous strain model is
not well adapted to strongly anisotropic materials, since activation of up to five indepen-
dent slip systems is necessary to produce arbitrary strain (Castelnau et al., 1996a). Single
crystals of ice deform almost entirely by slip on the basal plane (Duval et al., 1983), which

provides only two slip systems. It is also observed in experiments that crystal strain is not
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homogeneous throughout an ice aggregate (Azuma and Higashi, 1985); that argues against
the homogeneous strain assumption. Experimental data indicates that the homogeneous
stress assumption is closer to reality (Azuma, 1995, cf. Figure 4), although interaction with
surrounding crystals modifies the stress to some extent (Azuma, 1995; Sarma and Daw-
son, 1996; Castelnau et al., 1996a; Thorsteinsson, 2000b). Incompatibilities arising at grain
boundaries caused by the homogeneous stress assumption can be relieved by grain bound-
ary migration (Means and Jessell, 1986; van der Veen and Whillans, 1994; Lliboutry and
Duval, 1995). The “true” behavior of ice is somewhere between these two extremes, and is
probably closer to the homogeneous stress.

In this paper I examine in some detail the deformation rate of single ice crystals deform-
ing by glide on the basal plane. The characteristics of the deformation rate are independent
of the assumptions made about the bulk properties, but yields useful information about the
bulk deformation. The rotation rate of single crystals is derived, and the implications for
fabric evolution examined briefly; the emphasis here is on the instantaneous deformation.

Then I use the homogeneous stress assumption (often referred to as “lower bound” or
Sachs (1928) model) to formulate a flow law that accounts for the effects of fabric on the
instantaneous deformation of polycrystalline ice. Several previous studies have accounted
for the anisotropy of ice using similar assumptions (Lliboutry, 1993; Lliboutry and Duval,
1995) and even attacked the evolution of fabric (Gédert and Hutter, 1998; Morland and
Staroszczyk, 1998; Staroszczyk and Gagliardini, 1999). However, describing the evolution
of fabric is not a goal of this paper.

To derive analytical equations for the deformation, I describe the fabric using a single
parameter, the cone angle (two parameters if the fabric is a girdle). The cone angle is a half-
apex angle of a cone within which all the crystals are uniformly distributed, while a girdle
angle describes the angle of a smaller cone within which all the crystals have been removed
(see Figure 3.1). I chose to derive the equations for the bulk deformation as a function of
a vertical cone or girdle fabric; this fabric has a transversely isotropic fabric symmetry. It
is a useful case to examine since: a) a vertically symmetric fabric is commonly observed in
ice sheets, b) analytical solutions for strain rate as a function of cone angle (and stress) are

relatively easy to calculate, c) it is about the simplest type of anisotropy imaginable. Other
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fabric symmetries could also be formulated.

Several commonly encountered stress states are examined, and relatively simple analyt-
ical equations for the deformation are derived. The formalism needed to derive analytical
equations for other stress states is provided. Examples of how the anisotropy affects the flow
are used to point out differences between anisotropic and isotropic materials, and highlight

the importance of accounting for the anisotropy.

The formulation presented here can be incorporated into existing ice flow models without
a major increase in the computational time required to run the models, when the fabric can
be specified a priori. Although a complete model should include the fabric development,
many of the important effects of anisotropy can be explored with this kind of formulation.
The focus here is on the properties of ice (I5) crystals, but the formulation is general enough

to apply to other anisotropic materials.

3.3 SINGLE CRYSTAL DEFORMATION

Hexagonal ice crystals (ice I5) show very strong plastic anisotropy. Ice (I5) deforms almost
entirely by dislocation glide on the basal plane, other slip systems being ~ 100 times harder
(Duval et al., 1983). A slip system is defined by a normal vector, n and the slip direction, b
(the Burgers vector). Dislocations are line defects bounding an area within the crystal where
slip by an interatomic distance |b| has taken place (Poirier, 1991). Using three vectors in
the basal plane, it is possible to describe all glide directions within the basal plane. The
Burgers vectors are perpendicular to n (the c-axis in ice), and in ice they are at 120° angles

to each other (the a-axes).

In the following a subscript or superscript in parentheses will refer to the slip system
s in question, and superscript c refers to a single crystal. Vectors are denoted by v with

components v;, and second-rank tensors as A (also € and o) with components A;; where



29

t,7 = 1,2,3. The following notation is used for tensor operations,

a=A:B <& a=A,Bun,
A=n®b < A{j=nibj,

(3.1)
v=A-n & v =A;n;,
a=n-k & a = ngk;.
The normal to the basal plane is described by
n; = [sin 8 cos ¢, sin fsin ¢, cos d], (3.2)

where @ is the zenith angle and ¢ the azimuth in the external reference frame. In the case
of ice, n = ¢, where c is the crystallographic c-axis, but for generality [ will retain n until

modeling ice exclusively. The three Burgers vectors perpendicular to n can be specified as

bf—l) = L[cos @ cos ¢, cos O sin ¢, —sin 4],
bgz) =— %[(cosfcos ¢+ 3sin¢),

(cos@sin ¢ — /3 cos ¢), —sind], (3:3)
b = — L(cosf cos'p — +/3sin @),

(cos @ sin ¢ + /3 cos @), —sin ).

The shearing on each slip system is driven by the resolved shear stress (RSS) on the
basal plane in the direction of b. To calculate the RSS, the first step is to find the traction,
T = o-n on the basal plane, where o is the stress tensor acting in the crystal. The next step
is to find the component of the traction in the basal plane aligned along b, 7 =b-T = b-6-n.

The Schmid-tensor for each slip system is defined as
S=b@®n. (3.4)
Then the RSS on a given slip system is
| r=S:0=S:0, (3.5)

where 6 = & + pI, and p = —0y; /3. We can use either the full or the deviatoric part of the

Cauchy stress tensor, because S : I=n-b =0.
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The rate of shearing on a slip system is given by

r n—1

To

T

(3-6)

To'
where ¥ and 7y are the reference shear strain rate and reference resolved stress respectively,
and the exponent n is typically 3 when modeling polycrystalline ice.

The total velocity gradient tensor, L€, for the crystal is then given by

L = 25(8)7(3)_ (3.7)

The strain rate is € = (L + LT)/2 and the rotation rate @ = (L — LT)/2. The single
crystal strain rate is €= 3, R()%() where R = (S + ST)/2 is the symmetric part of the
Schmid-tensor. Thus, the strain rate is

nol RG) : o

Tés)

RO) : o
me

(3-8)

g =Y 4R
-

3.4 BULK PROPERTIES AND FABRIC DEVELOPMENT

Different formulations of anisotropic flow (TBH (Bishop and Hill, 1951), Sachs (Sachs,
1928), VPSC (Molinary et al., 1987), Azuma (1994)) use different methods to calculate the
bulk response from the single crystal properties. The TBH method assumes homogenous
strain of all the crystals. Sachs assumes homogeneous stress. The VPSC method represents
a compromise between the homogeneous stress and homogeneous strain bounds (Castelnau
et al., 1996a). Azuma effectively assumes that the slip on the basal plane is the same for all
crystals. Below I use the homogenéous stress assumption to calculate the bulk deformation
rate.

The bulk deformation rate of the crystal aggregate is calculated as the mean deformation
rate of single crystals. The resulting velocity gradient for the bulk calculated from the model,
L™, is

1 N
L =ﬁZL, (3.9)
c=1

where N is the number of crystals and L€ is the velocity gradient of a single crystal. This

could also be written in terms of volume fractions.
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3.4.1 Strain Rates for Specified Fabric

Since the reference strain rate, 7o, and reference shear stress, 19, are the same for all three
slip systems in the basal plane, we can write §o/7§ = BA(T), for all the slip systems (s =
1,2,3). Here § is a constant, and A(T) accounts for the temperature dependence, and other
isotropic effects (softening due to impurities, etc.). By introducing S the A(T) function
is the same as in Glen’s flow law for isotropic ice (Paterson, 1994, p. 97). I will assume
throughout that n = 3 (Budd and Jacka, 1989). The strain rate for a single crystal (Eq. 3.8)
is then given by

€° = BA(T) RV, + ROE, + RO (3-10)

The resolved shear stress, strain rate tensor and rotation tensor for each slip system are
written out explicitly in Appendix A.l.
To calculate the bulk properties, we first define a c-axis orientation distribution function

(ODF) F'(0, ¢) such that
/ / F(8, $)d0dp = 1. (3.11)

The bulk strain rate is then obtained from the integral
é= [ [&0,0)F6,¢)dsds. (3.12)

3.4.2 Fabric Development

Fabric development (texture evolution in metallurgy) refers to the rotation of the c-axis of
single crystals in an external reference frame. The deformation L™ does not by itself specify
the bulk rotation, since it is derived from the stress state, which is a symmetric second order
tensor. The velocity gradient for an isotropic material will thus have the same symmetry
as the applied stress, that is L™ « o, where L™ is the velocity gradient of the aggregate
calculated from the model (Eq. 3.9). This means that for isotropic fabric in simple shear,
for example, no bulk rotation ™ is predicted according to the model, since L™ = (L™)7T.

Kinematic boundary conditions are required to determine the bulk rotation rate, Q°?, as

Qf = am 4 Q4
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where Q¢ is the rotation rate necessary to satisfy those boundary conditions (Castelnau and

Duval, 1994). The velocity gradient L of the bulk is then defined as
L=L"+9Q¢ (3.13)

and the bulk strain rate is &€ = (L™ + (L™)T)/2. (Note that when dealing with strain rates
we do not have to consider Q¢ since it is anti-symmetric.) The rotation rate ¢ necessary

to add to the velocity gradient is calculated from
Q¢ =0 — o™, (3.14)
where Q™ is the mean rotation rate from the model
Qp = (L”* —Lm). (3.15)

In simple shear, for example, ©2° would be defined as Qb =¢13 = —Q3,. Thus by introducing
the boundary conditions §2°, we can calculate ©¢.

Fabric development refers to the rotation of n in the external reference frame. This
rotation of the lattice results from the constraints of neighbors during deformation (one
can think of the lattice rotation rate Q~ below as Q¢). The lattice rotation rate £2* is the
difference between the bulk rotation rate Qb_a.nd the plastic rotation rate QP of the crystal
itself,

Q= Qb - Or. (3.16)
The plastic rotation of a crystal is given by

QF =3, 5(SY - s (3.17)
= Qg).,(l) + Qg§>7(2) + Qg)ﬁ,@).
This implies that the cryéta.l is completely constrained by its neighbors, as opposed to a
single crystal deforming by basal glide, which would not result in rotation of the c-axis.
The change in direction with time of the normal, R, is then (from Eq. 3.16)

dn; N - .
7 Qu '] (Qf] - ij)n_-,‘,
that is

dn 9 53 ® 1 “yx Sy % "y
‘l [Q 277:2 + Ql3n3, 921"'1 + 92377«3, Q31n1 + Q32n2]. (3-18)
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To calculate the rate of change of the zenith (f) and azimuth (¢) angles of the normal

vector, first note that cosf = n3, and tan ¢ = ny/n;. The time derivatives then become

dé n
== —32 (3.19)
d¢ _ ning —ning
—_ = 3.20)
dt n? + n3 (
In the absence of bulk rotation, Egs. (3.19) and (3.20) lead to
dé Yo/ 75
E = ——-01/20 (27’8) - T(32) - 7'(33)), (3.21)
and
d¢p _ Yo/175 , 3 .3
o~ T3sng @ T @) (3.22)

where the 7(;)’s are the RSS on slip systems ¢ = 1,2,3 (see Appendix A.l.1). Equations
(3.21) and (3.22) are used below to calculate the evolution of zenith and azimuth angles in

uniaxial compression/extension and pure shear stress.

3.5 STRAIN RATES UNDER SPECIFIC STRESS CONDITIONS FOR GIR-
DLE FABRICS

Equation 3.12 is used to derive an anisotropic flow law for a girdle fabric subject to several
common stress states. Figure 3.1 shows a girdle fabric, in which the zenith angle of all the
c-axes is between ayp, the girdle angle, and «, the cone angle, and the azimuth angles are
uniformly distributed between 0° and 360°. The ODF for the girdle fabric is F(8,¢) =
sin 8/[27(cos ap — cos a)]; ag = 0 yields the ODF for cone fabric. For isotropic ice the ODF
is F'(8,¢) = sin6/(2m). The strain rates depend on the anisotropy through cone angles ()
which can vary from o = 90° (isotropic ice) to @ = 0° (strongly anisotropic, all crystals
vertical).

It is convenient to express the strain rates normalized by the isotropic response; thus
revealing the enhancement relative to isotropic ice. In the past, scalar enhancement factors
have been used to describe the effects of anisotropy on the deformation rate. Care is needed
when dealing with anisotropic material, since the enhancement depends on the orientation,

contrary to the effect of temperature, for example, which is isotropic.
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Figure 3.1: An equal area plot (Schmidt-plot) of a girdle fabric. The c-axes are distributed
uniformly between ap = 15° (girdle angle) and & = 60° (cone angle). Also shown are the
zenith angle, # and the azimuth, ¢.
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The velocity gradient of a single crystal is used to gain insight into the deformation of
crystal aggregates.

For uniaxial compression and pure shear it is possible to derive equations for the evolu-
tion of the zenith (#) and azimuth (¢$) angles, since there is no bulk rotation associated with
the deformation; therefore no further assumptions about the fabric symmetry are needed.
The homogeneous stress assumption leads to fabric evolution that is faster (as a function
of strain) than is observed (Castelnau et al., 1996a; Thorsteinsson, 2000b). The overall
pattern and symmetry is though similar to other model results and observations, and the

solutions here does yield useful insight into fabric development.

8.5.1 Uniazial Compression

In vertical uniaxial compression, the only non-zero component of the Cauchy stress tensor
is 033 = 0. The maximum RSS on the basal plane is 0/2 at § = 45° (as pointed out by
Weertman (1963)), and it is zero at §=0° and 90°.

Examining the velocity gradient tensor of single crystals, L¢, in the applied stress field is
useful at this point, since the averaging method used here (Sachs, 1928) simply averages the
deformation rates of single crystals. Figure 3.2 shows the velocity gradient of a single crystal
in uniaxial compression as a function of its zenith and azimuth angles, LZ;(6, ¢), on an equal
area hemispheric plot (see Fig. 3.1). The components are in a matrix arrangement, with the
L{,-component in the top left corner. When the bulk fabric has a uniform distribution of
c-axes within a vertical cone or girdle, the resulting bulk response is obtained by averaging
L¢; (0, ¢) between two concentric circles. Figure 3.2 shows that although all the components
are non-zero, the center-symmetric azimuth averaging will leave only the diagonal terms
non-zero. We can also use Fig. 3.2 to infer the strain rates under uniaxial compression for
other types of fabric (for instance tilted cone or diamond-maximum pattern); just sum the
rates at all points where c-axes reside for the given pattern.

For a single crystal, the €53 = L§; component (bottom right in Fig. 3.2; see derivation

in Appendix A.1.6) is
1

= (3.23)

€53 = BAc3,; cos? fsin @
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Figure 3.2: The velocity gradient tensor, L;-’J-(G, @), of a single crystal in uniaxial compression.
The crystal is deforming only by glide in the basal plane. Each plot shows a different
component L§; normalized by (Ac®), with the L§,-component in the top left corner and L§;
in the bottom right corner. Lighter colors are positive and darker negative. See Figure 3.1
for explanation of 8 and ¢.
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The bulk strain rate for isotropic ice is

. ,3A03 ‘/211' /w/z P ﬂAU3 1
= 0d0d¢ = —_— .
€a3 momty Jo cos® @sin fol 5 315 (3-.24)
It is easy to show that €17 = €32 = -——;-é33, and that all other components are zero.

For the same component, Glen’s flow law (Glen, 1958) gives €33 = %Aa:’, so we find that
B must in this case be g = 313X9x2 — 630,

The bulk strain rate £33 as a function of cone angle « is

£a3(a) = §A03 x (3.25)
[c055 a(35sin* o + 20 sin? o 4- 8) — 8]
8(cosa — 1) )
For a girdle fabric,
. cosa—1 . .
€a3(a, ag) = m(&ss(a) - 533(%)), (3.26)

where oq is the girdle angle.
The maximum enhancement in uniaxial compression occurs when all the crystals form a
girdle with § = 45° (where the RSS is at maximum), then €55 = B8Ac3/(16 x 72), and thus

the ratio
£53(0 =45°) _9x 315
€33(@=190°) 16 x 72

Figure 3.3 shows the enhancement of vertical strain rate, £ = £33(a) /€33(90°) for a cone

= 2.461.

E,(maz) =

angle fabric as a function of a. Ice in compression is “soft” for all cone angles down to
a =~ 36°. For smaller cone angles the ice is “stiff”. The ice becomes softer as the cone
contracts from a = 90° since many of the “hard” horizontal crystals are removed. The ice
then get;s “hard” when mostly vertical crystals are left (see Fig. 3.2). The maximum strain
rate for cone fabric occurs at & ~ 57° (remember that the ODF for cone fabric is a sine
curve) and gives enhancement of 1.678 relative to isotropic ice (Fig. 3.3).

It is commonly assumed that vertical strain rate at an ice divide remains constant from
the surface down to some depth h, and then decreases to zero at the bed (Dansgaard and
Johnsen, 1969). For isotropic ice this means that the vertical deviatoric stress is constant

down to h (changes associated with temperature are neglected here since the effect is the
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Figure 3.3: Enhancement in uniaxial compression as a function of cone angle. The enhance-
ment is defined as E = £33(a)/£33(90°).



39

same for isotropic and anisotropic ice). But when anisotropy is taken into account the
deviatoric stress must vary with depth since the fabric (expressed by cone angle, see Fig. 3.3)
varies. If the strain rates follow the Dansgaard-Johnson pattern, and the deviatoric vertical
compressive stress near the surface (o« >~ 90°) is ¢ = o9, then o(a = 57°) = 0.840, o(a =
20°) = 1.8750¢ and o(a = 5°) = llog. The anisotropy thus causes stress redistribution,
concentrating stress on the stiff sections (@ < 36°) and reducing it on the soft sections

(a > 36°).

Fabric Development in Uniazial Compression

Using the equations derived in Appendix A.1, we find that

dny/dt = — Msin3(0) cos?(8) cos(¢),

144

dng/dt = — BA(T)o® ;3 (8) cos*(8) sin(¢), (3.27)

144

dns/dt = M%)”—B sin*(6) cos3(8).

14

The rate equations for the azimuth and zenith angles of each crystal (Eqgs. 3.19 and 3.20)

then become

% —o, (3.28)
d
E? = £(0'33 cos @sin 6)3. (3.29)

Figure 3.4 shows the zenith angle velocity, df/dt, where time has been non-dimensionalized
using T = tAo3;. The azimuth angle does not change with time; if the initial fabric in
vertical uniaxial compression has azimuth symmetry, it will retain that symmetry. Crystals
starting at intermediate zenith angles will be rotated quickly towards vertical (towards hori-
zontal in vertical uniaxial extension), but the slow velocity for small zenith angles (also near
horizontal) means that crystals at those angles hardly rotate at all. This leads to a fabric
development that is not entirely consistent with observations. This pattern results from the
assumption of homogeneous stress, in which crystals near vertical and horizontal have no
resolved shear stress on the basal plane. This point is examined further by Thorsteinsson

(2000b) by introducing inter-crystalline interactions.
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Figure 3.4: Zenith angle velocity, d8/dT, as a function of zenith angle, #. Here T = tAc>.
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3.5.2 Pure Shear

In pure shear the non-zero components of the stress tensor are o1; = ¢ and o33 = —0.
Figure 3.5 shows the velocity gradient tensor of a single crystal, L¢, in pure shear for all
possible orientations (@, ¢). Note that the L5, component will not average to zero for all
cone angles. Thus, contrary to the isotropic case, there will be an extension/compression

normal to the plane of the applied stress. The same procedure to get bulk strain rates as a

Figure 3.5: The velocity gradient tensor, L§; (0, ¢), of a single crystal in pure shear stress
(033 = —o11). The crystal is deforming only by glide in the basal plane. Each plot shows a
different component L§; normalized by A3, with the L$,-component in the top left corner
and L§3 in the bottom right corner. Lighter colors are positive and darker negative. See
Figure 3.1 for explanation of § and ¢.
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function of cone angle as for the uniaxial compression gives

é11(@) = A0 (384090 cos o + 49420 cos 3ox
—42084 cos5a — 2445 cos Ta + 4235 cos 9o — 393216) (3.30)
/[393216(cos e — 1)],

35403

6144(1 — cosa) (177 cosa + 47 cos 3a) sin® o, (3.31)

égz (a) =

és3(@) = Ao>(16384 — 15330 cosex — 3080 cos 3ax
+2016 cos 5 + 255 cos Tex — 245 cos 9ar) (3.32)
/[16384(cosa — 1)].

Figure 3.6 shows the non-zero components of the strain rate tensor as a function of cone
angle, normalized by Ao® (=¢33 = —£11), which in this case gives the enhancement relative
to isotropic ice. Note in particular that, although relatively small, the €, component is
non-zero for a range of cone angles. This means that a block of ice deforming in a pure
shear stress state will expand/contract in a direction perpendicular to the plane defined by
the applied stress. Correspondingly, a stress 032 would be required to impose plane strain

rate €11 = —€33, €22 = 0.

Fabric Development itn Pure Shear

Figure 3.7 shows the path of the c-axes as the fabric develops. All the crystals are moving
towards the center (compression axis, £3), but the extension along the #;-axis forces the
crystals to move towards the £,-axis as they are slowly migrating towards the center. This

pattern implies that the azimuth symmetry will not persist in a pure shear stress field.

3.5.8 Simple Shear

In simple shear stress state, the only non-zero components of the stress tensor are o3; =
013 = 0. The maximum RSS on the basal plane is o for zenith angles of # = 0° and 90°,
and it is zero at 45°. Figure 3.8 shows the velocity gradient tensor for a single crystal, L€,
in simple shear stress state. The L{;-term is large for nearly vertical crystals (small zenith

a.ngle) and the L§,-term is large for nearly horizontal crystals (large zenith angle). For



43

1.5

ate
o
W

Norpalized strain r

-1.5
20 10 20 30 40 50 60 70 80 90
Cone angle (deg)
Figure 3.6: Normalized strain rate £;;/(Ao3) in pure shear stress state o3 = —o33 as a

function of cone angle. Here the normalized strain rate is equal to the enhancement relative
to isotropic ice. Note the non-zero strain rate €35, which is transverse to the plane of applied

stress.



Figure 3.7: Evolution of the zenith and azimuth angles in pure shear. The boxes are the
initial position (¢ = 0) and the stars are the final positions at ¢ = T. Note how the axes
move away from the extension axis (£, horizontal in the plane of the page), and towards
the compression axis (£3, normal to the plane of the page).
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isotropic ice these two terms contribute equally to the bulk deformation and therefore there
is no bulk rotation produced, which explains the need to define £2¢ (Eq. 3.14). Also note, that
although smaller, several other velocity gradient components are non-zero. They average to
zero for the vertical cone distribution of c-axes used here, but for other distributions they

might not.

Figure 3.8: The velocity gradient tensor, L§;(f, ¢), of a single crystal in simple shear stress
013 = 031. The crystal is deforming only by glide in the basal plane. Each plot shows a
different component L§; normalized by (Ao3), with the LS;-component in the top left corner
and L§; in the bottom right corner. Lighter colors are positive and darker negative. See
Figure 3.1 for explanation of 8 and ¢.
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For a single crystal, the strain rate (Eq. 3.8) is

£5(6,9) = SActy k]
(cos ¢(cos? 6 — sin? 6))* + L[

(3.33)
(sin? 6 cos ¢ cos 8(cos 8 cos ¢ + /3 sin ¢))*
+(sin? @ cos ¢ — cos f(cos 8 cos ¢ — /3 sin ¢~))4]] .
For an isotropic distribution,
R .1 |
éis = 5 /0 /0 &5 sin 0dbdg = fAT® oo, (3.34)

Glen’s flow law gives €3 = Ao3, so as before, 8 = 630.
The simple shear strain rate for polycrystals with c-axes distributed uniformly within a

cone with a vertical (£3-axis) symmetry axis as a function of cone angle « is

é13(a) = W (2730 cosa — 35cos 3o (3.35)
+357 cosb5a — 15cos7Ta+ 35cos Yoy — 3072) .
For a girdle fabric
. cosa—1 . .
&'13(&, ao) = m(&w(a) b 613(010)). (3.36)

The maximum enhancement in simple shear occurs for a perfect vertical alignment of

all the crystals

Eis(@a=60=0°) 1/144 35
= = = =4.375.
g13(a = 90°) 1/630 8

E;s(maz) =

Figure 3.9 shows the shear strain rate, normalized to the isotropic shear strain rate, as a
function of cone angle. Note that for cone angles between 60° and 90°, the deformation is
actually a little slower than for isotropic ice (E < 1), since many of the easily deformable
horizontal crystals are absent.

The typical vertical orientation of fabric implies alteration of the velocity profile in lam-
inar flow (Paterson, 1994). Figure 3.10 shows velocity profiles for isotropic and anisotropic
ice in laminar flow. Here the cone angle for the anisotropic ice changes linearly from 90°
at the surface to 20° at the bottom, while the stress and temperature distributions are

the same for both the isotropic and anisotropic ice. Due to the anisotropy, the surface
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Figure 3.9: Enhancement in simple shear as a function of cone angle. Note how the en-
hancement is smaller than 1 for cone angles between 60° and 90°, with a minimum of
E(a=173°) =0.857.
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velocity is 2.36 times larger than in the isotropic case, and the mean velocity is 2.5 times
larger. For isotropic ice, the ratio of the mean velocity to the surface velocity %/us is 0.8
(Z/us=(n+1)/(n+2); n=3). This ratio (@/us) is 0.848 in the anisotropic case examined

here. It will in general be different from 0.8; by how much depends on the variation of the

cone angle with depth.
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Figure 3.10: a) Horizontal velocity as a function of height above bed (Z = z/H, where
H is the ice thickness) in laminar flow for isotropic ice («(Z) = 90°) and anisotropic ice
(a(Z) = 20° + 70°Z). b) The anisotropy enhances the deformation, and concentrates it

closer to the bed.
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3.5.4 Uniazial compression and stimple shear

Now I consider more complex stress states in which more components of the stress tensor
are non-zero. As we include more terms in the equation for the resolved shear stress, T
(Eq. 3.5), the number of terms for the strain rate increases rapidly; since 7 is raised to the
n-th power.

The combination of uniaxial compression and simple shear stress exists in the vicinity
of ice domes for example. The stress tensor in this case has the form
0
0

o5 =

0
0
0

9 o 3

T

Adding an additional mean compression does not change the deformation. Equation (3.8)
shows that the stress affects the strain rate through the RSS (Eq. 3.5). The RSS on a crystal
slip system is

T(s) = (S13 + S31)T + Sa30
Tis Tas

which, with n = 3, becomes,
8y = TS+ 8T8 oo + 3Tis TS + T (3.37)

The first and the last term are exactly the values of 7(s) for simple shear and uniaxial
compression acting alone. The non-zero velocity gradient components (L;1, L22, L33, L13)
as a function of stress and cone angle are given in Appendix A.1.7.

Figures 3.11 and 3.12 show the bulk vertical strain rate (€33) and shear strain rate
(é13) as a function of vertical cone angle. For the é33-component, the total strain rate is
the sum of two terms (Fig. 3.11), just as for isotropic ice, but they depend on the fabric
€az(a) = (f(a)o? + g(a)72)0, see Appendix A.1.7. The é3-component (Fig. 3.12) has a
similar form €;3(a) = (h(a)o? + j(a)72)7. An enhancement factor derived from the shear

strain rate does thus not describe the enhancement in compression.
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Figure 3.11: Strain rate €33(c) (solid line) as a function of cone angle in combined compres-
sion and shear. The resulting strain rate is made up of two terms, one that depends on o3
only (dashed line), and one that depends on the shear stress and compression 720 (dotted

line). Here ¢ = 1.0 and 7 = 0.5.
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Figure 3.12: Strain rate €;3(a) (solid line) as a function of cone angle in combined com-
pression and shear. The resulting strain rate is made up of two terms, one due to the shear
stress 73 (dashed line), and one caused by the uniaxial compression stress and shear 27
(dotted line). Here o = 1.0 and 7 = 0.5.
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3.5.5 Pure and simple shear stress

For this case the stress tensor has the form

—c 0 T
o; =0 0 0},
T 0 o

and the RSS of a crystal is
T(s) = (S13 + S31)T + S330 + S11(—0).

Following the same procedure as before, we find bulk €33 and €;3 as functions of cone angle,
shear (7) and compressive (o) stress (see Appendix A.1.8). Figure 3.13 shows the normal-
ized bulk response €33(c, 7)/€33(90°, ) as a function of cone angle and shear stress (the
compressive stress is constant), and Figure 3.14 shows the €;3(, 7)/£13(90°, ) component.
Note how the peak enhancement in vertical strain increases with increasing shear stress,
and moves from o =~ 60° for /o < 1 to & ~ 35° for /o > 1. Also, note the strong gradient
for vertical strain rate for strongly anisotropic ice, especially with increasing shear stress.
The shear strain rate has a simpler pattern, except when 7 ~ o, where the enhancement
has a fairly complex structure for strongly anisotropic ice.

The enhancement shown in Figures 3.13 and 3.14 can also be thought of as a result
of tilting the cone in pure shear stress (r = 0), since simple shear stress state can be
represented as rotated pure shear stress. The tilt angle of the cone normal £ is then given
by € = arctan(t/c)/2. Note, in particular, that this demonstrates that even in a pure shear
stress state, a tilted cone (symmetry axis not vertical) will result in a non-zero shear strain
rate (€13).

Now consider two bore-holes, one at a ridge, the other at a flank site. We want to measure
the vertical strain rate, knowing the deviatoric compressive stress (e.g. constant stress g in
the upper 2/3 of the ice thickness H, and linearly decreasing to zero in the bottom 1/3 of
the ice thickness), the shear stress (zero at the ridge, linearly increasing with depth at the
flank, reaching at the bed a value twice the surface compressive stress, 7 = 209(1 — z/H))
and all other parameters (temperature, dust, etc) that can affect the rheology, at both sites

are the same. Now, if we assume that the fabric is the same at both sites (linear from
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Figure 3.13: The normalized vertical strain rate, €33(a, 0 = —1, 7) /é3s(a = 90°,0 = —1, 1),
as a function of shear stress, 7, and cone angle, a. The pure shear stress is g;; = —0g33 =
o = —1. Note how the compression has a maximum at around 60° when the shear stress is

small and near 35° with increasing shear stress.
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a = 90° at the surface to o = 30° at the bottom) does the anisotropy affect the vertical
strain rate in the same manner at both sites? By comparing the enhancement at the ridge
and the flank sites in Figure 3.15, we can see that the vertical strain rate pattern looks
very different at these two sites. At the flank site (dashed curve), the shear stress causes
the vertical combression to enhance (relative to isotropic ice) whereas at the ridge (solid
curve) the ice is much stiffer. One could argue that the fabric at the flank site should evolve
faster, because of higher effective stress, but even with a tighter fabric (o™ = 20°+70°z/H)
at the flank site (dotted curve), the vertical enhancement at the divide and flank is very
different. Note in particular how sensitive the vertical deformation is to small changes in
the cone angle (see Fig. 3.13). In order to model the deformation accurately, the fabric

must therefore be very well known.

Strain rates for any other stress combination can be calculated in an analogous man-
ner, but adding more components to the stress tensor will quickly make the calculations

cumbersome.

3.6 DISCUSSION

Several models with various levels of complexity have been used to account for the effects
of anisotropy. A model described by Johnson (1977) uses only three parameters (A, i, v)
to characterize vertically symmetric transversely isotropic anisotropy. The parameters are
defined as A% = €33/03;, u? = &;1/03; and v? = 2¢;3/0%;. Strain rate components are

obtained from

En=U (ﬂo’u —12p— Ao — %/\033) )
€22=U (—%(2# — A)o11 + pory — %/\033) )
€a3=U (_%/\(0'11 + 022) + /\033) , (3.38)
€13 = $Uvoys,

€3 = %Uuo'g;;,

12 = U (4p — N)o12,
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Figure 3.15: The vertical enhancement due to anisotropy at a ridge and a flank site. The
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where
U = %(2# — /\)(0’11 et 0’22)2

+  3A ((022 — 033)% + (033 —~ 011)?) (3.39)
+ v(o3+od) + (4u—A)of,.

It is interesting to compare the strain rate calculated using the Johnson model to the
strain rate calculated with the model developed here. Using the results from previous
sections (the strain rate due to the gy; stress state was not shown) we can obtain the X, pz, v
‘parameters as functions of cone angle (Appendix A.1.9).

Figures 3.16 and 3.17 show a comparison of the £33 and €3 strain rate components
. calculated using the two models, respectively, in combined pure and simple shear stress.
For the €33 component the two profiles look similar for small shear stresses; the difference
is due to the fact that the Johnson model uses only one stress component to define A
and p, whereas pure shear depends on both oy; and o33. As the shear stress increases the
differences become more obvious. Three parameters cannot simulate the effects of anisotropy
completely (5-7 are needed, as noted by Lliboutry (1993) and Lliboutry and Duval (1995)).
For the €;3 component, the difference is relatively small, and similar throughout. The
Johnson model captures the major effects of the anisotropy, but not all the details. As
mentioned above, calculating the strain rate using Equation 3.12 becomes laborious as the
number of non-zero stress components increases. The Johnson model depends only on the
three parameters regardless of the stress pattern, and therefore offers a more efficient way
to account for the major effects of anisotropy for highly complicated stress states.

Vertically symmetric fabric is commonly observed in both uniaxial compression and
simple shear stress regimes in ice sheets (Budd and Jacka, 1989; Thorsteinsson et al., 1997;
Gow et al., 1997; Thorsteinsson. et al., 1999). Girdle fabric describes a range of vertically
symmetric fabric, from isotropic random fabric to strongly anisotropic fabric with all crystals
aligned vertically, or at an angle to vertical.

The formulation presented here produces a maximum enhancement of 4.375 in simple
shear. Laboratory experiments often indicate a value close to 9 (Budd and Jacka, 1989),
although several other factors besides anisotropy may complicate the results. Some formula-

tions of anisotropy, such as Azuma’s model (Azuma, 1994, 1995; Azuma and Goto-Azuma,



58

I t=1.5
-y
- -
- -~
"l ~,
~
Ud ~
4 ~ " ‘\
~
-~
,’ =12 So
’ Se
4 — -~ -
V4 " -~ -
L 2 - S
3 3F s Sso
’, ~
| ’, t=0.9 S
| ™1 l’ ’ -~
(4 (4 ~~-~
= (4 ,' ™ -~
‘a r ’ po " ~~~
o~ 4 U4 & T —0.6 ~
Y 4 V4 4 it Y
32 oy —— ==
R4 P/ s’ z=- 1=0.3 TS
¢ U/ " - -.~
¢ ’ 'l -z ___——-___-- -
4 Cd " 5l i =
’ R - ,f’,’ =0.0
L4 4 " >
1 4 d ’ =
’ R »’ 24
/S 5/ s =
/3 27 o e Sachs
(S o’ =,
' -z =22 ~=== Johnson
Z -
- - T, 1 1 1 1
20 40 60 80
Cone angle (deg)
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Figure 3.17: Comparing £,3(«) obtained using the Sachs and Johnson formulation for com-
bined pure shear (03; = —o33 = —1) and simple shear r = 033 = (0.25, 0.5,0.75, 1.0, 1.25).
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1996), the VPSC model (Castelnau et al., 1996a), and the Thorsteinsson (2000b) model
with nearest neighbor interaction, produce enhancement in simple shear that is close to 9.
But, it is important to note that the style of deformation is the same in all cases. Since these
models use identical crystal properties but different averaging of the crystal orientations,
the ratio between the calculated strain rates for any two of these models is a well behaved
scalar function of the crystal orientations. The situation is more complex for the VPSC
model, since the state of stress, and not only the magnitude of stress, can vary between
crystals. But those effects most likely do not significantly change the characteristics of the
bulk deformation in the simple situations considered here. Different models will therefore
predict qualitatively similar enhancement curves. The effects of anisotropy studied here are
probably characteristic of all materials that deform by basal slip.

I model deformation of ice considering only slip in the basal plane. Other slip systems
are unlikely to contribute significantly to the deformation of ice, except in very special cases.
One such case is clearly demonstrated in Figure 3.3 at small cone angles (@ < 10°). Here
E — 0 as o — 0. Other slip systems, probably the pyramidal and prismatic, will determine
the correct E as @ — 0. This value is bound to be small in any case, since these other slip
systems are an order of magnitude stiffer than slip systems in the basal plane.

The assumption that the stress is homogeneous ensures stress equilibrium, but not com-
patibility. There is almost certainly some redistriBution of stress among the crystals in
aggregates, but the deformation of the strongly anisotropic ice crystals is probably closer
to the homogeneous stress limit than to the other well-known limit of homogeneous strain.
As discussed in the introduction, experiments show that single crystal strain is not homo-
geneous throughout an ice aggregate (Azuma and Higasht, 1985); the homogeneous stress
assumption explains the single crystal strain better than the homogeneous strain assump-
tion (Azuma, 1995, cf. Figure 4). Although interaction with surrounding crystals modifies
the stress to some extent (Azuma, 1995; Sarma and Dawson, 1996; Castelnau et al., 1996a;
Thorsteinsson, 2000b). Ice deforms almost entirely by slip on the basal plane (Duval et al.,
1983); which provides only two slip systems. Inhomogeneous strain, lack of slip systems all
argues against the homogeneous strain assumption.

Even though I used the combination of pure and simple shear to demonstrate how the
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anisotropy affects the deformation at a ridge and at a flank site, the same conclusions
apply when comparing a dome (uniaxial compression) and a flank site. The solution for the
dome/flank site enhancements is practically the same, for the vertically symmetric fabric
used here. This is important, since the symmetry of the fabric in pure shear deformation
is unlikely to maintain the azimuthal symmetry. Relating Figure 3.16 to a tilted cone, i.e.
a non-vertical symmetry axis, it is clear that a small migration of the ice divide can cause

significant changes in the deformation pattern (Mangeney et al., 1997).

3.7 CONCLUSIONS

The effects of anisotropy studied here are characteristic of all materials deforming by basal
slip. Although, I used vertically symmetric fabric to calculate the bulk deformation, the
deformation rate of single crystals (Figures 3.2, 3.5 and 3.8) show the character of the
deformation to be expected for non-vertical fabric.

Using girdle fabric, which is characterized by two parameters, we can explore the full
range of anisotropy, for vertically symmetric orientation distributions, from isotropic fabric
to strongly anisotropic fabric.

The formulation outlined here accounts for many effects of anisotropy on ice sheet flow.
The strain rate enhancement in simple shear due to increasing anisotropy explains why ice
gets softer at depth in ice sheets. To achieve plane strain for anisotropic ice, a stress in
the third direction is necessary. In compression, ice is actually soft for cone angles larger
than 57°. Using scalar enhancement factors leads to erroneous results in combined stress
states. The formulation presented here represents a major improvement over the use of
scalar enhancement-factors to account for anisotropic effects, while remaining relatively

simple.
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Chapter 4

STRAIN RATE ENHANCEMENT AT DYE 3, GREENLAND

This chapter was published under the same title in Journal of Glaciology. The co-authors were E.D.
Waddington, K.C. Taylor, R.B. Alley, and D.D. Blankenship. We thank Stan Paterson for valuable comments
on the manuscript, Charlie Bentley for help with the sonic logging, D. Dahl-Jensen for the temperature profile
and K. M. Cuffey for illuminating discussions.

4.1 SUMMARY

Ice at depth in ice sheets can be softer in bed-parallel shear than Glen’s flow law predicts.
For example, at Dye 3, Greenland, enhancement-factors of 3-4 are needed in order to explain
the rate of bore-hole tilting. Previous authors have identified crystal fabric as the dominant
contributor, but the role of impurities and crystal size is still incompletely resolved. Here we
use two formulations of anisotropic flow laws for ice (Azuma’s and Sachs’ models) to account
for the effects of anisotropy and show that the measured anisotropy of the ice at Dye 3,
Greenland, cannot explain all the detailed variations in the measured strain rates. The jump
in enhancement across the Holocene-Wisconsin boundary is larger than expected from the
measured fabrics alone. Dust and soluble ion concentration divided by crystal size correlates
well with the residual enhancement, indicating that most of the “excess deformation” may
be due to impurities or crystal size. While the major features of the deformation at Dye 3
are explained by anisotropy and temperature, results also suggest that further research into

" the role of impurities and crystal size is warranted.

4.2 INTRODUCTION

The deep ice core at Dye 3, Greenland, was drilled in the summers of 1979-81, reaching
near bedrock at 2037 m depth. The liquid-filled bore-hole was surveyed in 1981 after the
drilling was finished and twice each year in 1983, 1985 and 1986. In addition to inclination

and azimuth measurements, temperature, diameter and liquid pressure were also measured
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(Gundestrup and Hansen, 1984; Dahl-Jensen and Gundestrup, 1987). The surface temper-
ature at Dye 3 is about -20 C and the near-bedrock temperature -13 C. Hence the basal
velocity is assumed to be zero. The surface velocity is determined to be 12.5 ma™! by in-
tegrating the measured tilting rate in the bore hole. This agrees with independent geodetic
measurements of the surface velocity (Dahl-Jensen and Gundestrup, 1987).

Horizontal shear strain rate can be calculated from bore-hole inclination measurements.
These measurements at Dye 3 have revealed that the strain rate in the deep, Wisconsinan,
ice (0-254 m above the bed) is much higher than the rate expected for pure isotropic ice.
This increased deformation rate is commonly described with an enhancement factor, Ei;) =
é{j/é?j, which is the ratio of the measured strain rate over what Glen’s (isotropic) flow law
(Glen, 1958) would give. Figure 4.1, following Dahl-Jensen and Gundestrup (1987), shows
that the enhancement factor for Dye 3 reaches in places a value approaching 4. Ice flow
calculations based on Glen’s flow law thus cannot reproduce the strain rates measured in
the Dye 3 bore-hole. We know that crystal fabric does play a major role in the deformation
of ice (Steinemann, 1958; Russell-Head and Budd, 1979; Duval, 1981; Duval and LeGac,
1982; Budd and Jacka, 1989; van der Veen and Whillans, 1990; Alley, 1992; Azuma, 1994;
Azuma and Goto-Azuma, 1996; Castelnau et al., 1996a). A strongly anisotropic aggregate
of ice is much softer in simple shear applied normal to the mean c-axis direction than is
isotropic ice under the same stress condition. From thin section measurements and sonic
logging (Herron et al., 1985; Taylor, 1982) at Dye 3, we know that the ice there develops
an increasingly anisotropic fabric with depth.

Mechanical tests on ice extracted from the Dye 3 bore-hole should provide insight into
the expected in situ mechanical behavior. Simple shear and compression tests commonly
yield enhancement factors of 8 and 3 respectively for ice deforming in steady state (Budd
and Jacka, 1989). Mechanical tests on the Dye 3 core (Shoji and Langway, 1985, 1988) have
shown that in-situ fabrics give enhancement factors as large as 17 in uniaxial compression at
near 45 degrees to vertical, clearly indicating that a strong vertical c-axis fabric contributed
to the enhancement factor. However, for a given sonic velocity, i.e. constant cone angle,
the enhancement factor in their experiments varied by a factor of 2-5 (Shoji and Langway,

1988, Fig. 6); suggesting that a factor of ~2 in enhancement may fall within the expected
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Figure 4.1: Enhancement at Dye 3, using an Ag value that is 1.7 times the reference
value from Paterson (1994), following Dahl-Jensen and Gundestrup (1987) did. The error
estimates (dotted lines) are based on uncertainties reported in bore-hole tilting by Dahl-
Jensen and Gundestrup (1987).
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uncertainty limits of the experiments. Possibly damage such as micro-cracking on basal
planes due to decompression could accentuate the anisotropy. Due to difficulties of testing
small samples at atmospheric pressure, we need to complement these mechanical test results

with models of the in situ deformation.

Pimienta et al. (1988) found no relation between impurities (soluble and insoluble),
crystal size and enhancement in uniaxial and biaxial compression tests carried out on ice
samples from the 2040 m Vostok ice core; they also concluded that anisotropic fabric ex-
plained all the Dye 3 deformation. However, other authors have suggested that impurities
can soften ice (e.g. review by Paterson (1991); Shoji and Langway (1987); Dahl-Jensen and
Gundestrup (1987)).

Our starting point, in examining the deformation at Dye 3, is Glen’s flow law (Glen,
1958) which accounts for the stress and temperature dependence of ice deformation rate.
First we explore the effects of fabrics on the flow properties of ice. We use a new model for
anisotropic ice (Azuma, 1994; Azuma and Goto-Azuma, 1996), and also the Sachs’ model
(Sachs, 1928) to account for the anisotropy. We then explore the role of impurities on the
mechanical properties of ice in order to further explain the deformation measured in the

Dye 3 bore-hole.

4.3 THE CONSTITUTIVE RELATION

The two flow laws that we use both assume, in our formulation, that ice crystals deform
only by slip in the basal plane and that the stress is homogeneous. The first assumption has
been confirmed by experiments on ice; other slip systems are at least 60 times more difficult
to activate (Duval et al., 1983). The second assumption ensures stress equilibrium, but not
compatibility; that is, grains can deform in such a way as to form overlaps and/or voids.
This is not considered to be a serious problem because diffusional processes including grain
boundary migration probably allow grains to recover without impeding the bulk deformation

rate (Means and Jessell, 1986).
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4.3.1 General Formulation of Anisotropy

When 7° is the resolved shear stress on slip system s, then the rate of shearing, ¥°, on that
r_ (Ii)" (4.1)
Yo 5

where o and 7§ are the reference resolved shear strain rate and shear stress respectively

slip system is

and n is the stress exponent. Ice has only one easy slip system, the basal plane, so we can
rewrite Equation (4.1) as
¥° = B(T)r" (4.2)
where 8 = 4o/7§ is a function of temperature, 3(T) = B A(T) and By will be chosen so that
the strain rate for a random distribution of c-axes will match isotropic ice. The resolved
shear stress 7° is given by
T = Sfoi = S%:6 (4.3)
where o;; is the deviatoric Cauchy stress tensor acting on the grain and

S:,, = bin; ' (4.4)

is the Schmid-tensor, which gives the transformation from the crystal coordinate system
(microscopic) to the lab coordinate system (fixed, macroscopic), 7 is the slip-plane normal
and b is the slip direction (Burgers-vector). For ice 7 is the crystallographic c-axis, so we
write 7 = €.

The strain rate is defined by &;; = %(Lij + Lj;), where L;; = 9v;/9z;, v; are the velocity
components and z; the coordinates in a reference frame fixed with respect to the laboratory
(Molinary et al., 1987).

The strain rate in the macroscopic reference frame is related to the microscopic shear
strain rates by the relation

€ =Y RLY - (4.5)
s
where R;; = %(S{j + Sji).

From Equations (4.2) and (4.5) we get (note that Ryow = Skiow if 0;; is symmetric)

¢ =B T R (Rtiow)” (4.6)



67

which gives the strain rates of a single crystal in the macroscopic coordinate system.

4.8.2 Sachs’ Model

In the Sachs’ model (Sachs, 1928) the stress is assumed to be homogeneous, so that the stress
acting on each grain is equal to the macroscopic stress acting on the aggregate. The stress
tensor, ok, in Equation (4.6), is thus just the stress applied to the bulk. The macroscopic

strain rate of the bulk is then just the arithmetic average of the strain rates of the individual

grains, given by

s 1 XL
&= 2% (4.7)
g=1

where €9, the strain rate of an individual grain, is given by Equation (4.6), and N is the

total number of grains.

The value of By, chosen to make isotropic ice behave according to Glen’s flow law, is

Bo =9.

4.8.8 Azuma’s Model

For bulk deformation Azuma (1994) takes the mean value of the Schmid-tensor for individual

grains

- 1 X
Sij = N Z Stgj (4.8)

=1
where S is calculated assuming that b = i, where 17 is the direction of the projection of the
traction, T, on the basal plane. This is possible because the basal plane is nearly isotropic

for 2 < n < 4 (Kamb, 1961). The traction is given by

T: = gijc; (4.9)
and its direction, i, by ~
o EX(Tx8 (4.10)
lex (T x ¢}

Consequently for ice we can write the Schmid-tensor as S;; = m;c;.

The macroscopic strain rate is then given by

éfs = B(T)Rij(Ruow)” (4.11)
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This model effectively replaces each crystal with a crystal having the mean orientation,
given by the average value of S.

The value of 8 is chosen to make the Azuma model reproduce Glen’s flow law in the
case of isotropic ice, i.e. random c-axis fabric. This value is g = 18, which is twice the

value found for Sachs’ model.

4.8.4 Comparison of the two Models

The degree of anisotropy is described as a cone angle, which is the apex angle of a cone
within which all the c-axes are uniformly distributed. Isotropic ice has a cone angle of 90
degrees; anisotropic ice has smaller cone angles. The cone can be parallel or oblique to the
direction of gravity. For Dye 3, the vertical symmetry of thin section fabrics and orthogonal
components of the sonic velocities on the ice core (Herron et al., 1985), strongly suggest
that the cone axis is vertical at Dye 3. The same assumptions apply to the interpretation
of the bore-hole sonic velocities (Taylor, 1982).

In simple shear, strongly anisotropic ice can deform as much as 9 times faster than
isotropic ice, according to Azuma’s model, and 4.5 times faster according to Sachs’ model
(Fig. 4.2). In uniaxial compression along the cone axis of progressively more anisotropic
samples, the ice gets softer by as much as a factor of 3 between cone angles of 90 and 60
degrees, because these fabrics contain progressively fewer hard grains- oriented near 90 deg.
Samples with cone angles smaller than 60 degrees get progressively stiffer with decreasing
cone angle (Fig. 4.2), because there is less resolved shear stress on the basal planes. Note
that Sachs’ model and Azuma’s are identical in the case of a single crystal; it is only through
the choice of By for isotropic ice that we get the different strain rates for cone angle of 0

degrees, i.e. single crystal.

4.4 DATA SOURCES

We use Dye 3 bore hole tilt measurements for strain rates (Dahl-Jensen and Gundestrup,
1987, Fig. 2). The measurements were made every 2.5 - 5 m from near the bedrock up

to 330 m. From there to the surface they were made at 25 m intervals. In measurements



69

10

Enhancement

0 30 60 90
Cone Angle (deg)

Figure 4.2: Enhancement in simple shear (SS) and uniaxial compression (UC) calculated
from Sachs’ (dashed lines) and Azuma’s (full lines) models.

above 1200 m the standard deviations on du/8z are of the same order of magnitude as the
parameters themselves (Dahl-Jensen and Gundestrup, 1987). Almost all the deformation
takes place in the lower-most 1000 m; therefore all our calculations are done there.

We use the stress state values given by Dahl-Jensen (1985), who calculated the stresses
and made corrections due to the local topography.

The temperature profile (Gundestrup and Hansen, 1984) shows that most of the change
in temperature happens in the lower-most 400 m. This results in an enhancemen® (through
the temperature dependence of the flow laws) of a factor of 2 between 400 m and bed. The
data that we use for strain rate, stress and temperature are shown in Figure 4.3.

Fabric data were obtained in two ways. Herron et al. (1985) measured fabrics in thin
sections (Fig. 4.4). The thin section measurements are based on observations of N = several
hundred crystal axes at selected depths. The fabric is expressed by Herron et al. (1985) in
several ways, including (1) the apex angle of a cone containing 90% of the crystal c-axes,
and (2) the normalized length R/N of the resultant vector R obtained by summing all N

c-axis vectors. Thin section measurements of fabric were made on the core at 50-100 m
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Figure 4.4: Measured cone angles. The solid line is cone angle calculated from compressional
wave velocity measurements ( Taylor, 1982), the crosses are cone angles enclosing 90% of
the c-axes from the thin section data, and the o are cone angles with uniformly distributed
c-axes giving the same R/N statistics as the measured thin sections (Herron et al., 1985).

Fabric data were also obtained from bore hole sonic logging measurements Taylor (1982)
using vertically traveling compressional waves. The velocity measurements were made
through 7 m of ice, which is the spacing between the source and receiver. Velocities were
calculated at 3.33 m intervals. Inclination data for the bore hole were used to correct for
variations in propagation angle. Wave velocities can be used to interpret fabric in terms of
the cone (apex) angle because ice is elastically anisotropic, and the elastic anisotropy has the
same symmetry as the plastic anisotropy. Bennett (1968) derived the relationship between
ice fabrics and wave velocities that was used to calculate the cone angle from the compres-
sional wave velocity. We use the same model of uniformly distributed crystal axis within
a cone when interpreting the compression wave velocities and calculating the mechanical
properties of the ice.

The difference between the inferred cone angles from the sonic log and the 90% cones
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from thin sections (Fig. 4.4) is mainly due to the non-uniform distributions of c-axes within
the 90% cones from the thin sections, as was pointed out by Herron et al. (1985); the 90%
cone angle is a relatively poor statistic for representing the average orientation of crystals
in a thin section. For example, if 80% of the c-axes cluster tightly near the vertical, while
the others have high inclinations, then the 90% cone angle must be large enough to enclose
half of the outliers. Yet, the deformation rate of this sample could be very different from
the deformation rate of a sample with uniformly distributed c-axes spanning the 90% cone,
and the tight central cluster alone might better characterize the deformation rate of the
sample. R/N is a better statistic than the 90% contour cone angle for expressing the fabric
distribution, because every c-axis in a thin section, rather than only those near the 90%
contour line, contributes to R/N. In order to compare the sonic velocity cone angles and
the thin section data, we usé the cone angles for uniformly distributed c-axes that would
have the same R/N statistic as each measured thin section. These equivalent cone angles,
shown by open circles in Figure 4.4, are clearly a better match to the sonic log cone angles.
It is also important to remember the very different scales that these two methods measure.
The sonic log gives an average cone angle through 7 m of ice, while the thin sections are
only about 0.5 mm thick. This may account for the higher variability of the cone angles
from the thin sections. There are also a number of complexities that arise in thin section
measurements. Coarse grains can bias the measurements by passing through the plane of
the thin section in many places. Polygonization can give the sense of small crystal size, but
the c-axes, due to the subdivision process are very similar for the new grains (Alley et al.,
1995b). Hence, groupings and other features of the c-axes are likely (Herron et al., 1985;
Alley et al., 1997) that reveal a huge amount about active processes but may not average
over a large enough volume to capture the fabric controlling the deformation. We note that
the thin sections are very important as a tool to infer the symmetry and distribution of

c-axis, and also of course if one is modeling ice on cm scales.
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4.5 CALCULATIONS

We perform two sets of calculations. First we calculate the strain rate, using information
on stress, temperature and fabric. Second we calculate the fabric using the information on
stress, temperature and measured strain rates.

We use ~1000 c-axes for each point of calculation, which are at 10m intervals from the
bed to 1000 m height (recall that Dahi-Jensen and Gundestrup (1987) found virtually no
deformation above 1000 m).

For the calculations we used n = 3 (Budd and Jacka, 1989) and the Arrhenius relation
A(T) = Apgexp ("EO'T) for the temperature dependence, where Q = 60kJmol~! (Paterson,
1994, p. 96), and R = 8.314Jmol"1K~1. Using A(—20C) = 1.7 - 10~'6(kPa)~3s~! (Pater-
son, 1994) as a reference value we find A9 = 4.15- 10~4(kPa) 35!, using the values for Q
and R defined above.

We view the value of Ag as an adjustable parameter; values reported vary by factors of
~2 (Paterson, 1994, Table 5.1). In our calculations we therefore use 4y = fg Ag, where f
is a factor chosen using two different criteria (C) for given flow law X (X = S, A or G refers
to Sachs’ model, Azuma’s model or isotropic (Glen’s) flow law). First we choose f such
that the strain rates that we calculate in the Holocene ice match the measured strain rates
as closely as possible with each flow law; we call these scalars fg . For our second approach,
we ensure that the strain rate in the Wisconsin ice is never over-predicted after we account
for the anisotropy. This is equivalent to saying that the impurities can only have a softening
effect on the ice; we call these scalars fgf,.

To characterize the effects, in addition to fabric, that might be necessary to explain the

measured bore-hole tilting, we define k£ through
Em = sX(]_ + k) (412)

where m refers to measured values and X refers to the flow law description used. k is thus
a measure of how much excess deformation remains at each depth after we have accounted
for the anisotropy. k& should thus be 0 if the flow law ”X” could explain all the strain rate

measured.
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Table 4.1: The value of f& for the different criteria and flow laws used:

Sachs Azuma Isotropic
Holocene  f§ =091 f# = 0.54 G =2.06
Wisconsin  f =0.81 fih =041 f§ =2.84

4.6 RESULTS

Figures 4.5 and 4.6 show the calculated strain rates and excess deformation, k, using the
two criteria fff( and f respectively. The values of fé( ’s are found in Table 1. We note
that both anisotropic models capture some of the major features of the measured profile.
However, neither of them can explain all the variations.

In particular, note the large strain rate just below the Holocene-Wisconsin boundary,
located 254 m above the bottom of the bore hole. Deformation rate increases by a factor
of 4 over a short depth interval. However, temperature and stress vary smoothly across
the boundary, and the fabric, while it changes at the boundary, still cannot account for the
factor of 4 with either of the anisotropic flow models that we use. Perhaps other anisotropic
flow models might be able to account for this factor of 4, although we are not aware of any
that do. Another possibility is that the stiff (more strongly anisotropic) Wisconsin ice acts
as a stress guide, therefore raising the longitudinal stress o,_. A simple calculation shows
that in order to have the same strain rate &,, for a layer with 20 deg cone as for a layer
with a 40 deg cone, one needs to increase o, by a factor of 2. Increasing o, by a factor of
2 at Dye 3, has a very small effect on €.,. Even in the extreme case where the longitudinal
stress was zero before, and is now one-half of the shear stress the increase in shear strain
rate for cone angle of 20 deg is only about 10%. So large errors in the longitudinal stress,
as long as they are smaller than about half the shear stress will not change the shear strain
rate by much.

We note further that between 100 and 200 m the measured strain rates are constant or
even slightly decreasing with increasing depth, while stress and temperature, i.e. factors

that should increase deformation rate in any flow model, increase with increasing depth.
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Holocene-ice criterion. (b) The corresponding k values for Azuma (thin solid line), Sachs
(thick dashed line) and isotropic (thin dashed line) ice.
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The degree of anisotropy is constant, or even slightly increasing over the same depth interval,
and thus should either not affect or else should also increase the deformation rate. From
this observation, we must conclude that some factor in addition to fabric anisotropy is
required to explain the observed deformation rate, regardless of how the response to fabric
is modelled.

The mechanical tests of Shoji and Langway (1985, 1988) further strengthen this conclu-
sion, for they show a monotonic relation between enhancement and sonic velocities.

Figure 4.7 shows the cone angles, calculated using Azuma’s and Sachs’ models, required
to explain all the measured strain rates solely with fabric variations, using the f;‘}{ ’s that we
obtained for the Holocene ice. Common to both profiles is the fact that in order to explain
the jump in strain rate below the Holocene-Wisconsin boundary, very strong anisotropy is
necessary in the Wisconsin ice. In fact a single crystal fabric would not be enough, but
we terminated our calculations at 2 degree cone angles. The cone angle profile that we
derive using the Wisconsin ice criterion has essentially the same features as seen in Figure
4.7 and leads to the same conclusions. The sonic velocity data do not support such strong

anisotropy in this region.

4.7 INCLUDING IMPURITIES

So far we have "accounted” for the effects of stress, temperature and fabric. But excess
deformation, k, remains unexplained. Now we examine the role of other possible factors,
individually gr combined, we will call them “Y”, that may influence the rheology of .ice.
We consider impurities, dust and dissolved ion concentrations, and crystal size. We rewrite
Equation (4.12) as .

™ =X (14 ky + k%) (4.13)

where ky is the deformation correlated with the dust or ion concentration, crystal size, or
some combination of these. k* will be (we hope) a random residual. In other words, we have
assumed that the excess deformation is due to some “Y” plus an error term, k = ky + k*.

We assume that ky = (Y/a)?, where Y can be concentration, crystal size, or some

combination of those, and a and p are constants to be determined by the data. We then
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find a and p that minimize N&2 = E?;l(kj - k{;)z, where N is the number of data points.
The correlation-between k and ky is then given as p = cov(k, ky)/(ox0oky) ‘(Barlow, 1989,
p. 16). The best correlation, and smallest & were found for dust and for ion concentration
divided by crystal size.

The dust concentration at Dye 3 (Hammer et al., 1985), correlates well with the dissolved
ions (p = 0.829) and the inverse crystal size. We get the smallest 42 when comparing k
and the dust concentration, by using a linear relationship kg = a - C(z), where C is the
concentration in mg/kg averaged over ~5 m depth to replicate the smoothness of the sonic
log by the 7 m tool. The calculations are done between 30 m and 250 m above the bed,
and therefore avoid the silty ice layer in the lowermost 23 m. Figure 4.8 shows that the
dust concentration is highly correlated to the excess deformation, k. The value of a ranges
between 0.35 and 0.77 for the two flow law formulations and Ay selection criteria we used.
The correlation coeflicient pg for Azuma’s model is 0.83 and for Sachs’ 0.88.

We do the same calculations for soluble ions divided by crystal size, as suggested by
Cuffey et al. (1996), using the sum of Cl~, SO2~ and NOj3 concentrations (Dahl-Jensen
and Gundestrup, 1987). For the relation k;/. = [C;/(aD)]?, where C; is the concentration
[mg/kg] and D the crystal size [mm], we find p = 1 or 2, and a = 286 to 404. The values
of p and a for each case are shown in Figure 4.8, which also shows that the correlation is
good with k. The correlation coefficients are 0.84 (HI) and 0.86 (WI) for Azuma’s model
and 0.86 for Sachs’ model.

The values of 62 and p for both the criteria (Holocene, HI, and Wisconsin, WI), the two
flow models used and both ky’s are summarized in Table 2.

A correlation between residual enhancement and dust does not necessarily mean that
dust softens the ice. As noted above, dust also correlates strongly with the dissolved ions
and the inverse crystal size, and since these are all so closely correlated it is difficult to say
which one is responsible for the deformation. Ice containing small crystals often has strong
anisotropy (Paterson, 1991); our direct use of the measured anisotropy already incorporates
this effect. We cannot distinguish whether the insoluble dust or the dissolved ions make the
ice softer, since they correlate so well; we argue that dissolved ions are more likely, although

some of the arguments apply to dust as well.
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with the two flow laws and criteria described in text. The values of @ and p are given in
Table 2. (a) Azuma’s model using the Wisconsin ice (WI) criterion, (b) Azuma using the
Holocene ice (HI) criterion, (c) Sachs’ model using WI and (d) Sachs’ using HI.
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Table 4.2: The parameters ¢ and p, and the statistics for the correlation of the excess
enhancement, k, with dust, k4 = (Cyz/a)?, and ion concentration divided by crystal size,
kije = [Ci/(aD)]P:

kq kq kie ke

a p p 107262 a p op 107252
Sachs, HT 1.75 1 0.88 1.34 404 1 0.86 2.99
Sachs, WI 1.30 1 0.88 144 296 1 0.86 3.25
Azuma, HI 286 1 0.83 1.89 400 2 084 2.29
Azuma, WI 130 1 083 156 286 1 0.86 3.40

At concentrations observed in the Dye 3 core and most other ice-sheet ice, laboratory
experiments and simple theory generally lead one to expect that increased impurity con-
centration will increase deformation rates (see review in Paterson (1994), p. 88-89). Solid
impurities (e.g. silt, volcanic ash) at high concentrations in cold ice may decrease strain rates
in laboratory experiments (e.g. Hooke et al. (1972)), but have little effect at low concentra-
tions characteristic of non-basal ice-sheet ice. Some field data seem to indicate a softening
effect of solid impurities (Swinzow, 1962), especially at high temperature (Echelmeyer and
Zhongziang, 1987), although determining mechanisms is always difficult in such field set-
tings. Budd and Jacka (1989) concluded from a review of the field that solid impurities have

little effect on creep deformation at ice-sheet concentrations and sub-freezing temperatures.

Experiments with soluble impurities (Jones and Glen, 1980; Nakamura and Jones, 1970,
1973; Paterson, 1991) indicate that their presence typically increases deformation of ice,
although effects may be sensitive to the temperature, concentration, and nature of the
impurity. As one example, in constant strain-rate tests in tension on single crystals of ice,
introduction of 1.3 ppm HCI reduced the peak stress by about a factor of 2 (Nakamura and
Jones, 1973).

Several mechanisms may be active (e.g. Nakamura and Jones (1973); Weertman (1973);
Perez et al. (1980); Paterson (1994)). Motion of dislocations through the ice lattice may

create mismatches at bonds (Bjerrum defects) that must be removed by diffusional processes
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to allow continued motion. Soluble impurities that substitute in the ice lattice create defects
that speed this diffusional relaxation. Impurities also may create liquid zones or thicker
disordered zones along dislocation cores and at grain boundaries that speed diffusional
processes and cause or allow faster deformation.

Impurity concentrations can affect grain sizes (e.g., Alley and Woods (1996)), and at
least some models allow a grain-size effect on ice deformation rates. However, as reviewed
by Budd and Jacka (1989) (cf. Duval and LeGac (1980)), grain size does not seem to affect
deformation rates significantly within the range of ice-sheet conditions, and often is more
of a response to deformation than a control on deformation.

Thus, a likely explanation is that soluble impurities speed diffusional processes and thus
increase ice-deformation rates by introducing point defects, and perhaps also by increasing
the volume of disordered or liquid material through which diffusion is enhanced. The smaller
crystal size at high soluble impurity levels would greatly facilitate this process. Whatever
the mechanism, the literature suggests that the impurity loading in the Wisconsin ice at

Dye 3 is likely to cause some softening, as deduced previously by Paterson (1991).

4.8 DISCUSSION

By using anisotropic flow models, we can explain a large fraction of the total deformation.
While we agree with Azuma and Goto-Azuma (1996) that the anisotropy explains most of
the strain rate, there are still some important differences, especially in the Wisconsin ice. In
general we cannot tell from this study whether Azuma’s flow law or Sachs model is better
for predicting the behavior of this ice.

Our approach in Equations (4.12) and (4.13) is to incorporate additional physical pro-
cesses into the deformation model until the ”unexplained deformation rate” k approaches
zero. If stress, temperature and anisotropy were to explain all the measured deformation,
then k in Equation (4.12) would be zero. Our Wisconsin ice criterion for selecting 4q as-
sumes that addition of impurities can only soften the ice, at least for the concentrations
observed at Dye 3. This leads to values of k in the Wisconsin ice that are mostly less than

1. The Holocene ice criterion does result in a few negative values of k in the Wisconsin ice,
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i.e. the ice should be stiffer than the model predicts (lower Ag value) rather than softer,
but those negative k values are very small, and the absolute value of k is always less than
1. Most of the variation in k seen in the Holocene ice in both cases can be attributed to
uncertainties in the measured strain rates.

Measurements on the ice core show that the impurity content changes rapidly right at
the Holocene-Wisconsin boundary. Within the Wisconsin ice there are large variations in
impurity concentration which are correlated with the k-value, the excess enhancement after
accounting for fabric.

Sonic logging is a very important method to get information about the fabric in bore-
holes. Sonic logs that average over distances a bit shorter than 7 m would be helpful,
particularly in regions of rapid changes such as the Holocene-Wisconsin boundary and close
to the bed. Thin section measurements are very time-consuming, but necessary to draw
conclusions about the c-axis distribution; are the c-axes within a cone, is the cone vertical
and are the c-axis uniformly distributed within it, or does the ice have a multiple maximum
fabric 7 Finally we point out that if we know that the c-axes distribution can be character-
ized by some distribution other than a uniform vertical cone (tilted cone, girdle, etc.), the
sonic velocities for that distribution can be calculated and used to infer parameters of that

distribution in the ice sheet.

4.9 CONCLUSIONS

The enhancement at Dye 3 (Fig. 4.1) has previously been attributed to various combina-
tions of properties including fabric anisotropy, impurities and crystal size. By accounting
for anisotropy, we can explain ~75% of the peak enhancement at Dye 3. The strong corre-
lation between the excess deformation and dust concentration or ion concentration divided
by crystal size suggests that most of the excess deformation after accounting for fabric
anisotropy can be attributed to the impurities.

We can thus write a flow law for the instantaneous deformation rate as
€i; = BoA(T)[1+ f(C,T)]Ri;m" (4.14)

where (g is a constant, A(T) = Ap exp( — %), f(C,T) is a function of crystal size and/or
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impurity concentration whose importance may vary with temperature, R;; is the symmet-
ric part of the Schmid-tensor (Equation 4.4) and 7 is the resolved shear stress (Equation
4.3). More work is needed to clarify the form of f(C,T). Our simple linear temperature-
independent form f(C,T) = C(z)/a worked well for the dust concentration and the limited
range of temperatures at Dye 3; however, it does not.a.dequa.tely reproduce the deformation
of the silty bottom 23 meters, nor does it have a strong theoretical basis. For the ion con-
centration divided by crystal size a similar relation also worked well. We feel duly cautioned
by the subtitle to Paterson (1991), "Impurities - like patriotism - are sometimes the last
refuge of scoundrels (Bohren, 1983)”. However, now that the effects of both temperature
and fabric anisotropy can be incorporated in ice flow models, we conclude that impurities
clearly emerge as the largest remaining factor influencing ice deformation at Dye 3. This

conclusion may also apply elsewhere.
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Chapter 5

FABRIC DEVELOPMENT WITH NEAREST NEIGHBOR
INTERACTION AND DYNAMIC RECRYSTALLIZATION

This chapter is based on a paper with the same title submitted to Journal of Geophysical Research.
Paul Duval, E. D. Waddington and C. F. Raymond provided helpful review comments.

5.1 SUMMARY

The fabric development of strongly anisotropic crystal aggregates is modeled by taking into
account the 3-D arrangement of crystals. The nearest neighbor interaction (NNI) with the
crystals arranged in a cubic array redistributes the stresses between the crystals and leads to
a more homogeneous strain of crystals with increasing interaction. Without NNI the model
is equivalent to the homogeneous stress (lower bound) assumption. The NNI slows down
the rate of fabric development. The maximum strain rate relative to isotropic increases as
the NNI increases. Recrystallization is modeled from energy balance considerations, and
polygonization is formulated in terms of stress differences. Results from modeling the fabric
deveiopment in ice show that including NNI leads to a more realistic fabric evolution than

the homogeneous stress model.

5.2 INTRODUCTION

Fabric development has very important effects on the physical properties of crystal ag-
gregates of many common earth minerals. An initially isotropic polycrystal undergoing
ductile deformation will develop lattice-preferred orientation (anisotropy) as a result of
intra-crystalline slip. The preferred orientation of mantle minerals, mainly olivine crystals,
is known to cause seismic shear-wave splitting in the crust and the upper mantle (Savage,
1999). In ice-sheets the fabric evolution has been well documented, from extensive thin sec-

tion measurements on ice-cores (Alley et al., 1995b; Gow et al., 1997; Thorsteinsson et al.,
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 1997) and sonic logging in bore-holes and on the ice-cores themselves (Kohnen and Gow,
1979; Taylor, 1982; Anandakrishnan et al., 1994; Tﬁorsteinsson et al., 1999).

Several hypotheses have been used to model fabric development; best known are the
Taylor-Bishop-Hill (TBH), Visco-Plastic Self Consistent (VPSC) and Sachs hypotheses. In
the TBH-hypothesis the key assumption made is that all the crystals in the aggregate
experience the same amount of strain, which guarantees compatibility (no voids or overlaps
form), but not stress equilibrium (Bishop and Hill, 1951). To achieve arbitrary deformation
for every crystal, a minimum of 4-5 independent slip systems is required ( Wenk and Christie,
1991). Models based on the TBH-hypothesis have mainly been used for crystals where the
plastic anisotropy is not very strong, and many easy slip systems are available, such as calcite
(Wenk and Christie, 1991). The VPSC-method compromises between compatibility and
stress equilibrium. VPSC models commonly assume that the neighborhood of each crystal is
replaced with a Hémogeneous Equivalent Medium (HEM), which has the average properties
of the aggregate. The HEM can have an anisotropic rheology (Lebensohn and Tome, 1993,
1994; Molinary et al., 1987), and the HEM can be defined to encompass any given volume
around a given crystal (Molinary et al., 1987; Wenk et al., 1991). The VPSC scheme is
an iterative scheme, and as such it is sometimes difficult to visualize the redistribution
of stress and strain between crystals at each step. The VPSC method has been used to
model peridotite, olivine, quartz and ice, to name only a few (Wenk et al., 1991; Castelnau
et al., 1996c). Finally there are models based on Sachs (1928) hypothesis, more precisely the
homogeneous stress assumption, where the stress on each crystal is assumed to be the same.
It guarantees full stress equilibrium, but not compatibility. Thorsteinsson et al. (1999) used
this model to examine the effect of anisotropy on the deformation of the bore-hole in the
ice sheet at Dye 3, Greenland.

According to the TBH-hypothesis the crystals are fully constrained by their neighbors,
in VPSC they are partially constrained through the HEM and in Sachs-hypothesis they are
completely unconstrained, since the crystal deformation depends only on the applied stress.
For the fabric development, on the other hand, the rotations are completely constrained in
the Sachs model (Castelnau et al., 1996c).

During fabric development, the nearest neighboring crystals adjacent to the crystal being
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considered in the aggregate are expected to have important effects on the deformation of the
crystal. Azuma (1995) found, by means of in situ observation of plane strain deformation
of polycrystalline ice, that the deformation of single crystals depended very strongly on the
interaction with its neighbors. Azuma formulated a fabric evolution model, that is partly
based on these findings (Azuma, 1994, 1995; Azuma and Goto-Azuma, 1996). Sarma and
Dawson (1996) found, using a finite element modeling study of polycrystals, that neighbor
interactions were the main factor in determining the variation of the single crystal strain at
a given bulk equivalent strain.

Recrystallization is an important mechanism in fabric development. For temperatures
(T') close to the melting point (" > —12°C for ice) migration recrystallization is active. The
high temperature allows the nucleation of new, strain-free gra.ins and the rapid migration of
grain boundaries (Duval and Castelnau, 1995). In studies of high temperature (-5°C to 0°C)
creep of ice Kamb (1972) found that after only about 0.04 shear strain there was already
strong evidence of recrystallization. Another recrystallization process is polygonization, in
which grains are effectively divided due to rearrangement of dislocations into sub-boundaries
(dislocation walls). The effect on the fabric development from this process is less significant
since the orientation of the new crystal usually deviates by less than 5° from the parent
crystal.

The purpose of this paper is to present a new model for the fabric development. The
model modifies the homogeneous stress assumption by redistributing the stress through
explicit nearest neighbor interaction (NNI). If there is no NNI, the model reduces to a
homogeneous stress model. The effects of nearest neighbor interaction on the behavior
of crystal aggregates are examined. Recrystallization, both migration recrystallization and
polygonization, is considered. Migration recrystallization depends on the dislocation density
and crystal size, both of which have to be taken into account.

In order to model the fabric development for a given material, one has to know the
initial orientation distribution of the slip system (s) normals (and Burgers vectors) and
their respective ”viscosities”, ° = §§/73", where 4§ and 7§ are reference shear strain rate
and shear stress respectively and = is the stress exponent (inverse of strain rate sensitivity;

cf. Eq. 5.3).
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Ice (1, hexagonal) is used as the model material, since it has only one easy slip system,
the basal plane (0001) < 1120 > (Ashby and Duval, 1985), and good information about
fabric and texture exists from recent ice-core studies (Thorsteinsson et al., 1997; Gow et al.,
1997). Resistance to shear 19 on other slip systems (prism (1010) < 1120 > and pyramidal
(1122) < 1123 >) is 20 timés or higher than on the basal plane slip system (Castelnau
et al., 1997). The fabric development is qualitatively known from thin-section and sonic-
logging measurements. The c-axes rotates towards the compression axis (van der Veen and
Whillans, 1994; Morland and Staroszczyk, 1998; Godert and Hutter, 1998; Thorsteinsson,
2000a).

In this paper I will use fabric to refer to the orientation distribution of symmetry axes,

and texture to refer to the size and shape of crystals.

5.3 THE MODEL

In the model the crystals are arranged on a 3-dimensional cubic grid. Each crystal then
has 6 nearest neighbors, as illustrated in Figure 5.1. The cubic arrangement is used to
find nearest neighbors at all stages of the deformation. In this section I begin by writing
the constitutive equation for a single crystal, and explaining how the nearest neighbor
interaction (NNI) is taken into account. The bulk deformation and crystal rotations are
then derived. Finally, I describe how recrystallization (normal grain growth, polygonization
and migration recrystallization) is included in the model. Since the recrystallization depends
on the dislocation density, an evolution equation for the dislocation density is also a part

of the model.
5.3.1 Constitutive Relations
The resolved shear stress (RSS) of each slip system s is
T8 = Sk (5.1)

where X, is the state of stress in the crystal, and S§, is the Schmid-tensor for the slip

system. The Schmid-tensor gives the transformation from the crystal coordinate system
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Illustration of the crystal arrangement used in the calculations. The center

crystal is called {, and.its six nearest ne

Figure 5.1

ighbors are called €.
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(microscopic) to the lab coordinate system (fixed, macroscopic)
S{j = b,-nj, (5.2)

where 7 is the slip plane normal and b is the slip direction (Burgers-vector).
The rate of shearing ¥°, on slip system s, is
,)',3
—:yg =

9 n—1 s

S
To

(5-3)

%1
where 4§ and 7§ are the reference resolved shear strain rate and shear stress respectively
and n is the stress exponent.

The nearest neighbor interaction (NNI) is modeled by defining a local softness parameter,
&, for each crystal. The stress acting on the center crystal (X§;) is modified by £° according

to

L% = Eij, (5.4)

where o;; is the Cauchy stress tensor acting on the crystal aggregate. The softness £ depends
on the assigned strength of interaction, defined by the contribution of the center crystal ()
and the neighbors (£) to £, and on the magnitudes of the RSS of the neighbors compared
to the center crystal. The contributions (¢, &) thus determine the strength of interaction,
and the magnitudes of the RSS of the neighbors determine the softness. The local softness
parameter of each crystal £ is calculated from the ratio of the magnitude of the resolved
shear stress (RSS) 77° of the crystal, relative to the RSS’s 7:€ of its neighboring crystals,

and the relative contribution assigned to the neighbor crystals

c . 1 8 t
&= e (c+£Z:r—c), (5.5)

where ( is the contribution of the center crystal and £ the contribution of each neighbor,

and

T= ) (5'6)

Z Tsl;s

where 4° is a unit vector in the direction of the Burgers vector. Since the RSS can be zero,

Z S}:IO'klb"
3

there is a specified roof for the maximum value of £.
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Setting { = 1 and € = 0 in Eq. (5.5) gives £ = 1, and we get the homogeneous stress
model, where there is no neighbor interaction. Setting ¢ = 6 and £ = 1 the center crystal
contributes as much as all the neighbors together, and for { = 1 and £ = 1 the center crystal
" contributes as much as each of the neighbors. The effects of varying ¢ and £ are explored
below.

The strain rate is defined by &;; = %(L;j + Lj;), where L;; = 0v;/0z; is the velocity
gradient, the v;’s are the velocity components and z; the coordinates in a stationary macro-
scopic reference frame (Molinary et al., 1987). The velocity gradient in the macroscopic

reference frame is related to the microscopic shear strain rates by

L5 =Y sy (57
S
The strain rate in the macroscopic reference frame is then given by
&5 = R, (5-8)
s

where R{j = %(S{j -+ Sj{).
Equations (5.3) and (5.7) show that the velocity gradient of a single crystal in the

macroscopic coordinate system is

n—

. cas T ! Ok
LG =385 (E°Sh—y| &Sk (5.9)
s 0 0
where S;; is the Schmid tensor. The modeled velocity gradient of the bulk is
1 N
L% = v SO LG (5.10)
c=1

5.8.2 Rotation of Single Crystals

To calculate the fabric development, we need to formulate how the crystals rotate with
respect to the external reference frame and with respect to each other. The rotation rate of
the crystal lattice is given by

Q* =Qb — OF, (5.11)
where Q° is the bulk rotation rate, and QP is the plastic rotation rate of a single crystal.

The plastic rotation rate of single crystals is

O =3 (L - L5). (5.12)
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We impose the boundary condition of a bulk rotation rate; therefore we need to add a
rotation rate Q¢ to the bulk velocity gradient L7} calculated from the model. This arises
since the applied stress tensor is a symmetric second order tensor, and for isotropic material
the deformation gradient will have the same symmetry as the stress, i.e. L;3 = L3;. The
bulk rotation rate can be used, for instance, to describe a simple shear experiment. The

bulk velocity gradient is thus L;; = L7} + ij (C’astélnau and Duval, 1994), where ij is

found from
0L =0k - an, (5.13)
and
op =2 (Lp - 17). (5.14)

For irrotational deformation (uniaxial compression/tension, pure shear)
Q= Q™.

For simple shear (013 only non-zero stress component) of an isotropic material, L7, = LT}

are the only non-zero components of the velocity gradient, and
< o . . . . .
Qs =é13— O, QF = —&13 - OF,

where €,3 = (LT3 + L%;)/2. Qfg = Qz’ﬁ =0, and therefore L3 = 2L7% and Lg; = 0, which is
precisely the condition for simple shear.

The change in orientation for 7 is then (Eq. 5.11)
fu; = Qfjm;. (5.15)

In the following I consider deformation by dislocation glide on the basal plane slip
system, using ice as the model material. Kamb (1961) showed that for the observed range
of the stress exponent, 2 < n < 4, the expected response to simultaneous glide along the a-
axes differs so slightly from the hitherto-postulated a-axis-independent, non-crystallographic
glide as to be practically undetectable experimentally. The resistance to slip on the basal
plane is the same for the three a-axes, and we only consider the basal slip system for ice;
therefore we can write

1 _ ga(r), | (5.16)

s
Ta
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where 8 is a constant, and A(T) = Agexp (—g%), Ag is a constant, @ is the thermal
activation energy, R is the gas constant, and T the temperature. B is chosen such that an
isotropic distribution yields the same strain rates as Glen’s flow law (Glen, 1958), or some
reliable measurements.

In the model calculations below, the change in the zenith and azimuth angle of the
normal (%) is calculated for each crystal. This also allows us to update the orientation of

the three Burgers-vectors in the basal plane (Thorsteinsson, 2000a).

5.3.3 Recrystallization

For most polycrystalline materials, there are at least three recrystallization regimes: normal
grain growth, polygonization and migration recrystallization. The fabric (crystal orienta-
tions) is not affected by normal grain growth, where grain size increases according to a
parabolic growth law (Gow, 1971; Alley et al., 1986). As the crystals strain, sub-boundaries
(dislocation walls) may form due to heterogeneous deformation within grains that relieves
stress concentrations. The formation of sub-boundaries can lead to the division of the par-
ent crystal into two new crystals, as the misorientation of sub-boundaries increases. This is
called polygonization, and it leads to the formation of two crystals with a small misorien-
tation angle (~ 5°).

The formation of sub-boundaries, by dislocations forming dislocation walls, can create
small (fraction of parent crystal size) crystals that are in a strain shadow. Being strain
energy-free, these small crystals can act as seeds for migration recrystallization. The idea
adopted in this model is that within the crystal aggregate there are many such seeds. They
are not accounted for in the model, since they are too small to contribute significantly to
the deformation. When the temperature gets high enough for grain boundary migration to
be very efficient, these seeds can quickly consume highly strained crystals, thus reducing
the free energy of the system. These small crystals in the aggregate are also envisioned to
allow for grain growth; where crystals grow by consuming them.

The number of crystals is kept constant in the calculations, so the volume (mass) can

change discontinuously during recrystallization when new crystals replace old ones of differ-
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ent size. Only one of the two crystals resulting from polygonization is kept in the calculation;
the choice is random. Since the orientations of the two parts are similar, this assumption
does not significantly affect the NNI or the fabric. The discontinuity in volume would have
to be accounted for if the crystal size were to be modeled accurately. During migration
recrystallization the new crystal is smaller (possibly equal in size) than the parent crystal,
and the “missing mass” becomes “seeds”.

Polycrystalline ice is used as the model material, since good information about the

transition between these recrystallization regimes exists from ice core studies.

Grain growth

During normal grain growth the crystal diameter increases with time (Gow, 1971; Alley
et al., 1986), according to

D?-D:=K-t, (5.17)
where ¢ is time, and Dg is the crystal diameter at £ = 0. The grain growth factor

K = Koexp(——2- (5.18)

BT
where T is the temperature, Q is activation energy and Ky is a constant that depends on
impurity concentration. In the calculations below, Ko = 8.2-10"% m? s~! and Q = 40 kJ
mol~! represent ice (Alley et al., 1986).

I have also used the difference in stored energy due to dislocations Ey;s (see Eq. (5.21)
below) to calculate the changes in crystal size (Wenk et al., 1997). The growth factor is
then

K = (E3y — Exa) K/, (5.19)
where E:;I-s, is the stored energy of the crystal, EjY, is the average stored energy for the
whole sample and K’ is a constant that depends on temperature and impurities. This allows

some crystals to grow (if E%, > E%; ), and others to contract (E3%, < EL:p)-

Polygonization

In the GRIP ice-core from the Greenland ice-sheet, polygonization (rotation recrystalliza-

tion) is active below 650 m depth where the vertical strain is about 0.25 (Thorsteinsson
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et al., 1997). De La Chapelle et al. (1998) found a lower bound for the dislocation density
associated with the formation of a grain boundary by considering the energy associated with
a dislocation density p and the energy corresponding to the formation of a grain boundary.
They estimated that the dislocation density has to be greater than ppory ~ 5.4 - 101°m=2,
which is the minimum dislocation density needed to form a wall. Here polygonization is
modeled by considering a proxy for bending moments. Crystals that have low RSS are
likely to experience heterogeneous stress from their neighboring crystals, which are de-
forming. These stresses apply bending moments, which are relieved when the dislocations
organize themselves into walls (sub-boundaries), effectively dividing the crystal (Duval and
Castelnau, 1995). To account for polygonization in the model, the magnitude of the RSS
of the crystal is compared to the magnitude of the applied stress. If that ratio is smaller
than a given value, §, and the dislocation density p > pyoly, then the crystal will polygonize.
The orientation is changed by A#, the crystal size is halved and the dislocation density p is
reduced by ppoty-
Typical values used to model ice are § = 0.065 and A8 = 5°.

Mzgration recrystallization

Migration recrystallization is generally active when the temperature is close to the melting
point. In ice it is active when the'tempera.ture exceeds ~ —12°C, but for colder tem-
peratures it is generally not observed (Duval and Castelnau, 1995). To model migration
recrystallization, the energy associated with grain boundaries, and stored energy must be

considered. The energy associated with grain boundaries is

37gb
Egb = Tg1 (5'20)

where g5 = 0.065 J m~2 (for high angle boundaries), and D the crystal diameter. The

stored energy due to a dislocation denisty p is difficult to estimate, but can be expressed as

Eyist =~ KpG62 In -I%-e-, (5.21)

where G is the shear modulus, b is the length of the Burgers-vector, x is (47)~! for screw

and [47(1 — v)]™! for edge dislocations, where v ~ 0.3 is the Poisson’s ratio, and R, is the
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mean average of the dislocation strain field range (Mohamed and Bacroiz, 2000; Kuhlmann-
Wilsdorf, 1998, 1999). R, is commonly approximated by 1/,/p, but Mokamed and Bacroiz
(2000) found that this lead to an underestimate of Ey;y. I therefore treat x as an adjustable

parameter, but leave R, = 1/,/p. For ice, G ~ 3.4-10° Pa and b = 4.5- 10710 m.

Migration recrystallization is included by considering the balance between the stored
energy Egis associated with the dislocation density and the grain boundary energy Eg. As
the crystals strain, the dislocation density increases, and it becomes energetically favorable
to recrystallize if the energy due to the dislocation density (Ey;s) exceeds the grain boundary
energy Fgp that is created by the recrystallization. Therefore we need to track the crystal
size and dislocation density. The dislocation density p increases with time (De La Chapelle

et al., 1998) as

ap g K
9 _ ¢ K 22
ot _sD D2 (5-22)

where « is a constant slightly greater than 1, K is the grain growth factor and D the crystal
diameter. The first term on the right hand side represents the production of dislocations
necessary to maintain the strain rate, and the second term represents the absorption of
dislocations at grain boundaries. In the model, the crystal size D and dislocation density
p are calculated at each step. When Eg;si > Eg, the crystal recrystallizes. The crystal is
then replaced with a new strain-free crystal, with dislocation density po. The size of the
new crystal scales with the effective stress 62 = oo /2 as Dy ~ o133 (Guillope and
Potrier, 1979; Ross et al., 1980; Shimizu, 1998, 1999). A totally random orientation for the
new grain is not to be expected; éome subset of possible zenith angles seems most likely.
In uniaxial compression of ice, for instance, a small girdle fabric forms (Budd and .facka,
1989). This indicates that new crystals that form in orientations with high RSS are favored
to grow. The orientation of the new crystal is chosen, at random, from a specified range of
possible angles in the model. In uniaxial compression, for example, new crystals can form

between 35° and 55°, with a higher probability for the larger angles.
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5.4 MODFEL RESULTS

Here the effects of nearest neighbor interaction (NNI) on the fabric development and bulk
behavior is explored, and the recrystallization assumptions examined. The results are then

compared with data from the GRIP ice-core.

5.4.1 Nearest Neighbor Interaction

First we examine the effects of the NNI on the fabric development. The fabric development
is calculated without any recrystallization. Three types of NNI are used, (¢, §) = (1,0),
(6,1) and (1,1}, which will be called no-NNI, mild-NNI and full-NNI respectively.

Figure 5.2 shows model results for ice deformed under uniaxial compression stress and
Figure 5.3 shows the results for ice deformed in pure shear stress. Each row shows the
results for different NNI. The first plot in each row shows the strain rate, £33, normalized
by the initial isotropic strain rate, as a function of axial strain

. N
£33 = Y _ E53AL;,
i=1
where At; is the time it takes to complete the strain step ¢, and N is the number of steps.
The second plot in each row shows the strain of single crystals as a function of the bulk

equivalent strain, £¢, = SN, éith,-, where

. /2. .
Eeq = geklekl-

The results are displayed as a density plot, where the percentage of crystals within a given
strain (range) at a given bulk strain (range) are shown. The final plot in each row is the
resulting fabric at the end of the model run.

In thé uniaxial compression model run, the maximum strain rate generally increases
with increasing NNI. In pure shear, that effect is very small, since the fabric evolution is
less favorable for the deformation; the fabric locks up. The strain of individual crystals with
no-NNI in uniaxial compression follows two primary branches, zero-strain or rapid-strain.
Many of the crystals are simply not deforming. With increasing NNI, the spread diminishes

and for full-NNI all the crystals deform to some extent. Similar observations apply to the
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pure shear deformation. The NNI tends to make all the crystals deform to the same extent.
For the final fabric, increasing the NNI tends to slow down the overall concentration of

crystals. There is also a distinct change in character of the final fabric; compare the top

and bottom row of Figs. 5.2 and 5.3.
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Figure 5.2: Model results for uniaxial compression deformation for varying NNI (TOP: no-
NNI (1,0), CENTER: mild-NNI (6,1), BOTTOM: full-NNI (1,1)). The left column shows
the normalized vertical strain rate versus the vertical strain. The center column shows the
distribution of single crystal strain as a function of bulk equivalent strain, where the color
bar shows the percentage of crystals with a given strain. The right column shows the final

fabric achieved in each case.

It is clear from the final fabric in Fig. 5.2 that the rate of change of the zenith angle

@ (zenith angle velocity df/dt), changes as the NNI changes. Figure 5.4 shows the zenith
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Figure 5.3: Model results for pure shear stress state deformation for varying NNI (TOP:
no-NNI (1,0), CENTER: mild-NNI (6,1), BOTTOM: full-NNI (1,1)). The left column shows
the normalized vertical strain rate versus the vertical strain. The center column shows the
distribution of single crystal strain as a function of bulk equivalent strain, where the color

bar shows the percentage of crystals with a given strain. The right column shows the final
fabric achieved in each case.
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angle velocity for the no-NNI, mild-NNI and full-NNI. When there is no-NNI the zenith
angle velocity of each crystal as a function of zenith angle is a constant. When there is
NNI, the zenith angle velocity at a given zenith angle depends on the nearest neighbors.
The mean velocity at a given zenith angle is thus different from the no-NNI case. From
Fig. 5.2 we see that the maximum zenith angle velocity, of the bulk average, decreases as

the interaction increases, but the velocity is more uniform over a range of zenith angles.
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Figure 5.4: Zenith angle velocity, df/dt, in uniaxial compression as a function of zenith
angle, 0, for different levels of NNI. The +’s result from no-NNI (1,0), o’s from mild-NNI
(6,1) and x’s from full-NNI (1,1). In each case a mean velocity curve is plotted, which uses
the average over ~ 5° steps. Note that the +’s are almost completely hidden behind the
curve for the no-NNI case. Only a few of the 50 x 102 data points for each level of NNI are
shown here.
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5.4.2 Checking Recrystallization Assumptions

In the following, the model is initialized by assigning an initial fabric which has a random
distribution of c-axes (isotropic ice) as before, randomly assigned crystal size of 3 mm to 5
mm diameter with a mean of 4 mm, and a constant dislocation density of pg = 5-10° m—2
for the crystals. The stress level is approximately 0.1 bar, and in the examples below the

crystal size remained essentially constant (short time required to achieve the strain).

The results of uniaxial compression with mild-NNI and polygonization are shown in
Figure 5.5. The strain rate versus strain, single crystal strain density and the final fabric are
shown in the top row, and the polygonization events are shown below. Here the temperature
is too low for migration recrystallization to be active. Polygonization starts at a vertical
strain of about 0.03. The initial dislocation density in this run was pp = 5 - 10° m—2, the
minimum dislocation density to form sub-boundaries is ppory = 5.4-10'° m~2 and § = 0.065.
This means that if the magnitude of the RSS for a crystal is less than 6.5% of the applied
stress magnitude, then the crystal can polygonize if the dislocation density is high enough.
Each time a crystal polygonizes, the dislocation density is reduced by ppozg. The zenith
angle changes by +5°, if the crystal is within 30° of vertical the sign is positive (crystal
moves away from vertical), otherwise the sign is chosen at random. The strain rate is
higher than in the case without polygonization, since crystals in “hard” orientations are
preferentially removed by the polygonization criteria. The single crystal strain distribution
is more homogeneous at a given bulk equivalent strain, and the final fabric is not as strong

(compare with the center row of Fig. 5.2).

Figure 5.6 shows the results when migration recrystallization is active. The strain rate
versus strain, single crystal strain density and final fabric are shown in the top row, and the
recrystallization events below. Initially all the crystals have the same dislocation density
(po = 5-10° m~2), so the Eyy is very small relative to the grain boundary energy. But,
as the crystals strain at different rates, the stored energy (F4:si) increases and in some
crystals eventually reaches Eg;; the vertical stress is 0.1 bar so crystal growth/contraction
is negligible during the time it takes to deform the sample. I used x = 0.2; smaller values

did not result in strong girdle fabrics. Larger values of & is would initiate migration recrys-



102

1. 25
5 £0 20
'E=-§ «»n 0.4 15
i =
& 0.3 ‘io' 310
= e 6] 5
0 I | Q 0 I -
0 0.2 04 0.1020304
15 Strain Equivalent Strain

-Polygonization Events

02 025 03 035 04 045
Equivalent Strain

0 005 0.1 0.15

Figure 5.5: Results from uniaxial compression with mild-NNI, (¢,€) = (6, 1) and polygo-
nization (6 = 0.065). The top row shows the normalized strain rate versus axial strain,
strain density of single crystals and the final fabric. The bottom row shows the polygoniza-
tion events after each strain step as a percentage of the total number of crystals. Each step

is equal to an equivalent strain of 0.005.
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Figure 5.6: The normalized strain rate versus axial strain, single crystal strain density
and final fabric for mild-NNT in uniaxial compression with migration recrystallization. The
bottom row shows the recrystallization events after each strain step as a percentage of the
total number of crystals. Each step is equal to a equivalent strain of 0.005.

tallization for lower dislocation density, i.e. at lower strains. When the stored energy of a
crystal exceeds Eg, that crystal will recrystallize. The first recrystallization event occurs
after 0.03 equivalent strain, and about 5% of the crystals recrystallize at each step (0.005
equivalent strain) after that. The strain rate increases rapidly at first, but after about 0.2
strain it levels off, approaching normalized strain (enhancement, E = &/é;sotropic) of about
3. A similar pattern is observed in laboratory experiments (Budd and Jacka, 1989). Single
crystals acquire only about 0.06 strain before their Ey;, exceeds the Egp; the crystal size is
about 4.2 mm throughout.

Comparison of model results with measured fabric is complicated, especially since the
initial fabric is often not truly random. At GRIP, Greenland, the fabric close to the surface

does not have an isotropic orientation distribution. This is clearly demonstrated in Figure
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5.7, showing the c-axis orientations of the ice at 139 m depth. The strain (< 0.1) that the
ice has experienced is insufficient to reorient the crystals significantly, yet the fabric is far

from the isotropic sin-curve distribution characteristic of isotropic ice.

Keeping in mind the complications mentioned above, Figure 5.8 shows a comparison of
the model results, using mild-NNI with polygonization, with fabric data from the GRIP
bore-hole, Greenland (Thorsteinsson et al., 1997). The vertical strain is about 0.25 at 650
"~ m depth and about 0.5 at 1293 m depth. The initial fabric in the model was isotropic and
the criterion for polygonization are the same as above. The temperature is below —12°C
so there is no migration recrystallization. The zenith angle averaging includes all the 1000
crystals used in the model run. The results are in broad agreement with the mea.éured
fabric. Model runs with no interaction (no-NNI) lead to a much stronger fabric and can be

ruled out, but full-NNI cannot be ruled out.

5.4.8 Sensitivity to the Number of Crystals Used

This model can be used to calculate the instantaneous deformation for a pre-described
fabric. The question is then, how many crystals are needed to calculate the strain rate. I
now examine how many crystals are needed to give an accurate description of isotropic ice.
In the model the crystal orienta.tions are chosen at random; an infinite number of crystals is
needed to exactly satisfy isotropy. Since a finite number of crystals is used, the calculations
of strain rate must depend to some extent on the number of crystals used; obviously 100
crystals chosen at random cannot uniquely cover the lower hemisphere. I choose to model
isotropic ice, since that gives the largest area that must be covered with crystals. For any
given number of crystals the strain rate is calculated 100 times, for a new random fabric
each time. I then calculate the mean and standard deviation (STD) of the strain rates for
the 100 numerical experiments. Since the correct strain rate for infinite number of crystals
is known analytically (Thorsteinsson, 2000a), it can be used to normalize the resulting
strain rates. Figure 5.9 shows how the number of crystals used in a calculation effects the
accuracy. Note that the STD reduces greatly as the number of crystals increases from 100

to about 5000. The improvement between 5000 and 10000 crystals is minimal. I conclude
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Figure 5.7: Fabric at 139 m depth in the GRIP bore-hole, Greenland (Thorsteinsson et al.,
1997). The Schmidt-plot shows the distribution of all the 200 crystal c-axes, and the bar
plot shows the number of crystals in 5° zenith angle bins. The distribution is far from the
isotropic distribution shown by the solid line.
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Figure 5.8: Comparison of the measured and calculated zenith angle distributions at two
depths in the GRIP core. The measured fabric (left column) is obtained from thin sections
done on the GRIP ice-core (Thorsteinsson et al., 1997). The zenith angles are binned in
5° bins (188 crystals at 689 m and 194 at 1293 m), and the same applies to the 1000
crystals from the model. The model calculations (right column) were done with mild-NNT
and 6 = 0.065.
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that accurate results are achieved using a 20x20x20 arrangement of crystals.

Note also that the ratio of crystals at the surface of the cubic arrangement to the total
number of crystals, Ry = S/V = 4d2?/d® = 4/d goes from 40% for 103 crystals, to 20% for
203 crystals. This is important since we use a periodic arrangement of crystal boxes for the

NNI (that is, the arrangement shown in Fig. 5.1 is repeated for 20® crystals in each box).
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Figure 5.9: Examining the effect of the number of crystals used in the calculations. (a)
Normalized strain rate (calculated divided by theoretical) of an isotropic ice with no-NNI
as a function of the number of crystals used in the simulation. (b) The standard deviation
of the normalized strain rates as a function of the number of crystals used.

Having established that ~ 8000 crystals can be used to adequately represent the strain
rate, the strain rate as a function of cone angle (@) can now be modeled. The cone angle
« is half the apex angle of a vértica.l cone, within which the crystals are evenly distributed.
Figure 5.10 shows the normalized strain rate, €33(a)/€33(90°), in uniaxial compression as

a function of cone angle. With increasing interaction the maximum strain rate increases.
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Figure 5.11 shows how increasing NNI increases the maximum enhancement in a simple

shear stress state.
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Figure 5.10: Normalized strain rates in uniaxial compression as a function of cone angle for
no (1,0), mild (6,1) and full (1,1) nearest neighbor interaction.

5.5 DISCUSSION

In the model the level of stress for each crystal is dependent on the orientation of the crystal
and, except for no-NNI, the orientation of the nearest neighbors. The crystals are arranged
on a cubic grid, but the formulation applies equally well to other crystal arrangements.
The model can easily be extended to include next-to-nearest neighbor interaction, which

would presumably make a smaller contribution to the local softness. The nearest neighbor
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Figure 5.11: Normalized strain rates in simple shear stress as a function of cone angle for
no (1,0), mild (6,1) and full (1,1) nearest neighbor interaction.
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interaction leads to more enhanced deformation rates for cone angles between 40° and 90°
in uniaxial compression along the direction of the cone (Fig. 5.2). The same is not true in
pure shear (Fig. 5.3), because the deformation quickly moves the crystals into unfavorable
orientations, where the RSS is smaller.

Fabric plots from various ice cores show that the crystals in uniaxial compression do
move toward and reach vertical, and few are left near horizontal. This indicates that some
NNI is needed, since the zenith angle velocities for no-NNI (Fig. 5.4) go quickly to zero near
horizontal and vertical, and therefore the crystal c-axes in compression (Fig. 5.2) do not
reach vertical, nor do they move out of horizontal starting positions. The strength of NNI
is difficult to constrain from available thin section data, since the fabric plots have a large
scatter.

Since I keep track of crystal size in the model, it would be possible to assign weight
according to crystal size. I did not do that here since the crystal size used was fairly uniform
and deformation of ice under the conditions modeled does not show a strong dependence on
crystai size (Duval and LeGac, 1980), although in some cases size may be important when
mechanisms other than intra-crystalline slip contribute to the deformation (Goldsby and
Kohlstedt, 1996). During grain growth, crystals smaller than some critical size are being
consumed. These crystals also act as seeds for recrystallization and can be pictured as tiny
strain-free sub-crystals that do not contribute to the deformation, but can quickly consume
highly strained crystals. To model the gra.iﬁ size evolution accurately, a better model of the
grain size statistics is needed; especially since the total number of crystals is held constant
in the model.

Whether the simple relation for grain growth (Eq. 5.17), or the one dependent on the
stored energy (Eq. 5.19) is used does not change the results of the fabric evolution or
strain history. When the stored energy Egu5 (Eq- 5.21) is used to calculate grain boundary
migration rates (Wenk et al., 1997), some grains grow and others can contract. But to
model crystal size evolution realistically, consideration of differences in the stored energy
between neighboring crystals would be necessary to allow for inhomogeneous crystal growth.
Ice, for instance, often shows interlocking crystal texture (Duval and Castelnau, 1995); a

simple expansion or contraction of each crystal would not explain those observations.
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The polygonization takes place in the model when the crystals are most likely to be
effected by the inhomogeneity of the stress state at the single crystal level. This is achieved
by comparing the magnitude of the RSS on the basal plane of the crystal to the magnitude
of the applied stress. If that ratio is low, it is likely that the crystal experiences forces
from deforming neighbors. Crystals with higher RSS and high dislocation density can also
form sub-boundaries (P. Duval, pers. communication). That is partly accounted for by the
fact that as the crystals strain, they eventually rotate into orientations with low RSS, and
therefore can polygonize.

Migration recrystallization is difficult to model. Very complex models of dislocation in-
teractions and grain boundary migration are needed to incorporate the fundamental physics.
The approach taken here is to parameterize this process, by considering the energies in-
volved. But even the energy associated with a dislocation density p is difficult to esti-
mate (Mohame(_l and Bacroiz, 2000; Kuhlmann-Wilsdorf, 1998). The resulting fabric, using
Eq. (5.21) with k = 0.2 gives reasonable results. « = 0.2 is similar to suggested values
for a mix of screw and edge dislocations, & = 0.1 (Mokamed and Bacroiz, 2000), is very
reasonable. There is also considerable uncertainty about the orientation of newly recrystal-
lized grains. For ice the girdle pattern obtained in Figure 5.6 is commonly observed (Budd
and Jacka, 1989). That clearly indicates that there is a preferred orientation for the newly
formed grains, but whether it is due to oriented nucleation or oriented growth is uncertain
(Branger et al., 2000; Rajmohan and Szpunar, 2000).

Figure 5.12 shows a comparison of the fabric modeled in uniaxial compression, after
an axial strain of 0.5, using Azuma’s model (Azuma, 1994), and the model described here
with no-NNI (homogeneous stress; Sachs model), mild-NNI and full-NNI. Also shown, for
comparison, is the fabric at 1293 m depth in the GRIP bore-hole (Thorsteinsson et al.,
1997), where the strain is ~ 0.5 (Castelnau et al., 1996¢c). There is active polygonization
at this depth in the GRIP core, but as we have seen, this does not change the fabric
significantly. The fabrics predicted by the Azuma and Sachs model evolve too quickly. In
ice sheets the fabric is much closer to the mild- and full-NNI cases; compare those to the
GRIP fabric at 1293 m depth. The VPSC model yields fabrics that are very similar to the
mild-NNI (VPSC spherical) and full-NNI (VPSC ellipsoidal) cases (Castelnau et al., 1996a,
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Figure 5.12: Comparison of modeled fabric in uniaxial compression, after 0.5 strain.
Azuma’s model (Azuma, 1994) and the no-NNI version of the model described here predict
fabric that evolves too quickly, compared to the GRIP fabric. The mild-NNI and full-NNI
are in much closer agreement. Note that the fabric plot for Azuma’s model has 100 crystals,
GRIP fabric has 194, and other plots have 1000 crystals.

Fig. 8, for strain of 0.4). VPSC spherical refers to model runs where the crystals remain
spherical throughout, and VPSC ellipsoidal to model runs where the shape is represented

by an evolving ellipsoid (Molinary et al., 1987).

5.6 CONCLUSIONS

The nearest neighbor interaction (NNI) changes the overall pattern of fabric development.
With increasing interaction the strain of single crystals gets more evenly distributed; this
changes the rate of fabric development. From comparison with measured fabric, I conclude

that some NNI is necessary, but the strength is difficult to assess. The recrystallization
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part of the model yields realistic tesults, but more data are needed to constrain the free

parameters.
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Chapter 6
MEASURING ANISOTROPY

This chapter is based on a manuscript that will be submitted to the Journal of Glaciology. E. D.
Waddington, and possibly others will be co-authors. K. C. Creager provided helpful review comments.

6.1 SUMMARY

We characterize fabric in terms of cone angles using three different standard methods, i.e.
(1) measured Vp (Vsg and Vsv) sonic velocities, (2) R/N statistics and (3) cone angle fits
to the actual crystal orientation distributions. The cone angles inferred using these three
methods are often very different. Calculated strain rates, using the cone angles obtained
by these three methods, are then compared to the strain rate calculated for the real fabric.
Overall the deformation rates calculated with the cone angles inferred from sonic velocity
measurements give the most realistic deformation rates. A reliable method of characterizing
the ahisotropy is essential to verify results from fabric evolution models, both at small and

large scales.

6.2 INTRODUCTION

To model bore hole deformation, and ice sheet flow in general, we must know the rheo-
logical parameters that affect ice deformation. Although our knowledge of the constitutive
equation for ice is far from perfect, several important improvements have been made in re-
cent years. One of these is the inclusion of anisotropy in the constitutive equation (van der
Veen and Whillans, 1990; Alley, 1992; Lliboutry, 1993; Anandakrishnan et al., 1994; Azuma,
1994; Azuma and Goto-Azuma, 1996; Castelnau et al., 1996a; Lliboutry and Duval, 1995;
Gédert and Hutter, 1998; Morland and Staroszczyk, 1998; Staroszczyk and Gagliardini,
1999; Thorsteinsson, 2000a). The anisotropic rheology of polycrystalline ice results from

the alignment (non-random orientation) of single anisotropic ice crystals due to intracrys-
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talline slip. The orientation distribution of the crystals is called the fabric, and texture
refers to the size and shape of crystals.

Frorr_1 sonic velocity and thin section studies on ice-cores in Greenland (Dye 3 (Taylor,
1982; Herron et al., 1985; Thorsteinsson et al., 1999), GRIP (Thorsteinsson et al., 1997),
GISP2 (Gow et al., 1997)), and Antarctica (Vostok [ref], Byrd (Bennett, 1972; Bentley,
1972; Kohnen and Gow, 1979)) a coherent picture of the fabric evolution emerges. At these
sites, the stress state is dominantly vertical compression near the surface and compression
and/or simple shear at greater depths these stress patterns produce a vertically symmet-
ric, transversely isotropic, vertical cone distribution of c-axes. The orientation generally
strengthens with depth, and the ice becomes more anisotropic. When the temperature rises
above —12°C, migration recrystallization becomes active, which generally randomizes the
fabric.

To model the deformation of anisotropic ice, we can use information about zenith and
azimuth angles of the ¢ axes of individual ice crystals. This works well when examining the
deformation of a few thousand crystals. But, to model deformation on a larger scale, the
number of crystals to track quickly increases beyond practical limits. An alternative is to
use an orientation distribution function (ODF) to characterize the fabric. Then the fabric
can be parameterized using only a few variables. A vertically symmetric cone angle fabric
is commonly observed in ice sheets, and it can be parameterized by a single variable, the
cone angle ¢.

Figure 6.1 shows the three types of fabric that we will use in our analysis: cone, girdle
and flat fabric. The cone angle distribution is an equal area distribution within a cone with
a half apex angle & (the cone angle). A girdle fabric is defined by an inner, aq, and an outer,
«, angle. Inner angle of zero gives a cone fabric. The zenith angle distribution for girdle
and cone fabric is a sine curve; which gives an equal number of crystals per unit surface
area on an unit sphere. Flat fabric is defined by a maximum zenith angle, and the num.ber
of crystals in any x° zenith angle bin is the same. The flat fabric therefore has a higher
concentration towards the center since there are as many crystals between 0° and 20° as
there are between 20° and 40°, even though the surface area on the unit sphere is smaller.

In this paper we examine two methods of measuring fabric, thin sections and sonic
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Figure 6.1: Equal area plots (upper row) and zenith angle distributions (lower row) for
the three types of fabric used. The cone angle and the maximum zenith angle for the flat
distribution is 70°, and the girdle angle is 20°.
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velocity. From the velocity or the thin section measurements we want to find a method to
characterize the fabric (Figure 6.2). Here we characterize the fabric using a cone angle, since,
most fabric data indicate that a vertically symmetric fabric is very common. There are many
ways to assign cone angles to a given ice sample. We describe and compare three commonly
used methods; cone angle fit (CAF) and R/N statistics which are based on thin section
data, and a relation of sonic velocity to a given fabric. These three methods yield different
estimates of cone angles for the same actual fabric. To estimate which method is the most
appropriate for predicting deformation, we compare the strain rates in uniaxial compression
and simple shear, calculated with the interpreted cone angles, to the strain rate calculated
using actual fabric. We use the analytical formulation described in Thorsteinsson (2000a),
and the Thorsteinsson (2000b) numerical model, to calculate the strain rates resulting from
the inferred cone angles and from the actual fabric. It is important to remember that there

are other orientation distributions that could just as well be modeled.

Bennett (1968) derived relationships between ice crystal fabrics and sonic velocities.
Those relations are reviewed, and formulated for cone and girdle fabric. Although our
analytical formulation uses both cone and girdle angle, we will for simplicity talk about

girdle fabric when it applies to both cone and girdle fabric.

We use the summation convention for repeated indices, and write partial derivatives as
0; = 0/9z;. Tensors are written with upper case letters C or in component form, C;j,
vectors are boldface k, or k;, and unit directional vectors are specified by k = ({,m,n),

where [, m, n are the direction cosines in the x, y, and z-direction respectively.

6.3 WAVE VELOCITIES IN ICE

In this section we derive relationships for the wave velocities, which depend only on the
propagation angle in single ice crystals. For crystal aggregates, the bulk velocity, is a

function of fabric (cone angle) and the propagation angle.
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Figure 6.2: Two methods of measuring and three ways to characterize fabric. One mea-
surement method is the directional sonic velocity through the ice, and the other is to make
a thin section. We then get a velocity, R/N statistics value and a cone angle from the cone
angle fit (CAF). To interpret the velocity and R/N values we need a relation between cone
angles and velocity and R/N values. We therefore have three estimates of the cone angle
for this piece of ice.



i

119

6.3.1 Single Ice Crystals

The generalized three-dimensional form of Hooke’s law is
oij = CijriOrug, (6.1)

where uy is displacement, o;; is the stress tensor, and C;jx is the stiffness (elastic moduli)
tensor.
The equation of motion for waves propagating with infinitesimal displacements is de-

scribed by the dynamic equilibrium equation
pOiu; = 8j0:; = Cijri0;Nur, (6.2)

where p is the density of the medium.
For a plane wave propagating in direction k, with k as the wavenumber vector, with size

k = |k|, the displacement vector is given by
u;(x) = uf exp[i(k - x — wt)], (6.3)

where w is the frequency and u? is the wave amplitude.
Substituting Eq. (6.3) into Eq. (6.2) leads to three homogeneous equations for the dis-
placement components u?

(Cijtmkikj — poSim)ud = 0. (6.4)

Non-trivial solutions exist if the determinant of the coefficients is zero, |Cijimkik; — pw?dim| =
0. The eigenvalues A = pw? of this equation define three frequencies w = /A/p associated
with a given wave vector k. Solving Eq. (6.4) gives three orthogonal eigenvectors u’,
describing the direction of the displacement associated with each frequency. For anisotropic
media the direction of propagation does not coincide, in general, with the wave vector

(Tomé, 1998).

The phase velocities are then calculated from

w
v="2=/2% (6.5)
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Each phase velocity corresponds to one of three wave types. The largest eigenvalue is
associated with the displacement u® that is closest in direction to k this is called the quasi-
longitudinal wave, and the other two are the quasi-shear waves.

Single ice I crystals have hexagonal symmetry, and the velocity in a crystal can be
calculated by considering the propagation of plane waves in a transversely isotropic medium.
For transversely isotropic material, only 5 of the 81 terms in C;jix; are non-zero, as can be
shown from symmetry considerations (Crampin, 1984).

The phase velocities in transversely isotropic media ( Vernik and Nur, 1992) are

cu+c Caa+C
Vig= [PEufRs 4 n2lafiu

C-C Caz—C CratC (6.6)
i\/(lz‘“a_,,—“ — n2CazCan)2 lznz(_m_-‘!’-_u)z’
and
vz = 2les | 2l 6.7)

where [ =sin &, n = cos§ and € is the angle between the c-axis and the propagation direction
k. V; is associated with the quasi-longitudinal wave, V; is associated with the quasi-shear
wave whose direction of particle motion is nearly perpendicular to the propagation direc-
tion and V3 is associated with the true shear wave, whose direction of particle motion is

perpendicular to the propagation direction.

TABLE 1. The elastic constants [GPa] (Hobbs, 1974), where T is temperature in °C.
C11 = 12.904 (1 — 1.489- 10737 — 1.85- 10767?)
Ci2 = 6.487 (1 —2.072-1073T — 3.62 - 1076T2)
Ci3 = 5.622 (1 — 1.874-1073T)
Caz = 14.075 (1 — 1.629 - 1073T — 2.93 - 1075T?)
Csq = 2.819 (1 — 1.601-1073T — 3.62 - 10~67?)
Ces = (C11 — C12)/2

Figure 6.3 shows the three phase velocities V7, V, and V3 for a single crystal as a function
of the angle £ between the.direction of propagation and the symmetry axis (c-axis), using

the C;;’s given in Table 1 and pg = 917 kg m—3.
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Figure 6.3: The V;(Vp), V2(Vsv) and V3(Vsgr) phase velocities for a single crystal of ice. A
propagation angle of zero is parallel to the c-axis, and a propagation angle of 90° is in the

basal plane.
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6.3.2 Velocities for Crystal Aggregates

There are several methods of relating the single crystal properties to the properties of an
aggregate; homogeneous strain, homogeneous stress, or somewhere between.

The approach adopted here (Bennett, 1968) is to assume that the square of the slowness
S, where § = V1, is proportional to the crystal compliance S, where S;;xiCrimn = Oimbin
(Nye, 1985), in the direction of wave propagation (k). A condition of constant stress at the
wave front is assumed.

According to Bennett (1972) the stiffness constant C in the direction of propagation is
pV2, and the compliance is

S =1/(pV?) = 5%/p. (6.8)

The space averaging of S2/p with respect to a chosen direction of propagation k, yields the
mean compliance in the k direction (Bennett, 1972). With this assumption, we can relate
the single crystal properties to the properties of the crystal aggregate, as long as the same
types of stress and strain are experienced by the individual crystals upon the passage of a
plane wave through the crystal aggregate. These conditions are only approximated in the
actual case, since each crystal is finite in size-and the boundary conditions at the crystal
interfaces are not evaluated (Bennett, 1968).

The exact slowness surfaces of single crystals are found by taking the inverse of Eqgs. (6.6)

and (6.7). For a given density and temperature, those can be approximated by

S1 = a; — by cos4€ — ¢ cos 2€, (6.9)
S-z =as + bz COs 45, (6.10)
S3 = a3 + b3 cos 2¢, (6.11)

where £ is the angle between the c-axis and the propagation direction k. The difference
between the above equations for the slowness and the exact inverse using Egs. (6.6) and

(6.7) is less than 1%.

TABLE 2. The a,b and c constants for p = 917 kg m™ in us m~! (Bennett, 1968).
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ay = 256.28 a; = 501.97 a3 = 531.40
by =5.92 by = 45.37 b3 = 15.94
cp = 5.08

Now we formulate the equations for the slownesses in terms orientation distributions
symmetric about and propagation angles relative to vertical 2. Figure 6.4 shows the coordi-
nates used in the calculations. The y = 0 plane is the symmetry plane, so the propagation
direction k will always be in the x,z plane and we only need to know the angle between the
propagation direction k, and vertical (%), which we shall call . The propagation direction
is then

k = (sin g, 0, cos ),

and the c-axis orientation

c = (cos ¢ sin 8, sin ¢ sin 4, cos 8).

The compliance due to pure compressive stress is pSp = S2. For shear, whose couple is
perpendicular to k, but whose couple plane includes k, the compliance may be approximated
by pSs = S2cos?T + S2sin?r. The slowness for compressional waves is Sp = S; and for

2

the two shear velocities (approximately, Bennett (1968)) Ssy = S2cos? T + S3sin®r and

Ssi = Sasin® T 4 Sz cos? T, where 7 is the angle between the £, 3 plane and the k, ¢ plane,

02 g s 2
sin2r = o0 £ 7 .d):m 0, (6.12)
sin“ &
cos? F — cosgacosq&m.ng — sin cpcosG. (6.13)
sin“¢&

We want to calculate S = S(¢p, ¢,8), so we need to derive equations for £ also. We have
that

k- c=cos€& =sin ¢ cos¢sin f 4 cos ¢ cosb. (6.14)

Whether we choose to approximate the slowness surface, or use the inverse of Eq. (6.6)
and (6.7), we can now write the phase velocities/slownesses as a function of propagation

direction ¢, and single crystal orientation ¢ and @ relative to 2.
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Figure 6.4: The coordinate system and angles used in the calculations. The propagation
direction of the plane wave is k, the crystal symmetry axis ¢ and vertical is 2.
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The three slownesses are now given by
Sp(#,0,9) = (ar— b1+ c1) + (801 — 2¢1)
(sin ¢ sin 8 cos ¢ + cos @ cos #)2 (6.15)
—8b, (sin ¢ sin 8 cos ¢ + cos ¢ cos 8)*,

Ssv($,0,¢) = (az+ by) — 2b; sin® ¢sin? @
—8by(cos ¢ cos ¢ sin § — sin o cos §)2 (6.16)

(sin ¢ cos ¢ sin @ + cos ¢ cos )2,

Ssa(9,0,9) = (az+b2) —2b3
(cos ¢ cos ¢ sin § — sin  cos §)2 (6.17)
—8bysin? ¢sin? @
(sin ¢ cos ¢ sin 6 + cos ¢ cos 6)2.
Equations (6.15), (6.16) and (6.17) allow us to calculate the velocity for any given

distribution of c-axes. Below we calculate the velocities for a cone fabric.

Velocities for Cone Fabric

The mean slowness surface for a cone or girdle fabric is
_JE 2 5(¢,6, ) sin6d8ds

S'm.ea.n - 21

o Ja, sin 8d8dé

where « is the cone angle and og the girdle angle. For a cone fabric (ag = 0) we get

, (6.18)

Sp(a, @) = (m+ & +%)
+75(16b; — 10c;)(cos & + cos? @)

—8by (cos® a + cost a)

(6.19)
—sin? ((4b1 — ¢1)(cos a + cos? @)
—8b; (cos® a + cos* @)
+b; sin? ¢(3(cos @ + cos? &) — 7(cos® a + cos? @),
Ssv (@, ®) = a3 — 35(8b2 — 5b3) (1 + cos & + cos? c)
+2b2(cos® a + cos? ) (6.20)

+b2 sin? ¢ cos? p(3(cos @ + cos? @)

—7(cos® & + cost @),



126

Ssg (a,9) =az — 11—5(862 —5b3)(1 + cosa + cos? )
+2b2(cos® a + cos? @) (6.21)
+sin? ((b2 — b3)(cos a + cos? @)
—by(cos® a + cost @)).
The corresponding velocities in m s~! are then Vp = 108/Sp, Vsv = 106/Ssy and Vsy =
10/Ssgr, using the values of the a, b, c’s in Table 2.
To correct for variations in density, we multiply the slowness by \/p/po. Thus S(a, @, p) =

VP/poS(a, p), where pg = 917 kg m™3, or for the velocity

V(o) =\ [2V(p0). | (6.22)

This can be seen by factoring out p in Eqs. (6.6) and (6.7).

Figure 6.5 shows the Vp wave-velocity as a function of the propagation (¢) and cone ()
angles. Isotropic ice has a cone angle @ of 90°, and a single crystal has a = 0°. A propagation
angle of ¢ = 0° is along vertical (the symmetry axis), and ¢ = 90° is horizontal. The fastest
velocity, Vp = 4077 m s™! is obtained for an effectively single crystal oriented vertically (all
the crystals perfectly aligned), for vertically traveling waves.

Figures 6.6 and 6.7 show the Vsy and Vsy velocities as function of cone and propagation
angles.

We can compare this method of averaging (and approximations) to the Voigt (continuous
strain) and Reuss (continuous stress) bounds. The wave velocities for isotropic material can

be written as (Segel, 1987)

E(1l-v)
2
= , 6.23
P= ol +v)d—20) (6.23)
and
E
V= ——— 6.24
where E is the Young’s modulus and v is Possion’s ratio. The Voigt average gives
(A—-B+3C)(A+2B) A+4+4B -2C
= = 2
Ev 3A+3B+C ' VT zA+6B+2C (6.25)
and the Reuss average
B-
Er 5 2A4+8 c (6.26)

T 34+2B+C' "BRTT6At+4Br2C’
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Figure 6.6: Ssv-wave velocities as a function of cone and propagation (¢) angle. Isotropic
ice has a cone angle of 90°, and vertical (down core) is ¢ = 0°.
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with
A= (X11+ Xo2 + X33)/3, B= (X3 + X13+ X12)/3, C = (Xua + Xs5 + Xe6)/3, (6.27)

where X;; are the components of the elastic moduli C in the Voigt average and the compo-
nents of the compliance S for the Reuss average (den Toonder et al., 1999). Using values
of C and S listed in Nanthikesan and Sunder (1994) for ice at -16°C we calculate the upper
and lower bounds of E and v, and the values according to Bennett’s method. We find that
the Young’s modulus calculated by Bennett’s method (EBennet: = 9.18 GPa) is between the
Voigt and Reuss bounds (Eveig: = 9.30 GPa, ERreuss = 9.09 GPa). The Poisson’s ratio is
closer to the Reuss bound (VBennett = 0.330, VReuss = 0.330, vvoige = 0.326). Using these
values the P-wave velocity according to Bennett’s method (Vp = 3849 m s~1)is slightly
larger then what the Voigt bound gives (Vp =.3847 m s~1), which is slightly larger than
the Reuss bound (Vp = 3831 m s71).

6.4 THIN SECTIONS

In thin section analysis, the orientation, zenith and azimuth angle of each c-axis is measured
on a Rigsby stage (Paterson, 1994). Thin sections typically contain a few hundred crystals;
this makes it difficult to estimate how representative the thin section maybe of the average
fabric. To infer a cone angle from a thin section two methods are most commonly used. One,
CAPF, is to find a cone that contains 90% of the c-axes of the real fabric. The other, R/N, is
a statistical test which is seldom reported in terms of cone angles. Below we describe these

two methods.

6.4.1 Fabric Statistics, R/N

In this method, each c-axis is represented by a unit vector. The orientation strength is then
obtained by taking the vector sum of all the NV c-axes which gives both the length R and
direction. If they are all perfectly aligned, the length of the resulting vector is R = V.

To relate R/N to cone angles, we assume a vertically symmetric fabric. Therefore we

sum only over the vertical component of each c-axis; we are interested only in the orientation
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strength along the vertical (symmetry) axis. The ice crystals are assumed to be uniformly
distributed within a cone, with an cone angle a. The area of the cone, equivalent to the

number of crystals for a continuous distribution, is
2T ra
N=A= / / sin 8d0ds = 2 (1 — cos a), (6.28)
o Jo
and the sum of all vertical components is
2T ra T
R= / / cos sin 0d0d = (1 — cos 2a). (6.29)
o Jo

Then the strength of orientation, R/N, as a function of cone angle, is

E _ i[l—cosﬂa].

N 1—cosc (6-30)

When all the crystals are vertical, R/N = 1, and when the orientation is completely random

R/N =1/2.

6.4.2 Cone Angle Fit

Once the orientations of many c-axes have been measured and mapped onto an equal area
plot, we can assign a cone angle to the fabric. A common practice is to fit a cone to the
fabric such that 80-90% of all the c-axes are contained within it. We call this method
cone angle fit (CAF). A serious difficulty with this method is that a few crystals outside
a main concentration can stretch the cone far out. With thin sections there is also the
general probléem of obtaining statistically significant samples ( Thorsteinsson, 2000b), since
the number of measured c-axes is usually small (few hundred crystals). Anandakrishnan
et al. (1994) found that the cone angles inferred from Vp velocity measurements on 110 mm
samples from the GISP2 ice core were very similar to cone angles determined by the 80%

criterion. There were about 8 CAF data points in the depth range of 800 m to 1700 m.

6.5 COMPARISON OF FABRIC ESTIMATIONS

Now that we have introduced three different methods to describe fabric in terms of cone

angles, we can examine how different they are for a real fabric. To do that we generate
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a sample of 200 crystals, which we call the “real” fabric. We calculate the inferred cone
angles using the three methods described above. Then the strain rates in simple shear
and uniaxial compression are calculated using the inferred cone angles and the flow law
formulated for a cone angle fabric (Thorsteinsson, 2000a). We compare the strain rates
calculated from the inferred cone angles to the “correct” strain rates, which are calculated
from the analytical solution for the cone and flat fabric distributions used. Figure 6.8 shows
the variation of shear strain and vertical strain rate (Thorsteinsson, 2000a), Vp velocities
and R/N statistics as a function of cone angle. The v.aria.tion in shear strain rate, as a
function of cone angle, is very similar to the variation of Vp velocities. Neither the Vp
velocity curve or the R/N curve have similar variation, as a function of cone angle, as the
strain rate in uniaxial compression. We might therefore expect that using Vp velocities to
predict strain rate in simple shear is most likely to give correct predictions of strain rate.
How well each cone angle matches the correct strain rate is measured by the performance,

which is calculated as

E = (écone/écorrect — 1) % 100’

where € is the strain rate. Figure 6.9 shows the performance (E) for the three different
methods when estimating simple shear strain rates, with a flat real fabric. We see that for
large cone angles, the CAF and R/N methods do not come close to predicting applicable
cone angles. When predicting strain rates in simple shear for a cone real fabric (results not
shown), both the R/N and Vp methods work very well (<2% error over all cone angles).
Thé cone angle fit method has higher errors (up to ~9%) for cone angles between 15° and
80°, which is partly due to the definition used, 90% of all c-axes within the cone, but this
method is also much more sensitive to irregularities in the distribution.

Figure 6.10 shows a similar comparison for uniaxial compression strain rates. For a cone
angle distribution, both R/N and Vp methods have less than 5% error, but the cone angle
fit method has larger errors (~15%, again forced by the definition since the real fabric is a
cone). For a flat fabric none of the methods works really well.

At Dye 3, Greenland, the sonic velocity has been measured using a 7 m averaging length.

In Figure 6.11 we compare the cone angles inferred from the sonic log to R/N and CAF
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Figure 6.9: Performance (see text) of the Vp, R/N and CAF fabric estimation methods for
a flat distribution of c-axes in simple shear. The solid lines are the averages of 20 runs with
200 crystals, and the dotted lines show one standard deviation (STD).
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Figure 6.11: The inferred cone angles at Dye 3, Greenland, as a function of height above
bed. The Vp measurements are continuous (solid line), measuring the velocity through 7
m of ice vertically (Taylor, 1982) The R/N data (open circles) were converted into cone
angles using Eq. (6.30) and the cone angle fit (pluses) is from Herron et al. (1985). Note
the large variations between individual thin sections.

We use thin section data (Thorsteinsson et al., 1997) to calculate the cone angles at
GRIP, Greenland, according to Vp, R/N and CAF methods. To calculate cone angles from
the Vp-velocity method from the thin sections, we first calculated the velocity on a single
crystal basis, using the orientation of single crystals. The mean velocity was then used
to find the cone angle corresponding to the mean velocity. The results in Figure 6.12 are

similar to the data at Dye 3 (Fig. 6.11).
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Figure 6.12: The inferred cone angles at depth in the GRIP bore-hole, Greenland, obtained
using the cone angle fit (pluses), R/N (open circles) and sonic velocity (Vp, solid line)
methods.
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Figure 6.13 shows the sensitivity of the inferred cone angle to errors in the R/N and Vp
measurements. For the sonic velocity measurements we assign 0.25% error, corresponding
roughly to 10 m s~! (Zaylor, 1982). Since we typically have only about 200 crystals, we
assign an error of 6% to the R/N measurements. This error was determined by examination
of the sensitivity of the strain rate, calculated on a single crystal basis to the number of

crystals used (Thorsteinsson, 2000b). The cone angles inferred from the Vp velocity are at

60 [
_ 12 b
Faadt g 10}
T
2 a0} Yy
o = 9
o c
€ 30 < 6}
< ® . A o(-A VP) , ¢
2 20} S af N\ al+A V) R
3 ot See 1234
10+ < 2} "‘H-__.——-ﬁ’"
0 l 0 .
3800 3900 . 4000 4100 0 20 40 60
V, Velocity (m/s) Cone Angle (deg)
121 * . o
P 80 i a \‘\ * d
g - 8 10 v W\ -Ao(+ARMN)
~ ~, N\
560 2 8| NN
'g', 2 Aa(-ARMN)  Sso,
8 ~> s
< 40} < 6 TV
5 4
L (&)
020 a ol
o N N o n
0.5 0.6 0.7 0.8 0.9 20 40 60 80
R/N Cone Angle (deg)

Figure 6.13: The sensitivity of the cone angle inversion to errors in the Vp and R/N
measurements. (a) The Vp velocity (solid curve), and Vp + AVp (dashed and dotted curves
respectively), where AVp = 0.0025Vp. (b) The change in inferred cone angle from the
correct value (a(Vp)) for too high a(Vp+AVp), or too low velocity estimates a(Vp —AVp).
(c) The R/N (solid curve), and R/N = 0.06 R/N. (d) The change in cone angle due to 6%
‘errors in R/N.
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most ~ £5° from the correct value, while the cone angles inferred from the R/N statistics

can be in error by as much as £12°.

6.5.1 Cone or Girdle ?

Figure 6.14 shows the Vp velocity, and enhancement in uniaxial compression, pure shear and

simple shear, as a function of cone and girdle angle. If we now pick a velocity or enhancement
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Figure 6.14: Contour plots of Vp velocity and enhancement (relative to isotropic ice), E, in
uniaxial compression (UC), pure (PS) and simple shear (SS), as a function of cone () and
girdle (o) angles.

value for a given cone angle (@; op = 0) there are infinite number of combinations of (a, o)
pairs that yield the same value. Moreover, the path of the contour lines F'(«, ag) = const.

is fairly similar in all cases. This implies that if we interpret Vp velocities as a cone, even



140

though the actual fabric is a girdle, we will in most cases calculate the correct deformation

rate.

6.6 DISCUSSION

The two methods to measure fabric, thin sections and sonic velocity, give information on
very different scales. The thin sections measure several hundred crystals in an 1 mm thick
thin section, while the sonic logging tool used in the Dye 3 bore hole measured average
speed over 7 m.

We use 200 crystals for the comparison of the different fabric estimation methods. Sonic
velocities will typically average over ~ 10% (?) crystals, so the error bars associated with
the performance plots, which are based on 200 crystals for the Vp method should be taken
as extreme.

The propagation angle for the sonic velocities is equivalent to the tilt of the symmetry
axis. The propagation angle makes it easy to correct for bore-hole tilt, if the inclination is
known.

It is very important to have thin section data along with the sonic velocities, since the

fabric symmetry and type can be characterized only from thin sections.

6.7 CONCLUSIONS

We have shown that measuring sonic (Vp) velocities provides the “best” estimate of the
cone angle for use in anisotropic constitutive equations where the fabric is expected to be
vertically symmetric. The dependence of Vp velocity on cone angles (anisotropy) is very
similar to the simple shear deformation rate. It is, however, necessary to have thin section

data to determine the type of fabric.
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Chapter 7

FOLDING IN STRONGLY ANISOTROPIC MEDIA

This chapter is based on a manuscript that awaits further input from possible co-authors. Presently E.
D. Waddington is a co-author.

7.1 SUMMARY

Conditions for passive folding in a viscous medium are derived for combination of uniaxial
compression or bure shear with simple shear deformation. For folding to be possible in a
steady state flow field R > H, where # is the ratio of compressive/extensive deformation
to shear deformation, and R is the roughness (inverse slope) of a line element. Analytical
equations for particle tracks in steady state allow us to model the evolution of layers. The
effects of anisotropy are explored using an analytical solution for strain rate as a function
of a vertically symmetric c-axis orientation distribution called a cone fabric (Thorsteinsson,
2000a). Strong anisotropy (small cone angle, strong clustering of crystals), which makes the
material softer in horizontal shear, facilitates folding, i.e. smaller roughness elements can
fold. The relation is complicated by the fact that for a range of cone angles the material
is also softer in compression/extension. Simulating a layer with varying tilt of the cone
symmetry axis demonstrates that asymmetry in the fabric is a potential source of layer

perturbations.

7.2 INTRODUCTION

Our knowledge of past climate conditions comes largely from ice-core and other sedimentary
records. Interpretation of these records relies on the assumption that the stratigraphic
layering is intact. For marine and lacustrine sedimentary cores, bioturbation and tectonic
displacements are a major concern. For the ice-core records, layer stratigraphy is usually

assumed to have remained intact except very close to the bed. But the loss of correlation
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of §'80 (Alley et al., 1995a) and other climatic indicators below 2750 m depth (some 270
m above the bed) in the ice-core records from GRIP and GISP2, Greenland, has pointed to

the possibility of layer disturbance at considerable heights above the bed.

Layer perturbations such as wiggles (undulating annual layers) and folding have the
potential of severely complicating the chronological interpretation of ice-cores, and in general
any stratigraphic sequences. In an ice sheet that has a Z-fold an ice-core could conceivably

go through the same layer three times.

The origin of layer perturbations has been an elusive problem. Of the various poten-
tial sources (sastrugi, accumulation variations), almost all except anisotropy are unlikely
(Waddington et al., 2000). Several authors have pointed out that asymmetry of the fabric

might lead to layer perturbations (Azuma and Goto-Azuma, 1996; Castelnau et al., 1998).

Here we derive criteria for the folding of layer disturbances in a steady state flow field
in uniaxial compression or pure shear stress combined with a simple shear stress state.
Equations for particle tracks allow us to model the evolution of layers. The effects of
anisotropy on the folding criteria and the implications for ice core site selection are explored

using the anisotropic flow law formulated by Thorsteinsson (2000a).

Finally, we consider the origin of disturbances to the layering. For fabric symmetries
that are not compatible with the stress state, the deformation of anisotropic material is
very different from isotropic. Fast changes in stress state, such as flow over bumps, divide
migration, and variations in accumulation, can cause the fabric to be incompatible with the
current stress state. We examine the effects of incompatible stress and fabric, both as an
evolutionary problem, using the model of Thorsteinsson (2000b), and as an instantaneous

response using an analytical formulation (Thorsteinsson, 2000a).
7.3 FOLDING OF LAYER DISTURBANCES IN STEADY STATE DEFOR-
MATION FIELD

For a homogeneous three dimensional deformation field in uniaxial compression or pure

shear combined with simple shear we can solve for the position of a particle at any given
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time by solving the coupled first order differential equations (Ramberg, 1975)

z Ly 0 Lyiz}raz:
Tol=] 0 Loy O z2 |, (7.1)
Z3 0 0 L3zl Lzs

where Z; = dz;/dt and L;; = Ou;/0z; is the velocity gradient, and u; is the velocity

component in direction z; (z; = z,z2 =y, z3 = 2).

The particle position, in steady state, is then given by the solution to Eq. (7.1)

L
z(t; 70, 20) = ePM iy + ————(elnt — elast)z, (7.2)
Ly — L33
y(t; o) = eF*2tyq, (7.3)
z(t; z0) = elsstzy (7.4)

r

where z¢g = z(¢ = 0) and 2o = z(¢f = 0). This solution assumes that the L;;’s are constants
in time and space and the displacement at the origin z; = 0 is zero. We use Equations
(7.2) and (7.4) to derive a criterion for folding below. By defining the <z, z> plane as the
shear plane, we can formulate our equations in two-dimensions; noting that variations in

the y-direction are allowed.

7.8.1 Non-dimensional Numbers

It is convenient to define several non-dimensional numbers at this point, in order to simplify

the equations. First we define R as the roughness, and m as the smoothness

L z4(t) - zB(t) n
R= = a0 =2’ (7:5)

where A and B are two points on a layer, connected by a straight line (see Figure 7.1).

We define a shear number, #, as
H=(Li - L33)/L13- (7.6)

The shear number is a measure of how hard it is to shear the material, relative to com-
pressing/extending it. When # is large, compression/extension dominates over the shear

and folding is unlikely; it is hard to generate folds.
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We also non-dimensionalize time as
1
T = E(L]_l - L33)t, (7.7)

and the spatial variables X = z/L and Z = z/L, where L is a characteristic length scale.

7.3.2 Passive Folding

To derive criterion for folding we consider two particles, A and B, as shown in Figure 7.1.
Particle A at time ¢ = 0 is at z = 0,z = A, or in our notation z4(0;0,.4), and particle
B is at zg(0; £, 0). For folding to occur, particle A must reach an x-positic.)n greater than
that of particle B at some later time, z4(¢;0,.A) > zg(t; £,0) (Waddington et al., 2000).

An equivalent approach is to consider when a line with slope Ry = 1/mg = .A/L reaches

| A a A b

- —>
___/;\,B e B
~—

Figure 7.1: Evolution of layer disturbances in steady state flow fields. (a) pure shear defor-
mation tends to flatten disturbances, while (b) simple shear can overturn the perturbation
and cause folding.

vertical, and-consequently overturns. Using Eq. (7.2) to solve for z4(¢;0, A)—zpg(¢; £,0) > 0

we get
A Ly —La3
L>  Ls
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or using the non-dimensional notation
Ro>H, or moH <1. (7.8)

The time it takes particle A to reach particle B in the horizontal position, z 4(¢;0,.4) —
zp(t; £,0)=0,is

tr = _.___l_ln (1 - Mé)
d Ly, — L33 Lz A)’

or using the non-dimensional variables

Tfr=—Inv1—Hme. (7.9)

7.3.8 Anisotropic Strain Rates

We use the homogeneous stress assumption (Sachs, 1928) to formulate an anisotropic flow
law. The derivation of the velocity gradient, L;;, as a function of cone angle can be found
in Thorsteinsson (2000a). We use ice I} as the deforming material. Ice obeys a power law
with a stress exponent n = 3; most minerals of geophysical interest have n > 1. Appendix
A.1 gives the equations for the non-zero components of the velocity gradient, Ly;, L22, L33
and Li3, in uniaxial compression combined with simple shear (UC&SS) stress state as a
function of cone angle, as are the non-zero components in combined pure and simple shear
(PS&SS) stress state.

The anisotropy breaks the one-to-one correspondence between stress and strain rate
components that exists for isotropic materials. We can examine how the ;?misotropy changes
the strain rate, relative to the isotropic response, by plotting the ratio of anisotropic strain
rate to the isotropic strain rate. Figure 7.2 shows the normalized vertical strain rate,
L33(a, 7)/L33(90°, 7), as a function of cone angle & and shear stress T in combined uniaxial
compression and simple shear stress state (the compressive stress is constant). The peak
enhancement in vertical strain increases with increasing shear stress, and the maximum
(for a given value of 7) moves from a ~ 60° for 7/0 < 1 to a ~ 35° for /o > 1. The
vertical strain rate varies greatly, as a function of cone angle, for strongly anisotropic ice (see

Figure 7.2). Figure 7.3 shows the normalized shear strain rate, the Li3(e, 7)/L13(90°, 7)
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component. The shear strain rate has a simpler pattern, except when 7 < o, where the
enhancement is a strong function of r, for strongly anisotropic ice.

We now examine the dependence of the shear number # on the anisotropy and stress.
Figure 7.4 shows the shear number H as a function of cone angle and shear stress in combined
uniaxial compression and simple shear stress state. The folding criterion (Eq. 7.8) shows

that the roughness, R, has to be larger than # for folding to be possible. Figure 7.5 shows
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Figure 7.4: Shear Number 7 as a function of cone angle and simple shear stress in combined
uniaxial compression o = 1 and simple shear stress state. The roughness R must be greater
than # for folding to be possible.

the shear number 7 as a function of cone angle and shear stress in combined pure and

simple shear (PS&SS) stress state. Folding is more difficult in PS&SS than UC&SS since
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the layer flattening, extension in the x-direction, is stronger. This is illustrated in Figure
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Figure 7.5: Shear Number H as a function of cone angle and simple shear stress in combined
pure shear ¢ = 1//2 and simple shear stress state.

7.6, which shows profiles (profiles of Fig. 7.4 and 7.5) of the shear number for different levels
of shear stress, as a function of cone angle. For isotropic material, obeying a constitutive
equation of the form &; = A(T)o? lo;; (Glen’s flow law (Glen, 1958)), where o, is the
effective stress, it can be shown that H = o/(27), which is indeed observed for a = 90°.
The evolution of layers is calculated using Egs. (7.2) and (7.4). Figures 7.7 and 7.8 show
the evolution of a wiggle in isotropic and anisotropic media, respectively. The amplitude is

A =1, the base length is £ = 10, and where the roughness is approximated by a straight-
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Figure 7.6: The minimum roughness, R = A/L = 1/m, needed for folding as a function
of cone angle « for different levels of shear stress. The two sets of lines represent the
uniaxial compression (¢ = 1) and simple shear, and pure (0 = 1/4/2) and simple shear
stress combinations. The solid lines are 10 x R with 7 = 5.0, the dashed lines are 2 x R
with 7 = 1.0 and the dotted lines give R with 7 = 0.5. Note the change in shape as the
shear stress changes.
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line element between points A and B, which has a roughness R = 0.1. The stress state
is PS&SS, with 0 = 1 and 7 = 4. Under these conditions folding will never occur in the

isotropic medium (Fig. 7.7). In the anisotropic medium on the other hand, folding occurs

0.8
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0.1

1 1

30 40 50

Figure 7.7: Evolution of a wiggle in combined pure and simple shear stress state. The
material is isotropic a = 90°, the shear stress is 7 = 4 and the compressive stress is ¢ = 1.0.
Approximating the slope of this sinusoidal curve as 1/10, the top point A will never overtake
the bottom point B, see Fig. 7.1.

rapidly under the same conditions (Fig. 7.8). The profiles are taken at equal time intervals,

and at the same time in both figures.
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Figure 7.8: Evolution of a bump under the same conditions as in Fig. 7.7, except that the
material is now strongly anisotropic, with a cone angle @ = 20°. In this case the wiggle
overturns easily.
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7.4 ORIGIN OF LAYER DISTURBANCES

There are several possible sources for layer disturbances, including sastrugi, boudins, ac-
cumulation variations, anisotropy. Of these, all but anisotropy seem an unlikely source for
the disruption of stratigraphy observed at GRIP and GISP2 (Waddington et al., 2000).

Anisotropy may lead to layer disruption in several ways which are examined below.

7.4.1 Tilted Cones

If the symmetry axis of the cone is non-vertical (see Figure 7.9) the deformation will be a
combination of pure and simple shear, even if the imposed stress state is only pure shear

stress (Azuma and Goto-Azuma, 1996; Thorsteinsson, 2000a). To simulate a layer with

Figure 7.9: A layer with 20° cones that have a sinusoidal variation of the tilt angle, with a
maximum tilt of +£40°.

a sinusoidal variation of the tilt of the cone symmetry axis we can rotate the pure shear
stress tensor, since the fabric has a fixed vertical symmetry. Figure 7.10 shows the shear
and compressive stressess that arise when we rotate the stress field to a maximum angle of
40°. The shear stress 7 varies between +3, while the compressive stress ¢ varies between
-5 and -4. The evolution of an initially flat layer with a 20° cone who’s symmetry axis is
titled sinusoidally is shown in Figure 7.11. The sense of shear is in the direction of the tilt

of the cone, creating the asymmetry; compare the layer around X = 0 and X = 20.
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Figure 7.10: Variations in the pure o and simple shear 7 stresses as a function of horizontal
position. These variations correspond to a sinusoidal rotation of a pure shear stress tensor

by 2 maximum angle of +40°.
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Figure 7.11: The geometry of an initially flat layer (¢ = 0) after deformation in a “quasi”-
pure shear stress field (¢ = T'), using the stress in Fig. 7.10 to simulate a spatially variable
tilt of a 20° cone.
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7.4.2 Evolution of Tilted Fabric

If the symmetry axis of the cone is tilted away from vertical in uniaxial compression, the
strain rates will be very different from those arising from the deformation of a vertically
symmetric fabric. Figure 7.12 shows layer thickness as a function of time for layers with
a cone tilted by 0°, by 20° and by 40°. The vertical strain rate €,, and c-axes rotation
are calculated using the fabric evolution model described in Thorsteinsson (2000b). The
c-axes rotate toward vertical, but do not preserve the cone fabric. The layer thickness h as

a function of time is
h -f
T = exp (Z: ezzAt,-) ) (7.10)

where H is the initial thickness of the layer, and At; is the time step. Since it is easiest
to compress crystals orientated close to 45°, the tilted 40° cones have higher vertical strain

rates initially.

7.4.3 Stripes

In a study of vertical thin sections from the GISP2 iée core Alley et al. (1997) found that the
expected vertical c-axis fabric was interrupted by planes of grains, with the c-axes oriented
approximately in the dip direction of the planes. These features were called stripes because
of their appearance when intersected by vertical thin sections. The stripes are typically one
to very few grains in thickness. If they are orientated close to vertical their length is a few
grains, but if they are orientated further away from vertical, they tend to be longer. Alley
et al. (1997) hypothesized that stripes form through organized polygonization, such that
after polygonization of the center grain, the stress on neighbor grains will tend to rotate
them so that they will be parallel to the polygonized grain. The stripe would then grow
through internal spinning of grains at the end of a stripe, i.e. shear on the stripes plane
would force the grain at the end into the same orientation.

We have seen above that non-vertical alignment of crystals will complicate the deforma-
tion, and potentially give rise to layer disturbances. Stripes are therefore a potential source

of small-scale folding.



157

0.95

o
o

Layer Thickness (h/H)
5
(%]

0.8

10

O

0'750 1 2 3 4 5 6 7 8

Time (kyr)

Figure 7.12: Evolution of layer thickness, in uniaxial compression, as a function of time
for different tilts of the original cone fabric. The three lines show the layer thickness for
the initial condition of a vertically symmetric 40° cone tilted by: 0° (top), 20° (middle)
and 40° (bottom). The fabric then evolves freely in uniaxial compression stress (mild-NNI,

o = —0.2 bar (Thorsteinsson, 2000b)).
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7.5 DISCUSSION

The origin of layer disturbances in ice sheets is an elusive problem. Several authors have
suggested that anisotropy may play a significant role in that process (Azuma and Goto-
Azuma, 1996; Castelnau et al., 1998). We simulated the effects of tilted cones on the shape
of a horizontal layer and found that tilted cones can indeed produce severely distorted layers.

Finding the state of stress in a layer with a different rheology to the adjacent layers can
be a difficult problem. Two extreme cases are to assume that a) the stress is continuous
across the interface, or b) that the velocity gradient is continuous. The true state is likely
some compromise between these extremes. In our calculations we have assumed that the

stress state is known, therefore our results probably show the maximum effect of anisotropy.

7.6 CONCLUSIONS

Under steady state stress conditions anisotropy does strongly influence the roughness needed
to generate folds. Flow instabilities associated with an asymmetric fabric could be a source
of layer disturbances. Under an ice divide, in a plain strain regime, asymmetric fabric can

lead to distortion of horizontal layers.
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Chapter 8

EPILOGUE

Accounting for anisotropy in the deformation of ice represents an important step toward
a more complete physically based flow law for glaciers and ice sheets. Other deformation
mechanisms in addition to dislocation glide (Chapter 2) may contribute to the deformation,
especially at low stress and small crystal size.

The anisotropy of ice markedly changes its deformation response to stress, often in a
non-intuitive way. The vertically symmetric fabric I used for most applications (Chapter 3,
6, and 7) is relatively common. Even though this fabric is relatively simple its effects on
deformation yields some surprises. For instance the enhancement in uniaxial compression,
and small de-enhancement in simple shear over a range of cone angles (Chapter 3) can result
in complicated vertical strain rates or stresses (Chapter 7).

The analysis of the Dye 3 data (Chapter 4) clearly demonstrated that even though we can
now explain 75% of the deformation when fabric-induced anisotropy is taken into account,
there is still a significant uncertainty in the flow law for ice. More specifically, the effects
of crystal size and/or impurities also need to be included. Recently, D. M. Cole (Cole and
Gould, 1990; Cole, 1995) has developed a model that relates the dislocation density to the
strain history of ice, and is working on the effects of impurities on the dislocation density
[Cole, pers. comm.]. I hope to collaborate with Dr. Cole in the future to apply similar
theoretical approaches to the GISP2 borehole as I did with the Dye 3 borehole, taking
the extra step of using dislocation density instead of ad hoc correlations to impurities and
crystal size. There is certainly a possibility that crystal size will still have to be included,
but then probably due to some grain boundary effects, such as grain boundary sliding or
migration.

The model for fabric evolution developed in Chapter 5 accounts for the physical arrange-

ment of crystals. It is computationally fast; typical runs with 100 strain steps and 1000
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crystals take less than 30 seconds on a Pentium 75 MHz PC computer. There is therefore
the potential of including the model in finite element simulations, where 1000 crystals or so
could represent each region of ice, and the evolution of fabric could be traced through the
flow field.

To verify any such models of fabric evolution we need a reliable method of measuring
fabric. In Chapter 6, three different ways to estimate fabric were compared. I compare
strain rate calculated using an inferred cone angle with the strain rate calculated using the
actual fabric. Sonic velocities gave the best estimates of cone angles for the different types
of fabric studied. Thin section data give precise information about the crystal orientations,
but at a very localized scale.

In Chapter 7, the analytical constitutive equations derived in Chapter 3 were used to
examine how anisotropy affects the folding criteria. Anisotropy enhances the possibility of
folding, especially when shear stresses exceed normal stresses.

Accounting for anisotropy represents an important step toward a physically based flow
law. Writing the flow law in terms of dislocation density and velocity of dislocations repre-
sents the next major step. Other processes such as grain boundary migration, sliding, and

diffusion are still largely unresolved. A flow law for ice could be written as
€ = Edist + Ediff + Egb + Eothery - (8.1)

where £4;51 is the strain rate due to dislocation glide, &4ifs strain rate due to diffusion
processes, £g4 strain rate due to grain boundary processes, and £,¢4r Other processes con-
tributing to the strain rate.

Including anisotropy into large scale models (finite element) is an important next step.
To take the evolution of fabric into account, one could either couple two models, one of the
flow field and the other a sub-mesh for the fabric evolution, or simplify the fabric evolution.
The evolution of the fabric is particularly important, since the locations of ice divides
are known to change (Marshall and Cuffey, 2000). This changes the spatial distribution
of stress, and can result in non-symmetric fabric patterns, which can serve as nuclei for
folding. Accounting for anisotropy will lead to better estimates of time scales for potential

ice cores and better location criteria for future ice cores.
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Appendix A

DEFORMATION OF STRONGLY ANISOTROPIC MATERIALS

A.1 Expressions for Components

A.1.1 The Resolved Shear Stress (RSS)
The RSS (Eq. 3.5) is in general given by

T(s) = nlbgs)a'u + nzbg8)0'22 + ngbgf)ag;;
+(m1087 + n26{7) 012 + (nab57
+n3b$) 013 + (02657 + n3b7) 023,
which leads to
(1) = 11—2 [4 cos(26)[o13 cos ¢ + ga3 sin P]
+o11 + 022 — 2033 + (011 — 022) cos(29)
+2012 sin(24)] sin(20)] ,

T2)= 5 [—2[013 cos ¢ cos(28) + g3 cos? § sin @]

+2 cos @ sin @[oas — 011 cos? ¢ — ooz sin? P — oy25in(26)]
+2023sin ¢sin? § + \/5[2023 cos¢pcosf — 2013 cosfsin @
+[2012cos(26) + (022 — o11) sin(26)] sin ]},

and
T(3) = ‘51; [—0' 23 cos? @sin ¢ — oy cos? ¢ cosfsin 6

+sin 8[—/3012 cos(2¢) + o3 sin ¢ sin 6]
+cos 6[\/?_,013 sin ¢ + (033 — 0225in? @) sin 4]
cos @[3 cos(260) + /3[o23 cos b

+(022 — 011) sin ¢ sin 8] 4+ 012 sin Psin (29)]] )

(A.1)

(A-2)

(A.3)

(A.4)
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A.1.2 Strain Rate Tensors for Single Crystal Slip Systems

The strain rate for each slip system, which are used in Equation (3.8) are given below. I

use s = sin @ and cf = cos ¥,

Aps(20) 2cpchspsfd  cohe(26)
BAT) 7. % s*¢s(20)  ¢(20)s¢ |, (A.5)
@ symm —s(20)

el

:(2)

=3

m =< [{—2c¢30(c¢c9 +V/3s9),

s8(v/3c(2¢) — ch5(24)), —cpc(26) — /3chs}, (A.6)
{€12,25¢50(v/3c¢ — cs@), \/3epeh — c(20) s},

{€13, 23, 20856},

and
&)

m%_f(_’;; = 11—2[{2c¢50(\/3_.s¢ — céch),

—50(v/3c(26) + cB5(28)), v3chsb — che(2)}, A
{12, —25¢s6(/3cd + chsd),

~V/3edet — c(20)56}, {13, €23, 2¢056} ]

A.1.8 The Rotation Tensors of each Slip System

The rotation tensors, Q(%) in Eq. (3.17), are

0 0 cos ¢
oW _L1| 0 i A8
§ =3 sin¢g |, (A.8)
—cos¢ —sing 0
2
o =4
0 —/3s6 —c) — \/§c83¢) (A.9)
V356 0 —s¢ + V3cled |, '
cd+V3clsdp sp — /3clcd 0
and
3
o =&
(0 V/3s6 —cp + V/3cls¢ (A.10)
1
—/3s6 0 —s¢ —/3clcd

cd —/3clsd sp + /3cbcd 0
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A.1.4 Plastic Rotation Rate of the Normal

Calculating the components (Eq. 3.18)

dny _ _ BA(T
dt 12
3

dnzp — __BA(T
dt 12

[(21'(31) - 1'(32) - Té)) cosfsin ¢ + \/§(T?2) - 1'?3)) cos ¢],

and
dn} _ BA(T)

= T(Qra) - 1'(32) - 1'(33)) sin 8.

A.1.5 Rate of Change of the Zenith and Azimuth Angles
The rate of change of the zenith angle (Eq. 3.19) is

3t —
:}:(Qg1 cos @ + ng sin @),

A(T
g =252 -~ )

and the rate of change for the azimuth (Eq. 3.20) is

8¢ __ BA(T) (.3 _ .3
bt T 4 3sin6(T(2) 1(3)) .

+(Q%,; cos? ¢ — @8, sin? ¢ + (25, — Q8,) tan~1 4).
A.1.6 Single Crystal Strain Rate Components
For a single crystal in uniaxial compression (Eq. 3.23)

gss =35, 2BA(caby))[eabS) oaa]”
= BAc%A08" + 8% 18§,

In simple shear we get for a single crystal (Eq. 3.33)

€13 = 2BA, (S + cabM[(e1ds? + e36{) 013l

= 8403, 7, (1857 + e3b{)4.

(A.11)

(A.12)

(A.13)

(A.14)

(A.15)

(A.16)

(A.17)
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A.1.7 The Velocity Gradient in Uniazial Compression and Simple Shear

The non-zero velocity gradient components, as a function of stress and cone angle, in com-

bined uniaxial compression and simple shear stress are (with A(T) = 1)

Ly; = (03(~64 + cos® () (249 — 220 cos(2c)

+35 cos(4a))))/(576(cos(a) — 1))

+(720(—2048 + 1785 cos(c) + 245 cos(3a) (A.18)
+63 cos(5a) + 60 cos(7a) — 105 cos(9¢)))

/(6144 (cos(a) — 1)),

Lay = Ly;, (A.19)

L3z = (6072(1024 — 945 cos(a) — 105 cos(3c)
+21 cos(5a) — 30 cos(7a) + 35 cos(9a))

(A.20)
+03(2048 — 1890 cos(a) — 420 cos(3c) + 252 cos(5¢)
+45 cos(7a) — 35cos(9a))) /(9216(cos(a) — 1)),
L1z = (027(—1024 + 945 cos(c) + 105 cos(3a)
—21 5 30 Ta) — 35 9
cos(5a) 4+ 30cos(7c) cos(9a)) (A.21)

+713(—3072 + 2730 cos(a) — 35 cos(3c) + 357 cos(5a)
—15cos(7a) + 35cos(9a))) /(1536 (cos(a) — 1)).

A.1.8 The Velocity Gradient in Pure and Simple Shear

The non-zero velocity gradient components in combined pure and simple shear stress state,

as a function of stress and cone angle are (with A(T) = 1)

Ly = —[3207%(—12288 + 11655 cos(a)

+595 cos(3a) + 273 cos(5a) + 150 cos(7a)

—385 cos(9a)) + 03 (—393216 + 384090 cos(a) (A.22)
+49420 cos(3ar) — 42084 cos(5a) — 2445 cos(7a)

+4235 cos(9a))]/(393216(cos(a) — 1)),
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Loy = —350 cos(a) sin(a)*(—8302% — 19272
+12(302 — 872) cos(2cx) (A.23)
+(4702 — 9672) cos(4a)) /(12288 (cos(a) — 1)),

L3z = [807%(—6144 + 5565 cos(a) + 665 cos(3a)
—21 cos(5a) + 180 cos(7ar) — 245 cos(9a))
+303(—16384 + 15330 cos(a) + 3080 cos(3a) (A.24)
—2016 cos(5a)) — 255 cos(7a) + 245 cos(9a))]
/(49152(cos(a) — 1)),

Ly3 = 1[—24576(0? + 72) + 105(21702 4 20872) cos(a)
+35(550% — 872) cos(3a) + 21(1102 + 13672) cos(5¢)
+30(1702 — 472) cos(7a) + 35(—2502 + 872) cos(9a)]
/(12288(cos(a) — 1)).

(A.25)

A.1.9 The Johnson Parameters

Here we derive the parameters A, u,v (Eq. 3.38) as a function of cone angle (normalized

with A(T))

Az = (—2048 + 1890 cos(a) + 420 cos(3a) — 252 cos(5a),
—45 cos(7a) + 35 cos(9a)) /[9216(cos(a) — 1)]

u? = (262144 — 280350 cos(a) + 6300 cos(3) + 13356 cos(5)
—225 cos(7ar) — 1225 cos(9a)) /[1179648(1 — cos(a))],

v? = 2(-3072 + 2730 cos(a) — 35 cos(3a) + 357 cos(5a)
—15cos(7a) + 35 cos(9a)) /[3072(cos(e) — 1)].

(A.26)
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