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During the Snowball Earth events of the Neoproterozoic, the Earth’s oceans may have

been completely covered in ice. This ice would have been thick enough to prohibit the

transmission of light to the liquid water underneath the entirely frozen surface of the ocean.

However, photosynthetic eukaryotes are thought to have survived during these events. This

is the first work to throughly attempt to reconcile how photosynthetic eukaryotes survived

on a planet with a completely frozen ocean surface. Narrow marine embayments like the

modern-day Red Sea, would restrict the inflow of sea glaciers. These embayments, if located

in regions of net sublimation, would restrict sea-glacier invasion and could provide refuge

for these organisms at the end of their channels. This work demonstrates that under a set of

climate conditions and channel geometries, narrow marine embayments allow for incomplete

sea-glacier invasion, a necessary condition for marine embayments to provide refugia
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Chapter 1

MOTIVATION

I have spent the last few years considering the incredible Snowball Earth events of the

Neoproterozoic. I have found it fascinating to consider a vision of time when the entire

Earth was locked in a shell of ice and snow. However, I have learned that this simple vision

may not describe exactly how that Earth looked. While researching the Snowball Earth

events I’ve considered many questions:

How did the entire planet become this frozen wasteland? How did the planet recover into

its present warm and lush state? If our planet’s climate could have changed so dramatically,

did other planets in our solar system look different during their distant pasts? If life could

survive on a Snowball Earth, could life survive (or thrive) on other frozen planets? Can we

learn anything about our Earth’s present climate change by examining our planet’s extreme

Snowball climate?

These questions have motivated me during my studies here at the University of Wash-

ington. I am unable to answer all these questions. Here I focus on one question. Where

did life survive on such a hostile place? I have made a considerable stride toward answering

this question and hopefully provided insight into the vision of the Snowball Earth events.
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Chapter 2

SURVIVAL OF LIFE ON THE SNOWBALL EARTH OF THE
NEOPROTEROZOIC

There is evidence that the Earth’s ocean surface may have completely frozen over during

the Neoproterozoic [Hoffman and Schrag, 2002]. The oceans during Marinoan and Sturtian

glaciations, commonly referred to as the Snowball Earth events, are thought have been

covered by sea glaciers, ice hundreds of meters thick and deforming under their own weight.

Dropstones from these glaciation events have been discovered in many locations with near-

equatorial paleo-latitudes, which along with other evidence, indicates frozen conditions on

the tropical ocean during these periods. Energy balance models demonstrate that a climate

allowing some frozen ocean at the equator is likely completely frozen over [Sellers, 1969,

Budyko, 1969]. These two ideas were merged by Kirschvink [1992] into the Snowball Earth

hypothesis.

Photosynthetic eukaryotic algae existed immediately prior to and after these events

[Knoll, 1992, Macdonald et al., 2010] so they are presumed to have survived during Snowball

Earth. These algae require both liquid water and sunlight. It is not immediately clear

where such conditions could co-exist on a planet with an entirely frozen ocean surface. This

apparent discrepancy has inspired searches for stable climate states capable of maintaining

open ocean conditions near the equator [Hyde et al., 2000, Liu and Peltier, 2010, Pollard and

Kasting, 2005, Abbot et al., 2011]. In these scenarios, mountain glaciers may have reached

the oceans near the equator, while the ocean surface maintains large areas of open ocean

near the equator. Hoffman and Schrag [2000] suggested a potential refugium for life for

an ocean without an open water zone, small pools of open water that could be maintained

above geo-thermal hotspots on coastlines of volcanic islands. Here I explore another possible

refugium, narrow marine embayments, which are possible with an ocean without an open

water zone, and with a much larger area than pools over geo-thermal hotspots. This work



3

is the first attempt to rigorously demonstrate the viability of this class of refugium for

photosynthetic life during the Snowball Earth events.

Marine embayments are an attractive class of refugia because of their potential size,

number and lifetime. A narrow arm of the ocean can be formed by continental rifting, such

as the modern Red Sea. The global sea glacier would invade such an arm; however if the

arm was located in a zone of net sublimation, the sea glacier might entirely sublimate away

before penetrating the entire channel. If the sea glacier was incapable of fully penetrating

into a marine embayment, the remaining un-invaded embayment may act as a refugium.

The embayment would have achieved one condition necessary for being a refugium.

2.1 Problem statement

In order for a marine embayment to provide a refugium for photosynthetic life during the

Snowball Earth events, it must restrict sea-glacier invasion. Here, I test if, and under

what climate and geometric conditions, a marine embayment can restrict invasion of a

sea glacier. In the first paper (Chapter 3), I use a simple analytical model to determine

what climate conditions restrict sea-glacier invasion. In the second paper (Chapter 4), a

more sophisticated model is used to explore the effect of narrow entrances on sea-glacier

penetration, and in the third paper (Chapter 5) a model is used to examine the impact of

obstructions in the channel.
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Chapter 3

REFUGIUM FOR SURFACE LIFE ON SNOWBALL EARTH IN A
NEARLY-ENCLOSED SEA? A FIRST SIMPLE MODEL FOR

SEA-GLACIER INVASION

Originally published in Geophysical Research Letters

Adam J. Campbell, Edwin D. Waddington, and Stephen G. Warren. Refugium for sur-

face life on Snowball Earth in a nearly-enclosed sea? A first simple model for sea-glacier

invasion. Geophysical Research Letters, 38(19):1 5, October 2011. ISSN 0094-8276. doi:

10.1029/2011GL048846. URL http://www.agu.org/pubs/crossref/2011/2011GL048846.shtml.

This first paper was aimed at determining whether inland seas could have been refugia

for photosynthetic life during the Snowball Earth events of the Neoproterozoic. A first step

at answering that question is to determine whether sea glaciers would fully penetrate into

inland seas or would sublimate away before reaching the end. To answer this question, I

developed a 1-D force balance model using a velocity solution from Nye [1965] where he

considered a glacier of infinite thickness whose flow is resisted by two parallel sidewalls. This

paper demonstrates Nye’s model is equivalent to a floating sea glacier flowing into a parallel

walled embayment. We were then able to calculate the penetration length of a sea glacier

invading into a channel with two parallel side walls. Penetration distance is compared to

the length a modern analogue for a parallel sided channel. We discovered that for a range

of climate conditions, a sea glacier would incompletely penetrate a channel.

In order for an inland sea to have provided a refugium for photosynthetic life, it must

have remained free of sea-glacier invasion for the duration of the Snowball Earth event. As

the planet gradually warms through the duration of the Snowball Earth event, two things

happen: ice warms, allow it to flow with less resistance, and sublimation will increase.

These two effects compete at controlling the length of the invading sea glacier as the planet

warms. We discover the sum of these two effects is to diminish sea-glacier penetration as
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the planet warms.

This work has provided a basis for comparison and an expansion point for other works

that have since been published. This paper used a simplified 1-D model for ice flow and

was limited to channels with parallel-sided walls. We later considered the effect of a narrow

entrance in Chapter 4 using a 2-D ice flow model. A later independent study showed

close agreement with the penetration length of sea glaciers moving through continental

constrictions [Tziperman et al., 2012]. Abbot et al. [2013] expanded our work here to

consider the change in upstream ice thickness supplied to inland seas as the planet warms.

They added robustness to our conclusion that sea-glacier penetration is diminished as the

the planet warms.

For this work, I developed the solution for the ice-flow model and calculated the change

in ice penetration during a warming Snowball Earth. E. D. Waddington calculated the

effective ice softness in a manner that ensures the horizontal strain rate is uniform in the

deforming ice, he also verified all the ice flow calculations. S. G. Warren helped provide

much of the background context of Snowball Earth.

There are a few final notes on the works presented here in this chapter. There were 2

errors in this publication; they have been corrected in Appendix A of Campbell et al. [2014],

presented here in Chapter 4. These errors do not affect of the conclusions originally made.

The publication is reproduced here in its original, uncorrected form. Do not be alarmed by

the ‘DRAFT’ label on the Supplemental presented material here, that is the official version

that Geophysical Research Letters has chosen to publish.
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sea? A first simple model for sea‐glacier invasion
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[1] The existence of photosynthetic eukaryotic algae
during the so‐called Snowball Earth events presents a
conundrum. If thick ice covered the oceans, where could such
life persist? Here we explore the possibility that photosyn-
thetic life persisted at the end of long narrow seas, analo-
gous to the modern‐day Red Sea. In this first analytical
model, we test the ability of the global sea glacier to pene-
trate a Red Sea analogue under climatic conditions appro-
priate during a Snowball Earth event. We find the Red
Sea is long enough to provide a refugium only if certain
ranges of climatic conditions are met. These ranges would
likely expand if the restrictive effect of a narrow entrance
strait is also considered. Citation: Campbell, A. J., E. D.
Waddington, and S. G. Warren (2011), Refugium for surface life
on Snowball Earth in a nearly‐enclosed sea? A first simple model
for sea‐glacier invasion, Geophys. Res. Lett., 38, L19502,
doi:10.1029/2011GL048846.

1. Introduction

[2] During the low‐latitude glaciation of the Neoproter-
ozoic, 600–800 Ma [Evans, 2000; Harland, 1964], the
upper ocean may have become almost completely covered
with thick ice, commonly known as Snowball Earth events
[Kirschvink, 1992; Hoffman et al., 1998; Warren et al.,
2002; Pierrehumbert et al., 2011]. Photosynthetic eukaryotic
algae did survive these events [Knoll, 1992;Macdonald et al.,
2010], indicating that liquid water was maintained at some
locations at or near the ocean surface. In the face of evidence
for global ocean ice cover, how did open water and life per-
sist? With an equilibrium ice thickness (set by geothermal
flux) reaching hundreds of meters, but thicker at high latitude
than at low latitude, the floating ice would flow equatorward
as a “sea glacier” [Goodman and Pierrehumbert, 2003],
threatening to invade any unprotected areas of open water.
Small pools of open water could be maintained above geo-
thermal hotspots on coastlines of volcanic islands [Hoffman
and Schrag, 2000], where the water is shallow enough that
the geothermal heat is not diffused laterally and that the sea
glacier becomes grounded and slowed by friction with the sea
floor.
[3] Here we investigate a possible class of refugia, isolated

refuges for life, that could be much larger and also longer‐
lasting. A long narrow arm of a sea, for example as formed by
continental rifting such as the modern Red Sea, located at low

latitude and surrounded by desert land, would be invaded
by a tongue of the global sea glacier, but this tongue would
be impeded by friction with the sidewalls and thinned by
sublimation, so that its thickness would diminish to zero
before reaching the end of the sea, if the sea is long enough.
This possibility was mentioned by Warren et al. [2002] and
considered likely by Pollard and Kasting [2005, 2006]. The
low‐albedo (non‐glaciated) land surrounding the bay at the
inland end of the narrow sea might keep the bay warm
enough to allow open water, even while the rest of the
ocean was kept cold by its high albedo. In a GCM simu-
lation of Snowball Earth, a rectangular continent centered
on the equator did have higher average temperatures than
the equatorial ocean, particularly at the eastern end of the
continent [Abbot and Pierrehumbert, 2010].
[4] In this paper we investigate only one aspect of this

problem, namely the criterion for preventing the sea glacier
from reaching the inland end of the sea. This is a necessary,
but not sufficient, condition for the existence of a refugium.
If the climate at the end of a narrow sea is too cold, the sea
will fill with thick ice grown locally, even without any
inflow from the global sea glacier. But even if the climate is
warm enough to sustain open water or thin ice in the absence
of ice flow, sea‐glacier invasion could destroy the refugium.
To isolate and explore this latter threat, we consider tem-
perature regimes that are otherwise favorable to a refugium.
In this first exercise, we further simplify the problem by
considering only a sea of constant width W, which allows an
analytical solution for the penetration distance L; we therefore
are not modeling the narrow strait that commonly constricts
the entrance to nearly‐enclosed seas on the modern Earth,
such as the Bab al Mandeb, the Strait of Gibraltar, and the
Bosporus. In this model, the length‐to‐width ratio L/W at
which the ice thickness diminishes to zero just at the far end
of the narrow sea is a function of just three variables: the
thicknessH0 at the entrance, the net sublimation rate at the top
surface _b (positive where sublimation exceeds precipitation),
and the atmospheric temperature Ts (which determines the ice
temperature and effective ice softness and thus the flow
velocity). We assume that there is no melting or freezing at
the base of the sea glacier tongue. If the climate in the refu-
gium is warm enough to support open water, there might be
melting at the surface or base of the glacier, which would
reduce L and make the probability of a refugium more likely
than our computations here suggest.

2. Why Inland Seas Could Protect Refugia
From Sea Glaciers

[5] The flow of a sea glacier into a channel would be
resisted by drag stress along the sidewalls of the channel. If
this channel is located in a region of net sublimation, the

1Department of Earth and Space Sciences, University of Washington,
Seattle, Washington, USA.

2AstrobiologyProgram,University of Washington, Seattle,Washington,
USA.

Copyright 2011 by the American Geophysical Union.
0094‐8276/11/2011GL048846
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inflowing sea glacier will lose mass as it invades the
channel. Alternatively, if the narrow sea is in a region of net
accumulation, it would be surrounded by glaciated land and
filled with snow‐covered ice; thus an inland sea can provide
a refugium only if it is in a region of net sublimation; i.e.,
surrounded by extensive desert. If the channel is sufficiently
narrow, the resistive drag stresses impede the inflowing sea
glacier, and sublimation causes the sea glacier to shrink to
zero thickness after some length L.
[6] In order for an inland sea to provide a refugium for

photosynthetic organisms during snowball events, several
conditions must have been satisfied: (1) the inland sea must
not be fully penetrated by a sea glacier; (2) the climate on
the inland sea must be such as to maintain it either ice‐free
or covered by an ice layer sufficiently thin to allow photo-
synthesis below the ice; (3) the depth of the sea at its
entrance, and throughout its length, must be great enough that
seawater is able to flow under the sea glacier to replenish
water loss from the refugium by evaporation/sublimation,
and (4) water circulation in the inland sea must be adequate
to allow nutrients to be delivered to organisms living in the
bay at the landward end. Here, during this first exercise, we
examine only the first condition.

3. Penetration Length of Sea Glaciers

[7] In order to determine whether inland seas could have
remained free of sea‐glacier ice, we estimate the penetration
length L of a sea glacier flowing into an inland sea. The
penetration length is defined as the distance a sea glacier, with
an initial thickness H0, would have traveled before reaching
zero thickness. To determine the penetration length L we
derive an analytical solution for flow along a parallel‐sided
channel using force balance and continuity.Weertman [1957]
determined the creep rate for an unconfined ice shelf with a
uniform thickness and width. Thomas [1973] expanded on
the work of Weertman [1957] by considering the creep rate
of a confined ice shelf. By assuming a yield stress for side-
wall shearing, he concluded that velocity in the downstream

direction is constant. Sanderson [1979] found that velocity in
the downstream direction did vary, but the variation was
small. Therefore, we will assume that velocity is uniform in
the downstream direction.
[8] Consider a sea glacier that enters a narrow channel

with a uniform width W and vertical walls (Figure 1a). We
choose the x‐direction to be horizontal and parallel to the
channel walls, the y‐direction to be perpendicular to the
channel walls, and the z‐direction to be vertical, positive
upward. The centerline of the sea glacier is at y = 0.
[9] Environmental controls such as temperature and net

rate of sublimation also control the penetration length of a sea
glacier. In Snowball Earth models, zonally‐averaged mean
annual surface temperatures ranged from −50°C to −20°C at
latitudes where net sublimation was likely [Goodman, 2006;
Pierrehumbert et al., 2011]. Ice is softer at warmer tem-
peratures, hence a warmer sea glacier will flow faster so may
penetrate farther. Basal temperatures were calculated by
adjusting the melting point of ice for pressure and salt con-
tent. Salt content was estimated by assuming present‐day total
salinity and total volume of the ocean, and adjusting the
salinity taking into account the salt‐free ice covering the
ocean during a Snowball Earth event. A relationship between
ice temperature and the softness parameter A(T) has been
derived empirically [Cuffey and Paterson, 2010, p. 75] and
has a functional form

A Tð Þ ¼ A0 exp
�Qc

RT

� �
ð1Þ

where A0 represents a temperature‐independent softness
coefficient, Qc represents the activation energy for creep, R
represents the ideal gas constant, and T represents ice tem-
perature. Values for the constants are given in Table 1.
Because the rate of vertical advection of heat is small com-
pared to the heat conduction rate, we assume a linear tem-
perature profile throughout the ice thickness. Then we
calculate an effective isothermal ice softness parameter A that
satisfies force balance and produces the same ice flux in the
channel as the value obtained by using the nonuniform tem-
perature profile; a full explanation is given in the auxiliary
material.1 This new isothermal ice softness parameter A is
used in place of the depth‐dependent A in all equations that
follow. Using an effective isothermal ice temperature to
determine ice softness allows us to solve the problem using
simpler isothermal equations.
[10] The mass loss has two components, sublimation at

the surface of the sea glacier, and melting at its base whereFigure 1. Cartoon schematic of a sea glacier penetrating a
channel. (a) Ice thickness. (b) Ice flux. Both decrease linearly
with distance, while mean across‐channel velocity u is
uniform along the channel.

Table 1. Constants Used in Analysis

Name Symbol Value Units

Temperature‐independent ice
softness parameter

A0 4 × 10−13 Pa−3 s−1

Clausius‐Clapeyron exponent G 51 kJ/mol
acceleration of gravity g 9.81 m/s2

flow law exponent n 3 dimensionless
activation energy for creep Qc 60 kJ/mol
ideal gas constant R 8.314 J mol−1 K−1

ice density ri 917 kg/m3

seawater density rw 1043 kg/m3

1Auxiliary materials are available in the HTML. doi:10.1029/
2011GL048846.
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it contacts ocean water. The net rate of sublimation, _b, is
poorly constrained. In Pierrehumbert’s [2005] model [see
also Pierrehumbert et al., 2011, Figure 7], the zonal average
net sublimation rate peaked at the equator with a value
of 5 mm/year, for 2000 ppm CO2. During the coldest
phase of a Snowball Earth event, CO2 may have been just
100 ppm, and corresponding net sublimation only 3 mm/year
[Pierrehumbert, 2005, Figure 10]. Goodman [2006] calcu-
lated that mass loss through basal melting is insignificant
compared to sublimation losses at equatorial latitudes. There-
fore we use a parameter space to calculate penetration lengths
where net rate of sublimation and ice softness are varied,
while other parameters are held constant (Table 1).

3.1. Channel Velocity

[11] Nye [1965] solved for the velocity for a glacier with
infinite depth and uniform widthW where flow is resisted by
two parallel sidewalls. Nye’s equation 7 neglected vertical
shearing because of the infinite thickness of the glacier. A sea
glacier entering a narrow channel does not undergo vertical
shearing because the sea glacier is floating and water cannot
support a shear stress, so Nye’s solution is appropriate:

u x; yð Þ ¼ W

2

A xð Þk xð Þn
nþ 1

1�
���� 2yW

����
nþ1

 !
ð2Þ

where u represents velocity in the x‐direction, k represents
resistive drag stress at the walls, A represents ice softness,
and n represents the exponent in the Glen ice flow law [Glen,
1955]. Nye’s solution assumes no variation of velocity in the
x‐direction, but variation of u in the x‐direction is permitted if
k varies as a function of x. Variation of k in the z‐direction is
not permitted, because there is no basal shear stress to cause a
vertical gradient of velocity. Equation (2) can be integrated
across the channel to calculate a mean velocity, u(x)

u xð Þ ¼ W

2

A xð Þk xð Þn
nþ 2

ð3Þ

3.2. Continuity

[12] We use the time‐independent mass conservation
equation

r � uHð Þ þ _b ¼ 0; ð4Þ

where u represents the ice‐velocity vector, H represents
local ice thickness, and _b represents the net sublimation rate
at the upper surface ( _b is positive for loss in volume).
Motion is entirely in the x‐direction, so equation (4) can be
written as

du

dx
H xð Þ þ u xð Þ dH

dx
¼ � _b xð Þ ð5Þ

Substituting equation (3) into equation (5) results in

H xð ÞW
2

A xð Þ
nþ 2

d

dx
k xð Þnð Þ þW

2

A xð Þk xð Þn
nþ 2

dH

dx
¼ � _b xð Þ ð6Þ

3.3. Force Balance

[13] To solve equation (6), we must determine the resis-
tive drag stress k as a function of x. We use a force‐balance
approach where we assume that the pressure gradient forces
in a sea glacier flowing along a narrow channel are entirely
balanced by the resistive drag force at the sides; a full expla-
nation is given in the auxiliary material, where equation (S12)
shows that the resistive drag stress at the walls is

k xð Þ ¼ �W

2
G
dH

dx
ð7Þ

where G is defined as

G � �ig 1� �i
�w

� �
ð8Þ

and ri represents the density of ice, rw represents the density
of sea water, and g represents the acceleration due to gravity.
By substituting equation (7) into equation (6), we can write a
differential equation in terms of H

W

2

A xð Þ
nþ 2

�W

2
G

� �n

nH xð Þ dH

dx

� �n�1 d2H

dx2
þ dH

dx

� �nþ1
" #

¼ � _b xð Þ

ð9Þ

Equation (9) with the boundary condition H(0) = H0 has a
solution in which H varies linearly with x:

H xð Þ ¼ H0 1� x

L

� �
ð10Þ

dH

dx
¼ �H0

L
ð11Þ

d2H

dx2
¼ 0 ð12Þ

The ratio L/W can be found by substituting equations (10),
(11), and (12) into equation (6) to get

L

W
¼ H0

D
ð13Þ

where

D ¼ 2
_b nþ 2ð Þ
AGn

 ! 1
nþ1

ð14Þ

is a characteristic length that depends on temperature, through
A, and net sublimation rate _b.
[14] Mean velocity, u, across the channel can be calcu-

lated as

u ¼ W

2

A G _b
� �n
nþ 2

 ! 1
nþ1

ð15Þ
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and flux, Q0, entering the channel through the upstream end
from the global sea glacier can be calculated as

Q0 ¼ WH0u: ð16Þ

4. Application to a Modern Analogue

[15] Penetration length scales linearly with channel width
(equation (13)); therefore, penetration length L can be non‐
dimensionalized in terms of channel width W. Figure 2
demonstrates that a sea glacier can penetrate farther into a
narrow channel if it has lower net sublimation rate _b, and/or
warmer air temperatures represented by larger ice softness
parameter A.
[16] As a characteristic inland sea we use the Red Sea, a

nearly enclosed basin in the Red Sea Rift, a spreading center
between the African and Arabian plates. Because the rifting
of continental plates is caused by convection in the Earth’s
mantle, which was presumably not significantly affected by
Snowball Earth events, it is reasonable to assume that inland
seas like the Red Sea existed during Snowball Earth events.
[17] To determine the penetration length of a sea glacier

moving into a Red Sea analogue, we approximate the sea by
a rectangle 200 km wide and 1300 km long; the length‐to‐
width ratio L/W is 6.5. We assume that the upstream
thickness H0 of a sea glacier at the mouth of a Red Sea
analogue is 650 m, consistent with ice thickness of the
global sea glacier in regions of net sublimation [Goodman,
2006]; however, penetration length scales linearly with H0

(equation (13)) so a thicker global sea glacier could penetrate
proportionally farther. The length of the Red Sea exceeds the
penetration length of the sea glacier if the combination of ice
temperature and sublimation rate falls to the left of the

dashed line in Figure 2. The along‐channel ice thickness
H(x), and ice flux Q(x) for a sea glacier, decrease linearly
with distance Figure 1 while mean along‐channel velocity u
remains constant.
[18] The planetary climate of a Snowball Earth event warms

over time through either the build‐up of atmospheric CO2 or
changes in planetary albedo [Abbot and Pierrehumbert,
2010]. As the planet warms, the length‐to‐width ratio L/W
of a sea glacier invading a narrow channel may change. We
explore changes in L/W by exploring changes in the local net
sublimation rate _b and ice softness A due to a change in
atmospheric temperature Ts. Here, we assume that changes _b
are proportional to changes in the saturation vapor pressure
from a Clausius‐Clapeyron relation

_b Tsð Þ ¼ c exp
�G

TsR

� �
ð17Þ

where c represents a constant based on initial conditions, and
G represents the Clausius‐Clapeyron exponent from Marti
and Mauersberger [1993]. Atmospheric temperature Ts
changes slowly enough to allow the sea glacier to always be
in an equilibrium steady‐state because the time scale of
thermal diffusion in the penetrating sea glacier is much less
than the time scale for global changes in Ts. Therefore Ts can
be used as a proxy for time. Figure 3a shows an example
calculation with initial climate conditions of Ts = −50°C and
_b = 1 mm/year. The length‐to‐width ratio L/W of the sea
glacier, described by equation (13), decreases in a warming
world because increases in length due to increased ice soft-
ness are smaller than decreases in length due to increased net
sublimation (Figure 3b). Both sublimation and shearing

Figure 2. Solid contours represent penetration length‐to‐
width ratio L/W as a function of net sublimation rate _b
and surface ice temperature Ts for a sea glacier with an ini-
tial thickness H0 = 650 m, entering a narrow channel.
Dashed line represents the 6.5 L/W ratio for the Red Sea.
Atmospheric conditions to the left of the dashed line allow
a refugium to avoid being over‐ridden at the end of the
Red Sea analogue.

Figure 3. (a) How increasing atmospheric temperatures
during deglaciation affect net sublimation rate _b, relative
to an initial value _b0 of 1 mm/year (dashed line), and ice
softness A, relative to an initial value A0 set by a surface
temperature Ts = −50°C (solid line). Net sublimation rate
_b is more sensitive than ice softness A to rising surface tem-
perature Ts. (b) Resulting length‐to‐width ratio L/W of a
invading sea glacier, calculated from equation (13). For
this particular example, the initial upstream ice thickness is
H0 = 650 m.
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require breaking of hydrogen bonds. Correspondingly, the
Clausius‐Clapeyron exponent (51 kJ/mol) is similar to the
activation energy for creep (60 kJ/mol); each is approxi-
mately the energy required to break two hydrogen bonds.
The reason that A increases more slowly than _b in Figure 3b
is that _b is determined by the surface temperature whereas A
is determined by an effective depth‐averaged temperature
including the influence of warm ice at the bottom (−2°C) for
all values of the surface temperature. Although this is a
specific example, other reasonable initial conditions produce
qualitatively similar results. In addition, this approach does
not take into account surface and basal melting processes that
would be expected once atmospheric conditions are near the
melting temperature, and furthermore the upstream thickness
H0 of the global sea glacier entering the channel would
decrease in a warming world. Both of these effects would
decrease L/W for an invading sea glacier and L/W would be
less than its initial value throughout the deglaciation.

5. Conclusions

[19] As modeled here, an analogue to the Red Sea is long
enough to have provided a refugium for photosynthetic
organisms during Snowball Earth events, only if certain
surface temperature and net sublimation conditions were
met. The penetration length of an invading sea glacier
continuously decreases as the planet warms during a Snow-
ball Earth event. In future work, the restraining effect of a
narrow entrance strait to the sea will be considered. That
investigation will require a numerical model, but will likely
allow a refugium to exist over a wider range of atmospheric
temperatures and net sublimation rates.

[20] Acknowledgments. This work was supported by NSF grant
ANT‐0739779. We thank John Booker for suggesting that we search for
an analytical solution. We thank Matt Smith, Dorian Abbot, Raymond
Pierrehumbert and an anonymous reviewer for their very helpful comments.
[21] The Editor thanks Dorian Abbot, Raymond Pierrehumbert and an

anonymous reviewer for their assistance in evaluating this paper.
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CAMPBELL ET AL.: SUPPLEMENT: INLAND SEAS OF SNOWBALL EARTH X - 1

Calculation of resistive drag stress

In order to calculate the resistive drag stress k along the sidewall of a sea glacier flowing

through a narrow channel, a force-balance technique is used. Consider a vertical section

of a sea glacier (Figure S-1) flowing through a narrow channel of uniform width W . The

section has infinitesimal length ∆x, where the thickness of the upstream and downstream

ends are represented by HU and HD respectively. Pressure from ice at the upstream end

PU , acts to push the ice block downstream, while pressure from ice at the downstream

end PD, pressure from seawater PSW , and resistive drag stress k from the sidewalls all act

to resist the downstream motion of the ice block. We assume that the sea glacier is not

accelerating, and that only pressure and drag forces act on the glacier, so that

FU + FD + FSW + FR = 0 (S-1)

where FU , FD and, FSW respectively represent forces due to pressure applied from ice at

the upstream end, from ice at the downstream end, and from sea water at the base, and

FR represents the resistive drag force applied by the sidewalls. We assume that the stress

deviator in the x-direction is zero, meaning that the compressive stress in the x-direction

is due to ice pressure. This assumption leads to our uniform velocity, ū. Sanderson
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[1979] found that the along-channel velocity is uniform for an ice shelf moving through a

parallel-sided bay when he assumed a constant resistive drag stress k.

Pressure forces are calculated by integrating pressure over the appropriate face. Pressure

at the upstream end of the section is linear with depth

PU(z) = Γ

(
HU

(
1 − ρi

ρw

)
− z

)
(S-2)

where Γ is defined

Γ ≡ ρig

(
1 − ρi

ρw

)
(S-3)

Here, z is positive upward and sea level is at z = 0. The force applied at the upstream

end of the thin cross-sectional element from pressure is calculated by integration over the

upstream face

FU =
∫ HU(1− ρi

ρw
)

−HU( ρi
ρw

)

∫ W/2

−W/2
PU(z) dy dz =

W

2
ρigH

2
U (S-4)

Force at the downstream end is calculated similarly

FD = −W
2
ρigH

2
D (S-5)

where a negative sign indicates force acting in the upstream direction.

Pressure of the sea water is linear with depth below sea level

PSW (z) = ρwg(−z) (S-6)
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CAMPBELL ET AL.: SUPPLEMENT: INLAND SEAS OF SNOWBALL EARTH X - 3

The component of force due to the pressure of seawater directed horizontally is calcu-

lated by integrating over the face from the base of the downstream end, to the base of the

upstream end of the section.

FSW =
∫ −HD( ρi

ρw
)

−HU( ρi
ρw

)

∫ W/2

−W/2
PSW (z) dy dz = −W

2
ρig

(
ρi
ρw

)
(H2

U −H2
D) (S-7)

where a negative sign indicates force acting in the upstream direction.

Substitution of Equations S-4, S-5, and S-7 into Equation S-1 yields

FR = −W
2

Γ[H2
U −H2

D] (S-8)

HD can be described as a first-order Taylor expansion about H0

HD = HU +
dH

dx

∣∣∣∣
xU

∆x (S-9)

where the upstream face is at x = xU

Substitution of Equation S-9 into Equation S-8 yields

FR = −W
2

Γ


−2HU

dH

dx
∆x+

(
dH

dx
∆x

)2

 . (S-10)

Since ∆x is very small we can neglect terms containing (∆x)2, and

FR ≈ WHUΓ
dH

dx
∆x. (S-11)

The resistive drag force along the two sidewalls is the integral of the resistive drag stress

k over the sidewalls, where a negative sign indicates force acting in the upstream direction:D R A F T September 8, 2011, 11:19am D R A F T
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FR = −2
∫ x+∆x

x

∫ H(x)

0
k(x) dz dx = 2k(x)H(x)∆x. (S-12)

We can now substitute Equation S-11 into Equation S-12 to calculate resistive drag stress:

k(x) = −W
2

Γ
dH

dx
, (S-13)

which turns out to be uniform in our analysis.

Calculation of effective softness and temperature

Our analytical solution (Equations 13 and 14) for the sea-glacier profile in an embayment

requires isothermal ice. From Equations 3, 7, and 16, the isothermal ice flux through the

cross-section at x is given by

Qiso(x) =
−A(x)

2(n+ 2)

(
W

2
Γ

∣∣∣∣∣
dH

dx

∣∣∣∣∣

)n

W 2H(x). (S-14)

However, on Snowball Earth, the basal temperature would have been at the freezing

point of seawater (approximately -2◦C), while the upper surface was at the ambient air

temperature Ts, so A then also had a strong depth dependence. When temperature varies

with depth, the velocity profile across the channel at any depth z is still described by a

form of Equation 2,

u(x, y, z) =
W

2

A(x, z)k(x, z)n

(n+ 2)

(
1 −

∣∣∣∣
2y

W

∣∣∣∣
n+1

)
. (S-15)

With the assumption that vertical shear is negligible, i.e.
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∂u

∂z
= 0 (S-16)

the cold upper ice acts as a stress guide, and wall drag k(x, z) must be larger in the cold

ice where softness A(x, z) is smaller, so that

A(x, z)k(x)n = C (S-17)

where C is a constant that can be determined. The softness A(x, z) is known from the

temperature profile, and the depth-averaged value of k(x, z) must equal the value of k(x)

in Equation 7 in the isothermal case for the same sea-glacier geometry, in order to balance

the forces in Equation S-1. As a result,

C =




−W
2

Γ
∣∣∣dH

dx

∣∣∣
1

H(x)

∫H(x)
0 A(x, ζ)−1/ndζ



n

(S-18)

and the ice flux can be written as

Q(x) = WH(x)ū(x) =
W 2

2(n+ 2)
H(x)C =

−W 2H(x)

2(n+ 2)

(
W

2
Γ

∣∣∣∣∣
dH

dx

∣∣∣∣∣

)n (
1

H(x)

∫ H(x)

0
A(x, ζ)−1/ndζ

)−n

.

(S-19)

The depth integral can be evaluated numerically from the known temperature profile

T (x, z) and Equation 1. We can then define an effective ice softness Aeff (x)for the cross-

section as

Aeff (x) =

(
1

H(x)

∫ H(x)

0
A(x, ζ)−1/ndζ

)−n

. (S-20)
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With the substitution Equation S-20, Equation S-19 takes the same form as Equation S-

14, so ice flux through any cross-section in a non isothermal sea glacier can be calculated

correctly with the isothermal Equations 15 and 16, by replacing A(x) with Aeff (x) from

Equation S-20.

Furthermore, when the temperature profile is linear with depth, and the surface tem-

perature Ts is spatially uniform, Aeff is independent of ice thickness H(x), and so is also

independent of x. A uniform effective temperature Teff for the entire sea glacier can then

be derived from Aeff through Equation 1.
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CAMPBELL ET AL.: SUPPLEMENT: INLAND SEAS OF SNOWBALL EARTH X - 7

Figure S-1. A section of a sea glacier penetrating a channel experience forces acting on the

upstream face from the pressure of ice FU , on the downstream face from the pressure of ice FD,

on the basal face from the pressure of seawater FSW , and on the sidewalls from drag resistance

FR.
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Chapter 4

REFUGIUM FOR SURFACE LIFE ON SNOWBALL EARTH IN A
NEARLY ENCLOSED SEA? A NUMERICAL SOLUTION FOR
SEA-GLACIER INVASION THROUGH A NARROW STRAIT

Originally published in Journal of Geophysical Research: Oceans

Adam J. Campbell, Edwin D. Waddington, and Stephen G. Warren. Refugium for surface

life on Snowball Earth in a nearly enclosed sea? A numerical solution for sea- glacier invasion

through a narrow strait. Journal of Geophysical Research: Oceans, 119 (4):26792690, 2014.

doi: 10.1002/2013JC009703.

This second paper considers ice moving through a narrow entrance into an inland sea.

Previously we suggested that a narrow entrance to a channel would diminish the ability of

a sea glacier to invade a channel. In this work, I developed a 2-D ice flow model suitable for

floating ice. This new model allowed us to capture additional physics into our sea-glaicer

flow model that the previous model was unable to consider. It also allowed us to experiment

with geometries that were more complex than the previous studied, which was limited to

channels with parallel-sided walls of a uniform width. The inclusion of a narrow entrance

expanded the range of climate conditions allowing for incomplete sea-glacier penetration.

When the model was coupled to a thermal evolution model it demonstrated that sea-glacier

penetration diminishes with increasing surface temperatures over time. We also explored

the case of a sea glacier penetrating a channel that is colder at its entrance and warmer at

its interior. The scenario is possible for a sea glacier being warmed by invading a channel

surrounded by desert land.

This paper confirmed our previous analytical model in a more robust manner. It demon-

strated that the previous model was an upper bound for sea-glacier penetration. The model

produced sea-glacier-free zones that were not initially expected. We hypothesized these

zones could form downstream of promontories or islands, inspiring our next work.
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For this work, I developed the solution for ice-flow model and calculated the change in

ice penetration during a warming Snowball Earth. E. D. Waddington provided support for

ice-flow modeling and developed the initial code for the thermal evolution model. S. G.

Warren helped provide much of the background context of Snowball Earth.
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Refugium for surface life on Snowball Earth in a nearly
enclosed sea? A numerical solution for sea-glacier invasion
through a narrow strait
Adam J. Campbell1, Edwin D. Waddington1, and Stephen G. Warren1,2

1Department of Earth and Space Sciences, University of Washington, Seattle, Washington, USA, 2Astrobiology Program,
University of Washington, Seattle, Washington, USA

Abstract Where photosynthetic eukaryotic organisms survived during the Snowball Earth events of the
Neoproterozoic remains unclear. Our previous research tested whether a narrow arm of the ocean, similar
to the modern Red Sea, could have been a refugium for photosynthetic eukaryotes during the Snowball
Earth. Using an analytical ice-flow model, we demonstrated that a limited range of climate conditions could
restrict sea-glacier flow sufficiently to allow an arm of the sea to remain partially free from sea-glacier pene-
tration, a necessary condition for it to act as a refugium. Here we expand on the previous study, using a
numerical ice-flow model, with the ability to capture additional physics, to calculate sea-glacier penetration,
and to explore the effect of a channel with a narrow entrance. The climatic conditions are made self-
consistent by linking sublimation rate to surface temperature. As expected, the narrow entrance allows
parts of the nearly enclosed sea to remain safe from sea-glacier penetration for a wider range of climate
conditions.

1. Introduction

During the ‘‘Snowball Earth’’ events of the Neoproterozoic, approximately 600–800 Ma [Hoffman and Schrag,
2002], the entire upper ocean surface may have been covered with ‘‘sea glaciers,’’ ice several hundreds of
meters thick that are thick enough to deform under their own weight [Goodman and Pierrehumbert, 2003;
Goodman, 2006; Li and Pierrehumbert, 2011]. Photosynthetic eukaryotic algae existed immediately prior to
and after these events [Knoll, 1992; Macdonald et al., 2010] so they are presumed to have survived during
Snowball Earth. These algae require both liquid water and sunlight. Our previous research [Campbell et al.,
2011] explored the ability of a nearly enclosed sea, connected to the ocean by a narrow channel, to provide
a refugium for photosynthetic eukaryotic life during a Snowball Earth event. (Figure 1 provides an illustra-
tion of how we envision a sea-glacier penetrating into an inland sea.) We demonstrated, using an analytical
solution of momentum balance and continuity equations, that the landward end of the sea could remain
free from sea-glacier penetration, provided particular geometric and climatic conditions existed. If an inland
sea is not fully penetrated by a sea glacier, then it has achieved one of the conditions needed to provide a
refugium for photosynthetic eukaryotic life. In addition, the sea would have to be located in a desert region,
where evaporation/sublimation exceeds precipitation, and the refugium’s temperature would have to be
warm enough that thick sea ice did not grow locally. The flow of ice through constrictions was also studied
by Tziperman et al. [2012].

Section 2 reviews the previously developed model of sea-glacier penetration of Campbell et al. [2011]. Sec-
tion 3 describes the newly developed numerical model of sea-glacier penetration. That section includes
descriptions of the model’s body equations, boundary conditions, and parameters, as well as modifications
made to the model to ensure numerical stability, and our solution scheme. Section 4 describes the two
experiments performed using the numerical model: a comparison experiment where we compare the new
model results to those of Campbell et al. [2011] and an experiment where we vary the entrance width of the
channel. Section 5 describes an experiment in which we couple a thermal evolution model to the sea-
glacier flow model to demonstrate that sea-glacier penetration is reduced in a channel that is warmer at its
far end than at its entrance, in accord with the climate necessary to prevent sea-ice growth locally at the far
end. In section 6, we discuss the results and assumptions of the experiments, including the discovery of
upstream sea-glacier-free zones, the atmospheric constraints that would be required for incomplete

Key Points:
! Inland seas could have been refugia

for life during Snowball Earth events
! Narrow entrances of inland sea

restrict the flow of invading sea
glaciers
! Sea-glacier-free zones may have

existed near narrow entrances
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sea-glacier penetration, and our
choice to not address the effect of
submarine melting. Section 7 sum-
marizes our conclusions that narrow
entrances widen the range of climate
conditions that allow for inland seas
to act as refugia for photosynthetic
eukaryotic algae during Snowball
Earth events.

2. Penetration of Sea
Glaciers

Campbell et al. [2011] used an analyti-
cal solution of momentum balance
and continuity equations to calculate
the distance that an incoming sea
glacier would advance up the chan-

nel, referred to as penetration length. That analytical model assumed a uniform channel width. The mean-
annual surface temperature and sublimation rate were independently specified, both were spatially uniform
and constant in time. That model included only lateral shear stresses and assumed no longitudinal stretching;
those conditions ensured a linear thickness gradient in the downstream direction and no thickness gradient
in the lateral direction. Penetration length was determined to be a function of upstream ice thickness, channel
width, ice softness (which is controlled by the mean-annual surface temperature), and sublimation rate. Camp-
bell et al. [2011] did not address the effect of melting at the lower surface of the sea glacier. When the model
was applied to a channel with the same mean length and mean width as the Red Sea (a modern analogue,
because continental rifting, which is responsible for the Red Sea, would have been active during the Neopro-
terozoic), a restrictive range of surface temperatures and net sublimation rates allow the Red Sea to remain
free of sea-glacier penetration. Campbell et al. [2011] concluded with a suggestion that a narrow entrance to
the channel, a feature observed in the modern Red Sea, would decrease the penetration length of an incom-
ing sea glacier by restricting the flow of ice into the channel, expanding the possible range of conditions that
would allow the channel to be partially free from sea-glacier penetration. Campbell et al. [2011] contained an
error in its calculations of sea-glacier penetration, which is corrected in Appendix A of this paper.

3. Model

Previously, we developed an analytical model to calculate sea-glacier penetration length L into a narrow
channel [Campbell et al., 2011] with uniform width. That solution is limited in applicability because it calcu-
lates only the lateral shearing stress component and assumes a uniform lateral ice thickness and a linear
downstream thickness profile. That model is not applicable to a channel with a varying width.

Here we develop a numerical model that resolves both lateral shearing and longitudinal stretching. This
new model allows for a freely developing thickness field and is able to simulate the effect of a narrow
entrance. In this new model, we couple equations of motion based on the Shallow Shelf Approximation to
a time-independent mass conservation equation. We specify mean-annual surface temperature and subli-
mation rate. Then a Glen’s Flow Law viscosity is used with an ice softness parameter based on the mean-
annual surface temperature. To determine penetration length L, we iteratively the change channel length
until the dynamic ice flux entering the channel balances the kinematic ice flux lost by sublimation. These
equations are solved using a commercially available finite element solver, COMSOL MultiphysicsVR

(comsol.com).

3.1. Body Equations
We use equations of motion that describe the flow of a layer of floating ice with thickness h much less than
horizontal extent, commonly called the Shallow Shelf Approximation (SSA) [Morland, 1987; MacAyeal et al.,
1996]

Figure 1. As a sea glacier invades into an inland sea, the flow of the sea glacier is
restricted by lateral shear (red arrows) and longitudinal stretching (green arrows).
Inland seas located near the equator would be in regions of net sublimation. In a
region of net sublimation, the ground would be bare, except at the highest altitudes.
Lakes would be unable to provide refugia for photosynthetic algae because a mod-
est sublimation rate would be able to completely dry out even the deepest lakes
known during the estimated several-million-year duration of a Snowball Earth event.
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where x and y represent the horizontal spatial coordinates, u and v represent the corresponding velocities,
m represents the viscosity, h represents the ice thickness, qi represents the ice density, g represents the
acceleration of gravity, and S represents the surface elevation above sea level. The SSA assumes the ice is in
hydrostatic equilibrium (i.e., floating); therefore, surface elevation is related to local thickness by a buoyancy
relation

S5 12
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! "
h; (3)

where qw represents the water density.

Coupled to the SSA is a time-independent mass conservation equation

r " ð u!hÞ1 _b50; (4)

where _b represents the net sublimation rate and u! represents the velocity vector.

An effective viscosity is used that embodies Glen’s Flow Law [Glen, 1955]
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where n represents a flow rate exponent and A represents a temperature dependent softness parameter
(described below in section 3.4).

3.2. Boundary Conditions
To solve the equations of motion and the mass conservation equation, boundary conditions must be
imposed. There are three types of boundaries considered in this 2-D model: the entrance, the sidewalls, and
the sea-glacier front. At the entrance, ice moves into the channel from the global sea glacier. To represent
the entrance boundary condition, a uniform thickness H0 is maintained along the entrance boundary. Ice is
frozen stuck to the sidewalls. To represent the sidewalls, a no-slip boundary condition ð u!5 0

!Þ is imposed.
At the sea-glacier front, ice contacts seawater where it is in hydrostatic equilibrium

ðð12
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h
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qw g

2
qi

qw
h

! "2

n!; (6)

where !T represents the stress tensor, and n! represents an outward pointing normal vector.

3.3. Modifications
To solve the SSA, ice thickness h must be positive throughout the entire model domain, so we specify a small
minimum thickness hmin. To enforce this condition, the SSA, sea-glacier front boundary condition, and the
continuity condition are modified. If a particular point in the model has a thickness less than hmin, the SSA
and sea-glacier front boundary condition use hmin in place of h. The continuity equation is modified so that if
a particular node has thickness less than hmin, it will adjust the thickness to be hmin on the next iteration. The
penetration length shows very little dependence on the choice of hmin in the range from 5 to 50 m.

The continuity equation is further modified to allow for artificial diffusion to avoid numerical instability.
A set of representative experiments shows that neither of these modifications significantly affects the final
solution. In these experiments, we first achieve a stable sea-glacier model using the above method; then a
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new model without these modifications is initialized with the solution from our stable solution. These mod-
els do achieve stability, without significant changes to the velocity and thickness fields.

3.4. Model Parameters
Values of the parameters used in the model are summarized in Table 1. Upstream ice thickness H0 is chosen
to be 650 m, based on equatorial ice-thickness model results from Goodman [2006]. Channel width W of 200
km is chosen to be similar to the modern Red Sea. Basal temperatures were calculated by adjusting the melt-
ing point of ice for pressure and salt content. Salt content was estimated by assuming present-day total salin-
ity and total volume of the ocean, and adjusting the salinity taking into account the salt-free ice covering the
ocean during a Snowball Earth event; this gives a salinity about 20% greater than modern, and a freezing tem-
perature of 22.3%C, instead of 21.9%C. A relationship between the ice temperature and the softness parame-
ter A(T) has been derived empirically [Cuffey and Paterson, 2010, p. 75] and has a functional form

AðTÞ5A0 exp
2Qc

RT

! "
; (7)

where A0 represents a temperature-independent softness coefficient, Qc represents the activation energy
for creep, R represents the ideal gas constant, and T represents the ice temperature in Kelvin. Because the
rate of vertical advection of heat is small compared to the heat conduction rate, we assume a linear temper-
ature profile throughout the ice thickness. Then we calculate an effective isothermal ice softness parameter
A that satisfies force balance and produces the same ice flux in the channel as the value obtained by using
the nonuniform temperature profile; a full explanation is given in Campbell et al. [2011, supporting informa-
tion]. This new isothermal ice softness parameter A is used in place of the depth-dependent A in all equa-
tions that follow. This approximation allows us to use the SSA.

3.5. Solution Scheme
A rectangular model domain is used to represent the inland sea, with a channel width W and an adjustable
channel length L. The geometry uses a mesh with triangular elements. The model is iterated upon until con-
sistent fields of velocity, thickness, and viscosity are obtained. A dynamic flux is calculated by integrating
ice flow across the entrance. A kinematic flux is calculated by integrating sublimation over the upper sur-
face of the sea glacier. Channel length is adjusted by a root-finding scheme until the dynamic flux balances
the kinematic flux, at which point we declare the channel length to be the penetration length of the sea
glacier.

4. Experiments

We report on two sets of experiments: a validation experiment and a test of the effect of a narrow entrance.

4.1. Comparison to Analytical Model
We apply the numerical model to the idealized geometry used in the analytical model [Campbell et al.,
2011], for the same range of surface temperatures and sublimation rates (Figure 2). Penetration lengths

Table 1. Constants Used in Analysis

Name Symbol Value Units

Temperature-independent ice softness coefficient A0 4 3 10213 Pa23 s21

Upstream ice thickness H0 650 m
Minimum ice thickness hmin 20 m
Clausius-Clapeyron exponent G 51 kJ/mol
Acceleration of gravity g 9.81 m/s2

Flow law exponent n 3 Dimensionless
Activation energy for creep Qc 60 kJ/mol
Ideal gas constant R 8.314 J mol21 K21

Main channel width W 200 km
Thermal diffusivity of ice j 1.2 3 1026 m2/s
Ice density qi 917 kg/m3

Seawater density qw 1043 kg/m3
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calculated by the numerical model are larger than those of the analytical solution, by up to a factor of 2,
particularly at low net sublimation rates. The effect is diminished at larger sublimation rates, with at most a
30% increase in penetration length at net sublimation rates above 10 mm/yr.

4.2. Narrow Entrance Experiment
To determine the effect of a narrow entrance, we allow the width of the entrance to change while the width
of the main channel remains constant. For this experiment, the boundaries adjacent to the entrance are
treated as sidewalls. We calculate penetration length over the same range of mean-annual surface tempera-
ture and sublimation rate as in Figure 2 and in addition we vary the ratio of entrance width to channel
width, Ws/W, from 5% to 100%. An example calculation of penetration length to channel width ratio L/W is
shown in Figure 3a for Ws/W of 30%. In Campbell et al. [2011], we used the Red Sea as an analogue for the
type of inland seas we expect to have existed during Snowball Earth events. The L/W of the Red Sea is 6.5,
but other inland seas have differing L/W. The choice of L/W 5 6.5 as a cutoff is simply a baseline for compar-
ison. A refugium is possible only for combinations of Ts and _b above the dashed line. Figure 3b tracks the
6.5 L/W contour as a function of Ws/W, showing that the range of climates permitting a refugium expands
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Figure 2. Contours represent the ratio of penetration length to channel width L/W as a function of net sublimation rate _b (mm of ice
equivalent per year)and surface ice temperature Ts for a sea glacier with an initial thickness H0 5 650 m, entering an inland sea. (a) Results
from the corrected analytical solution of Campbell et al. [2011] (see Appendix A of this work). (b) Results from Shallow Shelf Approximation
numerical model developed here. (c) Ratio of the numerical model’s L/W to the analytical model’s L/W.
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as the entrance narrows. Figure 4a shows the thickness and velocity fields for a sea glacier entering a chan-
nel where Ts 5 250%C, _b 518 mm =yr , and Ws/W 5 0.125.

5. Thermal Evolution of an Invading Sea Glacier

In order for an inland sea to act as a refugium the atmospheric temperature must be warm enough that
thick sea ice will not grow locally. The far end of the inland sea must therefore not be much below the melt-
ing temperature of ice. This situation is plausible because the oasis at the end of the channel would be sur-
rounded by unglaciated desert land with albedo much lower than that of the ice-covered ocean.

As a cold sea glacier begins to invade into a warm inland sea, the sea glacier will warm, softening the ice.
This effect will accelerate the sea glacier causing it to penetrate farther into the inland sea. However, as an
inland sea goes from a cold temperature near its entrance, toward a warmer region, the associated net sub-
limation rate will increase. This effect reduces the penetration length of the sea glacier into the inland sea.
The effects of increasing ice softness and increasing net sublimation are therefore in competition in deter-
mining sea-glacier penetration. In this section, we couple a thermal evolution model to the ice-flow model
to determine whether the combination of these effects reduces or increases sea-glacier penetration.

5.1. Dependence of Net Sublimation Rate on Temperature
Atmospheric temperature varies over the inland sea; the ice surface temperature, and the net sublimation
rate will vary correspondingly. Here we prescribe the surface temperature field and calculate the associated
net sublimation rate. At the upstream end of the inland sea we choose an initial surface temperature Ts0 to
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be the equatorial surface tempera-
ture of the global sea glacier, with
corresponding sublimation rate _b0.
We linearly vary the atmospheric
temperature along the downstream
direction of the sea glacier (the x
direction, with x 5 0 at the
entrance), assuming the tempera-
ture is uniform across the width of
the channel (the y direction),

Tsðx; yÞ5Ts01
ðTm2Ts0Þx

Lt
; (8)

where Lt represents the transition
distance for the inland sea to reach
Tm 5 273 K. Here we assume that
changes in _b are proportional to
changes in the saturation vapor
pressure according to the Clausius-
Clapeyron relation

_bðTsÞ5c exp
2G
RTs

! "
; (9)

where c represents a constant
which gives _bðTs0Þ5 _b0, and G repre-
sents the Clausius-Clapeyron expo-
nent from Marti and Mauersberger
[1993].

5.2. Thermal Evolution Model
To calculate the thermal evolution
of a penetrating sea glacier, we cou-
ple a 1-D thermal diffusion and ver-

tical advection model to the previously described ice-flow model. Using the centerline velocity, we are able
to track a column of ice as it advects downstream over time, and to calculate the centerline temperature
profile.

We use a 1-D thermal diffusion and vertical advection model following Hooke [2005]

@T
@t

5j
@2T
@z2 2w

@T
@z
; (10)

where t represents the time, j represents the thermal diffusivity of ice, z represents a positive-upward verti-
cal coordinate, and w represents the corresponding vertical velocity. Vertical velocity is assumed to go line-
arly to zero at the base of the sea glacier:

w5
z
h

ws; (11)

where ws represents the vertical velocity at the surface of the glacier. For this calculation, z is set to be zero
at the local sea-glacier base and vertical velocity at the surface ws is calculated to balance the sublimation
rate and the depth-averaged strain rate:
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perature Ts 5 250%C, the net sublimation rate _b 518 mm =yr , and the ratio of
entrance width to channel width Ws/W 5 0.125. Thin contours represent the ice thick-
ness h in meters. Arrows indicate flow rate and direction; a reference arrow is in the
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entire model domain. (b) An enlarged section near the entrance. Note the differing
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The model is forced by tempera-
ture boundary conditions of Ts

at the upper surface and the
pressure-dependent melting
temperature (see section 3.4) at
the basal surface. We choose an
upper-surface temperature Ts0

and net sublimation rate _b0 at
the entrance based on the
ranges provided in Figure 2.

5.2.1. Model Coupling
The thermal evolution model
generates a centerline tempera-
ture profile. For every x posi-
tion, we calculate an integrated
ice softness A (see section 3.4)
and we assume it is laterally (y
direction) uniform. We then use
these ice softnesses and their
associated net sublimation rates

in the ice-flow model described in section 3. With a new centerline velocity, we iteratively feed results
back and forth between the thermal model and the ice-flow model until a stable solution is reached.

5.3. Results of Thermal Model
Figure 5a shows the temperature profile for an invading sea glacier with Ts0 5 230%C, _b0510:5 mm =yr ,
and Ws/W of 30%. The values of Ts0 and _b0 are consistent with climatic conditions expected for the equator
of Snowball Earth [Pierrehumbert et al., 2011]. Figure 5c shows that in a warming channel, the ice softness A
increases more slowly than the net sublimation rate _b. Thus, the penetration length of the sea glacier is
reduced in comparison to a channel with uniform surface temperature and sublimation rate. Although this
is a specific example, the pattern of diminished sea-glacier penetration is true for all combinations of Ts; _b,
and Ws explored in this work.

6. Discussion

6.1. Sea-Glacier-Free Zones
In order to solve the SSA, a small, positive minimum ice thickness hmin must be enforced throughout the
model domain. The minimum ice thickness chosen here is of the same order of magnitude as the greatest
ice thickness that allows for photosynthesis to occur underneath bubble-free ice [Warren et al., 2002]. There-
fore, sea-glacier-free zones may have acted as refugia, provided that thick sea ice did not grow locally.

In all experiments, ice thickness diminished to hmin at the downstream end after traveling a sufficient dis-
tance. The narrow-entrance experiment also revealed areas adjacent to the entrance where ice thickness
reached hmin (Figure 4). Ice enters the channel through a narrow entrance and is forced to flow laterally
and, at some locations, backward to flow into areas adjacent to the entrance. In the example shown in Fig-
ure 4, there are areas 20–40 km away from the channel entrance where h5hmin. In the model, there are
‘‘sea-glacier-free’’ regions because we artificially prevented h < hmin, so we interpret these areas to be com-
pletely free of sea-glacier ice. We had anticipated that sea-glacier-free areas could exist only far downstream
of the channel entrance; however, for a channel with a narrow entrance, it is possible to have ice-free areas
located near the entrance on the upstream end of the channel. Not all experiments produced sea-glacier-
free zones near the entrance; they were found primarily in experiments with narrow entrances, high net
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sublimation, and low surface temperature. In fact, the net sublimation rate specified for Figure 4 (10.5 mm/yr)
is probably larger than would occur for the specified Ts 5 250%C.

Sea-glacier-free zones near the channel entrance would grow thick ice locally if they are located in a cold
region of the inland sea. We conclude that none of the sea-glacier-free zones observed in our models near
the channel entrance would act as refugia, because they are only observed with colder temperatures that
would locally generate thick sea-ice.

The discovery that sea-glacier-free zones can be located away from the downstream end of a channel indi-
cates that our assumption of a rectangular channel might limit our ability to discover and categorize other
ice-free areas that are possible for ice entering a narrow channel. Natural channels are not perfectly rectan-
gular. It is possible that shallow spots and side channels could generate ice shadows and ice-free areas that
are not located at the downstream end of a single main channel. Obstructions upstream from the terminus,
but where atmospheric temperatures are warm enough, may generate sea-glacier-free zones that could act
as refugia.

6.2. Submarine Melting
Submarine melting is not explicitly taken into account in this study. However, the presence of submarine
melting or freezing could be accounted for in this model by adjusting the net sublimation rate _b in the con-
tinuity equation (equation (4)). Ashkenazy et al. [2013] have used a coupled ocean-atmosphere GCM to cal-
culate both surface net sublimation and submarine melting for a Snowball Earth scenario. That study found
that regions with net sublimation also experience a similar magnitude of submarine melt. The special envi-
ronment of an inland sea may inhibit that process; inland seas are restricted waterways with thick ice that
would partially block the underwater channel entrance. However, rift-valley seas can experience enhanced
geothermal flux which could thin the ice. Since we do not know whether inland seas in a net-sublimation
region would experience net melting or net freezing, we choose to not address that effect in this work.

6.3. Atmospheric Constraints
While we can now determine the penetration of a sea glacier into a narrow channel with a narrower
entrance for a given mean-annual surface temperature and net sublimation rate, we have not assessed the
likelihood of an inland sea to possess those climate conditions. Robust elements of Snowball climate have
been determined [Abbot et al., 2013]; however, the climate of an inland sea is a special environment that
has not been considered in the previous studies. The inland sea environment is a channel surrounded by
land with a sea glacier at the entrance. The only place where a sea glacier cannot penetrate a channel is in
a region of net sublimation, which, according to GCM results for Snowball Earth are mostly near the equator
[Pierrehumbert et al., 2011; Pollard and Kasting, 2004, Figure 9]. Since inland seas are allowed only in regions
of net sublimation, any land areas surrounding the inland sea would likely be desert, covered with bare
rock or soil, not snow or ice, although others have indicated that some or all of the land in regions of net
sublimation could become covered with land ice flowing from regions of net accumulation [Donnadieu
et al., 2003; Pollard and Kasting, 2004; Rodehacke et al., 2013]. If it is unglaciated, the low albedo of the rock
and soil surrounding the inland sea would increase absorbed radiation and locally increase the air tempera-
ture. If an inland sea is mostly surrounded by bare land, the air temperature and sublimation rate would
therefore be greater than on a sea glacier over ocean at the same latitude. The albedo of modern deserts is
0.3–0.4 [Smith, 1986; Otterman and Fraser, 1976] much lower than our estimate for that of a sublimating sea
glacier, '0.6 [Dadic et al., 2013]. To fully evaluate the likelihood of regional temperatures sufficiently warm
to sustain an oasis will require investigation with a general circulation model.

6.4. Grounding of the Sea Glacier
An assumption of Campbell et al. [2011] is that the channel is deep enough so the penetrating sea glacier
never runs aground (i.e., the sea glacier is always floating). If the Red Sea is again chosen as a suitable ana-
logue, this condition does not hold. The penetrating sea glacier could have an initial thickness as small as
600 m, based on modeling of a water-planet sea-glacier [Goodman, 2006], but the entrance to the Red Sea
is only 137 m deep [Siddall et al., 2002]. Clearly, the assumption that the sea glacier is always floating cannot
be true everywhere in the channel. This problem can be addressed with by a modification of the ice-shelf
equations in Morland [1987] as MacAyeal [1989] has done, or by using a fully 3-D ice-flow model treating
grounding-line dynamics.
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7. Conclusions

In this work, we tested the ability a sea glacier to penetrate an inland sea with a narrow entrance. We dis-
covered that by reducing the size of the channel entrance, sea-glacier penetration becomes more limited. A
sea glacier entering into an inland sea with a warming atmospheric temperature will not penetrate as far
into a channel as compared to a channel with uniform atmospheric temperature and sublimation rate. We
also discovered that sea-glacier-free zones might exist near the entrances of some channels with narrow
entrances, but would not act as refugia at the cold temperatures near the entrance. These results widen the
range of climate conditions that allow for inland seas to act as refugia for photosynthetic eukaryotic algae
during Snowball Earth events.

Appendix A: Correction to Campbell et al. [2011]

There are two errors in Campbell et al. [2011] that we wish to correct. The cumulative effect of these correc-
tions is that penetrations lengths are approximately 70% greater than reported in our original Figure 2. The
first correction was made because of a plotting error in Figure 2 of our paper, hereafter referred to as C2011.
This correction made the penetration lengths shown in Figure 2 of C2011 increase by approximately 40%.

The second correction was made because the ice velocities predicted by equation (2) of C2011 are all too
small by a factor of 2. This correction caused an increase in penetration length of approximately 20%, affect-
ing both Figures 2 and 3b of C2011. The correction was needed because Nye’s [1965] definition of a
temperature-dependent ice-softness A(T) parameter differed by a factor of 2 from the definition of A(T) in
current standard usage [e.g., Cuffey and Paterson, 2010, p. 75]. This difference corresponds to a difference of
about 6 K in ice temperature T. The correct form of equation (2) of C2011 is

uðx; yÞ5W
AðxÞkðxÞn

n11
12

$$$$
2y
W

$$$$
n11

 !
: (A1)

This correction affects some equations from C2011 that follow. The right sides of equations (3), (15), (S-14),
(S-15), the two rightmost expressions of equation (S-19), and the left sides of equations (6) and (9) are all
too small by a factor of 2, and because of a nonlinear constitutive relationship for ice, equation (14) should
have the form

D5
2n _bðn12Þ

ACn

 ! 1
n11

: (A2)

A corrected Figure 2 of C2011 appears
here as Figure 6. The penetration length
was increased by approximately 70%, fur-
ther restricting the climatic conditions for
which a refugium is allowed. A corrected
Figure 3 of C2011 appears here as
Figure 7. The bounds for Figure 7b were
changed, but the overall shape remains
unchanged. [Figure 7a is identical to the
published figure.] As modeled here, an
analogue to the Red Sea is long enough
to have provided a refugium for photo-
synthetic organisms during Snowball
Earth events, only if surface temperature
and net sublimation conditions in Figure
6 were met, for example, a 240%C mean-
annual surface temperature with a 10
mm/yr net sublimation rate, which seems
unlikely.
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Figure 6. Solid contours represent the penetration length-to-width ratio L/W
as a function of net sublimation rate _b and surface ice temperature Ts for a sea
glacier with an initial thickness H0 5 650 m, entering a narrow channel. Dashed
line represents the 6.5 L/W ratio for the Red Sea. Atmospheric conditions to
the left of the dashed line allow a refugium to avoid being over-ridden at the
end of the Red Sea analogue.
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Figure 7. Top plot (a) shows how increasing atmospheric temperatures during deglaciation affect net sublimation rate _b , relative to an ini-
tial value _b0 of 1 mm/yr (dashed line), and ice softness A, relative to an initial value A0 set by a surface temperature Ts 5 250%C (solid line).
Net sublimation rate _b is more sensitive than ice softness A to rising surface temperature Ts. Bottom plot (b) shows resulting length-to-
width ratio L/W of a invading sea glacier, calculated from equation (13). For this particular example, the initial upstream ice thickness is
H0 5 650 m.
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Chapter 5

CAN PROMONTORIES RESTRICT SEA-GLACIER PENETRATION
INTO MARINE EMBAYMENTS DURING SNOWBALL EARTH

EVENTS?

In preparation for Earth and Planetary Science Letters

This third paper considers the effects of introducing promontories into the channels that

sea glaciers invade. Inspired by the discovery of thin-ice zones in our previous work, we were

curious to find out if promontories could create thin-ice zones on their downstream ends.

Ice thinning as it flows around obstructions can be seen on the modern Earth. By applying

the ice-flow model previously developed, we were able to calculate sea-glacier penetration

into channels with promontories. We discovered the addition of a promontory restricts sea-

glacier penetration, however, we were not able to conclusively demonstrate that true ice-free

zones, necessary for refugia, could be formed on the downstream side of promontories. This

remains a potential direction for future work.

For this work, I developed the solution for ice-flow model. B. Massarano modified the

ice-flow model to introduce a promontory and performed the experiments. E. D. Wadding-

ton provided support for ice-flow modeling. S. G. Warren helped provide much of the

background context of Snowball Earth.
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Abstract 11 

Photosynthetic eukaryotic algae may have survived during the Snowball Earth events of the 12 

Neoproterozoic in marine embayments hydrologically connected to the global ocean.  Previous 13 

studies have shown that marine embayments with straight shorelines could have acted as 14 

refugia, provided that climate and entrance geometries were suitable to prevent full penetration 15 

by thick sea glaciers.  Here we test whether promontories, i.e. headlands emerging from a side 16 

shoreline, could restrict sea-glacier flow sufficiently to allow refugia under a broader range of 17 

climate conditions.  We use an ice-flow model, suitable for floating ice, to demonstrate that 18 

promontories can expand conditions allowing refugia in two ways: 1) promontories can restrict 19 

the flow of invading sea glaciers, and expand the climate conditions that allow for refugia at the 20 
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downstream end of channels, and 2) promontories may generate sea-glacier-free zones, called 21 

ice shadows, behind promontories of sufficient size. 22 

1 Introduction 23 

During the Neoproterozoic, the entire upper ocean surface may have been covered by ice 24 

several hundreds of meters thick [Goodman and Pierrehumbert, 2003; Goodman, 2006; Li and 25 

Pierrehumbert, 2011].  Ice covering the ocean, thick enough to deform under its own weight as 26 

a “sea glacier,” restricted the possible locations for survival of photosynthetic organisms.  Fossil 27 

evidence demonstrates that photosynthetic eukaryotic algae existed immediately prior to and 28 

after these events [Knoll, 1992; Macdonald et al., 2010], implying they survived during the 29 

Snowball Earth events, but where these organisms survived is not clear.   30 

 31 

Our previous studies considered the viability of marine embayments (referred as inland seas in 32 

previous publications) to provide refugia for photosynthetic eukaryotes during the Snowball 33 

Earth events of the Neoproterozoic [Campbell et al., 2011, 2014]. We found that marine 34 

embayments limit sea-glacier penetration and in regions of net sublimation the invading sea 35 

glacier could be completely sublimated before reaching the end of the seaway.  In the latter of 36 

those studies, we considered ice flowing through a narrow entrance into a wider channel.  Ice 37 

that flows through a narrow entrance moves down channel, perpendicular to the entrance.  After 38 

some distance the ice spreads out laterally, slowly filling the regions immediately laterally 39 

adjacent to the entrance [Campbell et al., 2014; Figure 4].  We found that certain combinations 40 

of entrance widths and climate conditions (i.e. temperature and sublimation rate) allowed for 41 

sea-glacier-free regions to be located near the entrance of the channel. We hypothesized that a 42 

similar situation could exist behind an obstruction (such as a promontory or island) farther along 43 

the channel, creating a sea-glacier-free zone which we call an ice shadow, which might also be 44 
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free of locally-grown sea ice (Figure 1).  We defined sea-glacier-free zones as regions where ice 45 

was too thin for our model to capture. 46 

 47 

These ice shadows might provide refugia for photosynthetic organisms in channels that are 48 

otherwise completely penetrated by a sea glacier.  Channels containing several ice-free spots 49 

would be more robust at preserving organisms during the glaciation-deglaciation cycle of a 50 

Snowball Earth event. Here we calculate the flow of floating ice around obstructions to address 51 

the questions: to what extent (if any) do promontories reduce sea-glacier penetration, and can 52 

promontories generate thin-ice-zones capable of acting as refugia? 53 

 54 

In Section 2, we provide examples of modern ice shadows.  Section 3 describes the methods 55 

we use for a sea-ice thickness calculation, ice flow modeling and experimental setup.  In 56 

Section 4 we describe the results of our experiments.  In Section 5 we discuss our results 57 

including how promontories affect sea-glacier penetration, and in Section 6 we summarize our 58 

conclusions. 59 

2 Modern ice shadows 60 

Features like ice shadows we are hypothesizing exist on the modern Earth.  As floating ice 61 

approaches  islands, promontories or other obstructions, the ice slows down and thickens.  The 62 

overthickening creates a relatively steep surface gradient that allows ice to move faster as it 63 

flows around the obstruction.  The fast flowing ice moving past the obstruction then has difficulty 64 

backflowing toward the downstream side of the obstruction, creating a thin-ice zone we refer to 65 

as an ice shadow.  In McMurdo Sound, Antarctica, the Ross Ice Shelf creates an ice shadow as 66 

it flows past White Island (Figure 2a).  On the far side of White Island the ice is thinned 67 

sufficiently to allow a tidal crack to remain nearly continuously open.  In an interesting 68 
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coincidence, this ice shadow is a refugium.  A colony of Weddell Seals remains isolated from 69 

other Weddell Seal populations since an ice shelf advance that isolated White Island sometime 70 

between 1947 and 1956, where the tidal crack remains their only point access from the land to 71 

the ocean [Gelatt et al., 2010].  An analogous situation in grounded ice is demonstrated by 72 

Taylor Glacier in Antarctica, which flows past Finger Mountain (Figure 2b).  A small distributary 73 

of Taylor Glacier flows around Finger Mountain in a 180-degree turn, becoming the much-74 

thinner Turnabout Glacier, which then incompletely penetrates Turnabout Valley behind Finger 75 

Mountain. 76 

3 Methods 77 

Here we explore how introducing a promontory into a channel affects ice flow.  We calculate the 78 

reduction of sea-glacier penetration and calculate the extent of ice-free area behind a region 79 

behind a promontory.  For a region behind a promontory to be an ice shadow suitable as a 80 

refugium, two conditions must be met: the invading sea glacier must not penetrate the leeward 81 

side of the promontory, and locally-grown sea ice must remain thin.  To examine the conditions 82 

for existence of such an ice shadow, we calculate (a) the ice thickness for locally-grown sea ice 83 

and the atmospheric conditions needed for open water (Section 3.1), and (b) the flow of ice 84 

around obstructions, for cases where those suitable atmospheric conditions have been met 85 

(Section 3.3). These two requirements interact: warm surface temperature is needed to prevent 86 

thick ice growing locally, but warm temperature softens glacier ice, allowing it to flow more 87 

easily around corners. 88 

3.1 Sea-glacier flow model 89 

To simulate the behavior of a sea glacier flowing in a channel containing a promontory, we use 90 

an ice flow model solving an approximation to the Navier-Stokes momentum balance equations 91 
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(called the Shallow Shelf Approximation) coupled to a time-independent mass conservation 92 

equation. Here we outline the ice-flow modeling procedure; interested readers can consult 93 

Campbell et al. [2014] for more details.  The Shallow Shelf Approximation is an approximation of 94 

the Navier-Stokes equations that is suitable for floating ice where the vertical dimension is much 95 

smaller than the horizontal dimensions [Morland, 1987; MacAyeal et al., 1996].  This model 96 

resolves both lateral shearing and longitudinal stretching.  We specify mean-annual surface 97 

temperature and sublimation rate, both spatially uniform and temporally constant. A Glen’s Flow 98 

Law viscosity is used [Glen, 1955] with an ice softness parameter based on the mean-annual 99 

surface temperature [Cuffey and Paterson, 2010, pg. 75]. To determine penetration length L, we 100 

iteratively change the channel length until the dynamic ice flux entering the channel balances 101 

the kinematic ice flux lost by sublimation. These equations are solved using a commercially 102 

available finite element solver, COMSOL Multiphysics® (comsol.com). 103 

 104 

3.2 Sea-ice thickness calculation 105 

Equilibrium sea ice thickness can be calculated by balancing a temperature-diffusion equation 106 

 ℎ =    ! !!!!!
!!!!!!!!"#

, (1) 107 

where h represents the ice thickness, k the thermal conductivity, Tf  the freezing temperature, Ts 108 

the surface temperature, ρi the density of ice, Li  the heat of fusion of ice, 𝑏 the rate of ice 109 

growth at the base (assumed equal to the net sublimation rate in steady state), and Fgeo the 110 

geothermal heat flux.  The sublimation rate is linked to temperature by the Clausius-Clapeyron 111 

equation, as in Campbell et al. [2014].  Equation 1 is a simplification of Equation 1 of Warren et 112 

al. [2002] in which we have omitted the penetration of solar radiation.  Equilibrium sea-ice 113 

thicknesses calculated using Equation 1 are shown in Figure 3.  In this study, we are interested 114 

in combinations of surface temperature and sublimation rate that generate thin sea ice or open 115 
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water.  For our purposes, we define thin sea ice to be less than or equal to 50 m, because that 116 

is the model resolution for thin ice.  By choosing not to consider the effect of solar absorption 117 

within the ice, our sea-ice thickness calculations become an upper-bound for a given Ts and 𝑏.  118 

Values used to calculate h in Figure 3 are given in Table 1.  The albedo of ice can strongly 119 

affect sea-ice thickness with bare ice likely absorbing enough light to remain thin enough to 120 

allow of photosynthesis under the ice surface [Warren et al., 2002], however a salt crust may 121 

develop on sea ice that would increase the sea-ice albedo [Light et al., 2009],increasing ice 122 

thickness and prohibiting photosynthesis under the ice surface. 123 

3.3 Promontory experiments 124 

 125 

To determine whether the extent an invading sea glacier penetrates the leeward side of the 126 

promontory, we use the sea-glacier flow model described above in Section 3.1.   We perform a 127 

series of experiments to determine the amount of thinning as ice flows around a promontory.  128 

The geometry of our experiments consists of an idealized rectangular channel with width W and 129 

length L. A square promontory, with side-length Lp, is placed along one sidewall, centered at x = 130 

0.85L (Figure 1).  We make the assumption that  the promontory walls and the channel side 131 

walls are very steep and very high, and hence the sea glacier cannot move onto the 132 

promontory; the case where a promontory is low and can be over-ridden by the sea glacier 133 

would require a different model.  We then solve iteratively for thickness h, penetration length Lg, 134 

and the velocity field, while varying promontory size Lp and combinations of surface temperature 135 

Ts and sublimation rate 𝑏 along the 50 m ice-thickness contour (Figure 3) linearly varied from -136 

5.7°C to -4.6°C in 10 evenly-spaced increments. The promontory side length Lp is varied from 0 137 

(i.e. no promontory) to 100km in 10 km increments.  138 

We use two metrics to quantify the presence of downstream ice shadows: thickness drop and 139 
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critical percentage. Thickness drop  ∆𝐻 ≡ 𝐻! − 𝐻!  where 𝐻!  and 𝐻! represent mean ice 140 

thickness in upstream and downstream regions respectively.  Those upstream and downstream 141 

evaluation regions are chosen to have length 3Lp and width Lp and are located immediately 142 

upstream and downstream of the promontory (Figure 4a).  Scaling the evaluation regions with 143 

the size of the promontory allows the thickness drop to be more completely captured than if we 144 

were to use evaluation regions of constant size.  The spatial scale of the disturbance should 145 

scale with Lp.  Critical percentage CP is defined as the percentage of the downstream 146 

evaluation region where ice thickness falls below a specified critical thickness value CT. Values 147 

of constants and boundary conditions used in the promontory experiments are given in .   148 

4 Results 149 

General patterns can be recognized from the ice flow modeling experiments.  Ice thins as it 150 

flows around the promontory, slowing as it approaches the promontory and speeding up as it 151 

flows around it, as shown in a sample model (Figure 4) where Ts = -5.33 °C, 𝑏 = 12.70 mm/yr, 152 

and Lp = 60 km. Far upstream of the promontory, velocity is slowest at the sidewalls and fastest 153 

directly between them.  As the ice approaches the promontory, the fastest ice is located closer 154 

to the sidewall opposite the promontory and as the ice moves away from the promontory the 155 

fastest ice location begins to return to a more central position between the two sidewalls.   156 

Thickness drop 𝛥𝐻 increases proportionally with increasing promontory size Lp as seen in 157 

Figure 5 where a mean value of 𝛥𝐻 is calculated for each of the 10 Ts and 𝑏 combinations for 158 

every particular Lp. 159 

 160 

Our results reveal a similar correspondence between larger promontory sizes and higher 161 

downstream critical percentages. Considering a critical thickness of 75m, the mean downstream 162 

critical percentage is 28% for 10-60km promontories and 94% for 70-100km promontories. 163 
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Considering a critical thickness value of 50m, downstream critical percentages have a mean 164 

value of 1% for promontories 10-60km in size. For promontories 70-100km in size, the critical 165 

percentage rapidly increases, with a mean value of 34%.  166 

5 Discussion 167 

Figure 5c demonstrates a reduction in penetration length L as Lp increases.  This result is 168 

physically sensible because the promontory partially blocks the channel and increasing Lp 169 

increases the perimeter of the channel and therefore the overall drag experienced by the sea 170 

glacier as it penetrates into the channel.  This result suggests that the choice of rectangular 171 

channels in Campbell et al. [2014] represents an upper bound for sea-glacier penetration into 172 

channels, because the inclusion of promontories or islands will reduce sea-glacier penetration, 173 

consistent with the continental constriction experiments of Tziperman et al. [2012].  174 

 175 

For our experiment, we test the model for sensitivity to promontory position by varying the 176 

promontory location from 0.1 L to 0.9 L; the thickness drop remains roughly constant (at ~340m) 177 

in the range of 0.1 L to 0.7 L and falls off sharply (from ~340 m to ~270 m) in the range of 0.7L 178 

to 0.9L. Despite the more significant thickness drop in the 0.1L - 0.7L range of positions, we 179 

chose a promontory location of 0.85 L in order to increase the likelihood of downstream ice 180 

thinning sufficiently to allow light to pass through.  181 

 182 

Model outputs (i.e. h and L) varied among model runs even with similar inputs (i.e. Ts, 𝑏 and Lp).  183 

The variance in model output is greater from adjusting Ts and 𝑏 combinations than it is for 184 

adjusting values of Lp.  The variance in model output by changing Ts and 𝑏 combinations can be 185 

attributed to numerical noise internal to the model caused by differing meshed used in each 186 
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model iteration. In Figure 5 we use the mean values of the 𝐻!  , 𝐻!, and CP to demonstrate the 187 

trend with increasing Lp, which is not obscured by the model variance.  188 

 189 

The model’s particularly large variance at Lp = 100 km can be understood through our model 190 

setup.  Our model adjusts Lg until ice flux entering the channel through the upstream entrance (x 191 

= 0 km) balances ice flux leaving the channel through net sublimation.  At the end of the 192 

channel a boundary condition is applied at x = Lg.  In reality, the invading sea-glacier front would 193 

have a more complicated, likely parabolic shape, rather than the linear front specified in our 194 

model.  This setup works well for channels of uniform width that are long and narrow, where the 195 

sea-glacier front is symmetric and best where the front is perpendicular to the sidewalls, but 196 

promontories near the front would cause the sea-glacier front to take a more complicated 197 

shape. When Lp = 100 km the size and location of the promontory are sufficient to alter the sea-198 

glacier front from its assumed linear profile. It is here that numerical noise increases between 199 

runs of similar values of Ts and 𝑏; hence the large variance for model runs where Lp = 100 km in 200 

Figure 5. 201 

 202 

It is possible that an invading sea-glacier’s surface would be higher than the surface of the 203 

promontory.  We make the assumption that the promontory walls and the channel side walls are 204 

very steep and very high, which means the sea glacier cannot move onto the promontory. If the 205 

sea glacier were allowed to flow onto a shallow promontory, it might override the promontory, 206 

prohibiting an ice shadow.  A grounded sea glacier flowing over a promontory would tend to 207 

slow because of the additional basal resistence.  To model this effect would require a model 208 

capable of capturing basal resistance, which would be more complex than the model presented 209 

here.  210 
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6 Conclusions 211 

We calculated the flow of floating ice around promontories for conditions suitable during a 212 

Snowball Earth event.  We found the penetration of invading sea glaciers into channels is 213 

reduced with the introduction of a promontory.  Ice flowing around a promontory is thinner 214 

downstream of the promontory relative to ice in a channel without a promontory; however, we 215 

were not able to conclusively demonstrate that ice downstream of the promontory would be thin 216 

enough allow for a refugium in the ice shadow. Modern examples and analogues can be found 217 

of both grounded and floating ice that thins as it flows around obstructions.  For suitable 218 

conditions during the Snowball Earth events, sea-glacier ice could have thinned sufficiently on 219 

the downstream sides of large promontories in marine embayments to allow for photosynthesis.   220 
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 267 

Figure 1.  Cartoon illustration of ice shadow forming as sea glacier flows around a promontory in a channel. 268 
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Figure 2.  a) satellite image of Ross ice shelf flowing around White Island (78.1 °S, 167.4 °E) forming an ice shadow 271 

on the northwest side of White Island where a tidal crack can form (inset).  b) Taylor Glacier flowing around Finger 272 

Mountain (77.8 °S, 161.3 °E) and incompletely penetrating Turnabout Valley. Arrows indicate the ice flow direction. 273 

 274 

 275 

Figure 3. Ice thickness contours (in meters) for combinations of surface temperature and sublimation as predicted by 276 

Equation 1. 277 
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 279 

 280 

Figure 4. Results from a sample sea-glacier flow model where Ts = -5.33 °C, 𝑏 = 12.70 mm/yr, Lp = 60 km.  Arrows 281 

indicate flow rate and direction; a reference arrow for 50 m/yr is shown.  Contours show ice thickness. Dashed 282 

rectangles indicate upstream (left) and downstream (right) regions where ice thickness is evaluated. (a) the entire 283 

model domain, with a 50-m contour interval. (b) An enlarged section around the promontory, with a 25-m contour 284 

interval.   285 
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 288 

Figure 5. a) thickness drop ΔH   b) critical percent for 50 m CT (solid) and 75 m CT (dashed), and c) penetration 289 

percent. For these experiments the channel width W is 200 km. Values are averaged over all Ts and 𝑏 combinations 290 

for the particular promontory side length Lp.  Gray outlines indicate the standard deviation.    291 
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 292 

Figure 6. Thickness drop versus promontory position along sidewall. Promontory position is expressed here as a 293 

fraction of the glacier’s total penetration length. Sea-glacier terminus is to the right. 294 
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 297 

Table 1.  Constants used in analysis. 299 

Name Symbol Value Units 

geothermal flux Fgeo 0.1 W m-2 

acceleration of gravity g 9.81 m s-2 

thermal conductivity of ice k 2.5 W m-1 K-1 

latent heat of fusion of ice Li 3.3 × 105 J kg-1 

freezing temperature of sea water  Tf -2 °C 

ice density ρi 917 kg m-3 

 300 
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Chapter 6

CONCLUSIONS DRAWN FROM THIS WORK

Taken as a whole, this work represents a significant step forward in understanding where

photosynthetic life may have survived during the Snowball Earth events. Without geologic

evidence, it is impossible to prove that photosynthetic life survived in the restricted seaways

I have described in this work. But this work does demonstrate that the photosynthetic life

could survive on a planet with complete ice cover on the open ocean. No longer can we

dismiss the Snowball Earth hypothesis on account of the evidence for survival of these

organisms.

This work represents the first examination of refugia for photosynthetic life during the

Snowball Earth events. In order for marine embayments to provide refugia for photosyn-

thetic life, they must resist sea-glacier invasion. I have determined the climate and geometric

conditions needed such that a marine embayment could restrict an invasion. The first pa-

per of this work (Chapter 3) demonstrated that marine embayments could restrict such an

invasion. The next two papers (Chapter 4 and 5) demonstrated that constraints on the

geometry of the embayment would further diminish sea-glacier penetration.

Collectively, this work demonstrates that marine embayments are a viable option for

the refuge of photosynthetic life during the Snowball Earth events. A snowball Earth event

would be subject to a gradual warming before the Snowball state is destabilized. These

works have demonstrated that marine embayment refugia’s area would expand during the

gradual warming of a Snowball Earth event, making them more robust refugia.
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Chapter 7

THOUGHTS AND IDEAS FOR FURTHER RESEARCH

This dissertation has asked a question: could narrow marine embayments provide a

refuge for photosynthetic life during the Snowball Earth events of the Neoproterozoic? The

first paper of this work (Chapter 3) outlines four specific conditions needed for an inland

sea to provide a refugium for photosynthetic organisms during Snowball Earth events:

(1) the inland sea must not be fully penetrated by a sea glacier;

(2) the climate on the inland sea must be such as to maintain it either ice-free

or covered by an ice layer sufficiently thin to allow photosynthesis below the

ice;

(3) the depth of the sea at its entrance, and throughout its length, must be

great enough that seawater is able to flow under the sea glacier to replenish

water loss from the refugium by evaporation/sublimation, and

(4) water circulation in the inland sea must be adequate to allow nutrients to

be delivered to organisms living in the bay at the landward end.

Research described in Chapters 3, 4 and 5 demonstrates that condition (1) is viable.

Here, I outline my present thoughts and ideas for addressing conditions (2) - (4) and other

considerations such as land glaciers invading inland seas.

7.1 Climate of inland seas

An inland sea, free of sea-glacier invasion, could still freeze over with sea ice thick enough

to prohibit the transmission of light, thus prohibiting the survival of photosynthetic life

underneath the sea ice. Equilibrium sea ice thickness is determined by surface temperature,

surface albedo, absorption within the ice, surface sublimation rate, and geothermal flux

from below [Warren et al., 2002]. Warren et al. [2002] calculated ice thickness over the

tropical ocean during conditions for a Snowball Earth event using a spectral radiation



54

model, coupled to a heat flow model, for surface temperatures around -30◦C. They chose a

temperature of -30◦C because is it the warmest mean-annual surface temperature expected

over the tropical ocean during the earliest portion of a Snowball Earth event. The earliest

portion of a Snowball Earth event would have the thickest sea ice, having both the coldest

temperatures and lowest net sublimation rates. Warren et al. [2002] concluded that sea

ice would have been too thick to allow for photosynthesis below tropical ocean sea ice.

Other studies [Pierrehumbert et al., 2011, Abbot and Pierrehumbert, 2010a, Abbot et al.,

2012, 2013], have found mean-annual surface air temperatures over the ice-covered ocean to

be consistent with -30◦C used by Warren et al. [2002]; however Abbot and Pierrehumbert

[2010a] found surface temperatures around 20◦C warmer over equatorial continents than

over the ice-cover ocean at the same latitude. The surface temperature over the land is

warmer because the bare surface has a lower albedo than the ice-covered ocean.

Could inland seas be warmed by the surrounding low-albedo land masses? Inland seas in

net-sublimation regions, could be surrounded by unglaciated desert land (see Section 7.3).

The effect of low albedo land on the mean-annual surface temperature over inland seas

can be explored using a global circulation model (GCM). Many studies have used GCMs to

study the climate conditions of the Neoproterozoic Snowball Earth events [Pierrehumbert

et al., 2011]. Most climate studies of the Neoproterozoic have focused on situations without

land, i.e. aquaplanets, while relatively few of these studies have considered the climate

conditions of a planet that is covered in partially-bare land [Fiorella and Poulsen, 2013,

Abbot and Pierrehumbert, 2010a, Voigt et al., 2011, Rodehacke et al., 2013]. Abbot and

Pierrehumbert [2010a] found higher temperature and sublimation rate over bare-land regions

when compared to sea glaciers at the same latitude. A GCM can be used to examine the

climate of an inland sea in the context of a Snowball Earth event. An ice covered lake can

be placed on a snow and ice free tropical continent in the GCM that is otherwise surrounded

by an ice-covered ocean (Figure 7.1). The ice-covered lakes will vary in area and location

(latitude and longitude). These tests can explore the local climate of inland water bodies

in the context of the global climate.
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Figure 7.1: (a) Profile view cartoon of the proposed warming mechanism for a sea glacier
invading an inland sea. Desert land will absorb relatively more light than the invading
sea glacier (treated as ”sea ice” in the GCM) because of their albedo contrast. (b) Map
view cartoon of model setup, based on those used by Abbot and Pierrehumbert [2010a] and
Fiorella and Poulsen [2013]. A rectangular continent, covered in bare desert is centered
along the equator surrounded by ocean covered in sea ice.

7.2 Grounding of sea glaciers

This work has considering glaciers floating on water moving through restricted seaways, but

not yet considering the effect of a sea glacier that becomes grounded. The Red Sea has

been used as an analogue for restricted seaways in this work; however if a sea glacier were

to penetrate into the Red Sea it would become grounded the shallow sill at the entrance.

A model suitable for floating ice is simpler to solve and to understand. The complication
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of allowing ice to become grounded adds a restrictive force to the penetrating sea glacier.

I expect that any amount of sea-glacier grounding would reduce sea-glacier penetration

into the channel. Therefore the models used in this work likely provide an upper limit for

sea-glacier penetration.

The problem of sea-glacier grounding cannot be fully ignored. If a sea glacier completely

grounds in the channel it may block ocean water from replenishing the refugium, effectively

turning the refugium into a lake. In a desert region, that lake may eventually dry, destroying

the refugium. There are several ways in which water may be replenished in the lake: seasonal

surface melt may collect in the lake, basal melt may resupply the lake, the lake level may

drop sufficiently to create a hydraulic gradient, driving water replenishment under the sea

glacier, or ground water may flow into the lake.

If seasonal surface melt collects in the lake, the meltwater must come from a sufficient

area such that the collected water can overcome the deficit of sublimation (or evaporation)

over the lake. A sea-glacier surface would tend to slope downward toward the lake any melt

on that surface would likely collect in the lake. As long as temperatures are warm enough

around the lake to allow for seasonal melting, then it seems likely that the lake would have

a means a replenishing itself and the lake could continue to be a refugium.

If the base of the sea glacier was at the melting point, melt water from the base could

resupply the lake. To generate basal melt, heat production at the base of the sea glacier

must exceed heat dissipation. Heat production is controlled by geothermal flux and friction.

Heat dissipation is controlled by diffusion and advection. To completely solve this system a

fully 3-D thermo-mechanical model must be used, however it may be possible to gain insight

to this system with some simplifying assumptions.

If there is not enough melt to resupply the lake, the lake level would diminish over time.

As the lake level lowers, the water would provide lower pressure on the sea-glacier front.

Reduction of pressure at the sea-glacier front would allow the sea glacier to flow faster into

the lake. As the sea glacier speeds up, it may become decoupled from its bed. As the

sea glacier becomes decoupled from its bed, water which is overpressurized relative to the

lake would move into the lake, replenishing the lake level. The increase in lake level would

increase pressure at the sea-glacier front and may stabilize the sea-glacier advance.
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Groundwater might resupply the lake. If the sea glacier were frozen to its bed, water

in the bed material would also be frozen for some distance under the bed surface. Moving

deeper under the bed surface, temperatures would eventually rise because of increasing

temperature with depth inside the Earth. Therefore some depth below the sea glacier would

allow for water to remain liquid. If a porous aquifer existed between the ocean and the lake,

water from the ocean might resupply the lake, water flow being driven by a hydraulic

pressure gradient. If we further conjecture that the sea glacier is invading into a spreading-

center rift like the modern Red Sea, we could assume that the depth under the bed surface

allowing for liquid water may be shallow because of an enhanced geothermal gradient. In

addition, porous pillow basalts may form in the spreading-center rift allowing for water flow

through the material. It may be possible to demonstrate this as a viable option by studying

groundwater flow through existing aquifers in spreading centers. If extent, thickness, and

hydraulic conductivity were known for typical spreading-center rifts, it would be possible

to model the flow of groundwater under a sea glacier in a spreading-center.

In each of the cases described above, the lake that would be the refugium can adjust its

size to balance water replenishment with losses. If the main source of loss is from sublimation

or evaporation at the lake’s upper surface, the lake could lower its volume to reduce losses

from its upper surface area. However, each of the potential replenishment ideas explored

here is either unaffected or increases with decreasing lake volume. Therefore it is possible

that a smaller lake may balance water losses with gains. Smaller lakes have the drawback

that they provide less habitat for surviving organisms and may be more susceptible to

destruction. Even if a method of lake destruction is reversible, the organisms may die off

and be unable to repopulate the refugium.

7.3 Land glaciers

Inland seas could not have been refugia for photosynthetic eukaryotes if they were overrun

by land-based glaciation. The degree of land glaciation during the Snowball Earth Events

of the Neoproterozoic is unknown. Dropstones and diamictites deposited at near-equatorial

paleolatitudes [Hoffman et al., 1998] have led many to assume that land-based glaciers

covered all, or most land during the Sturtian and Marinoan glaciations [Hoffman and Schrag,
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2002]. This assumption continues to be the prevalent in recent thinking [Creveling and

Mitrovica, 2014]. However, climate models reliably demonstrate a zone of net sublimation

centered along the equator [Abbot et al., 2013], the physical mechanism for this is explained

in Pierrehumbert et al. [2011]. The zone of net sublimation typically extends from around

10◦N to 10◦S in climate models for an aquaplanet Snowball Earth. The presence of bare

land acts to enhance sublimation [Abbot and Pierrehumbert, 2010a] and bare continents

might extend outside that zone and still experience net sublimation (Figure 7.2). This

leads to the conclusion that a flat continent, entirely contained within that zone, could not

support land-based glaciation. This continent would be bare if sea glaciers are unable to

penetrate the continent.

A flat continent, entirely contained within a zone of net sublimation, could not support

land-based glaciation. However, no continent is perfectly flat and continents might extend

outside of the zone of net sublimation. I propose two questions: Would mountains act to

seed glaciation on otherwise flat continents in the net sublimation zone? Could continents,

partially outside the zone of net sublimation, still contain bare land? If so, what are the

bounds to this problem?

7.3.1 Mountains seeding continental glaciation

Would mountains act to seed glaciation on otherwise flat continents in the net sublimation

zone? Rodehacke et al. [2013] used an ice sheet model, coupled to and ocean-atmosphere

GCM to bound the size of an open-water sea-way still allowing for land glaciation, for condi-

tions suitable during a Neoproterozoic Snowball Earth event. They showed that mountains

are able to seed continental glaciation [Rodehacke et al., 2013, Figure 1]; however they

have difficulty penetrating into warmer, low-latitude regions. There are two factors that

may act to overestimate mountain-seeded glaciation in Rodehacke et al. [2013]. Firstly,

they use a Gaussian distribution for mountain region hyposometry; however present-day

Earth’s continental hypsometry more closely resembles a decaying exponential [Eakins and

Sharman, 2012]. Their choice of hyposometry would exaggerate the accumulation zone of

mountain glaciers and therefore increase the size of land glaciation. Secondly, their model
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Figure 7.2: (a) mean annual temperature for a rectangular continent, covered in bare, desert
is centered along the equator surrounded by ocean covered in sea ice from a Snowball Earth
Climate model. (b) zonally-average accumulation minus sublimation rates for that same
model. Figure modified from Abbot and Pierrehumbert [2010a]

exclusively used a positive-degree-day ablation scheme for ablating land ice [Ziemen, 2013].

The positive-degree-day ablation scheme is incapable of ablating ice through sublimation at

sub-freezing temperatures. Ablation through sublimation is the main source of ablation for

many modern-day glaciers, particularly glaciers in the McMurdo Dry Valleys and the Allan

Hills of Antarctica [Dadic et al., 2013]. These glaciers are thought to be the best modern

analogues for glaciers during Snowball Earth events because they ablate primarily through

sublimation.

An over-estimation of the accumulation zone and neglecting of sublimation as a form

of ablation led [Rodehacke et al., 2013] to overestimate the extent of glaciation seeding

by mountain glaciation. [Rodehacke et al., 2013] determined that mountain glaciers have

difficulty penetrating into warmer, low-latitude regions in their models. If a realistic hy-

posometry and ablation through sublimation were also included in their model, mountain

glaciers would have even further difficulty penetrating into warmer, low-latitude regions.
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7.3.2 Continents outside the sublimation zone

Could continents, partially outside the zone of net sublimation, still contain bare land? If

so, what are the bounds to this problem? For a continent to be completely covered in land

glaciers, the area-integrated accumulation must exceed area-integrated sublimation. Land

glaciers flow from accumulation regions to ablation regions. How extensively glaciated would

continents have been during the Snowball Earth events? A simple first approach might be

to take a continental land distribution such as the one used in Creveling and Mitrovica

[2014], apply a simple Shallow Ice Approximation ice flow model forced with a zonally

averaged surface mass balance from Pierrehumbert et al. [2011]. Pierrehumbert et al. [2011]

has zonally averaged surface mass balance for aquaplanets which have smaller regions of

net sublimation than Abbot and Pierrehumbert [2010a] which has a bare land continent

centered at the equator. If an ice flow model forced with aquaplanet conditions was capable

of generating bare land without the benefit of enhanced sublimation, it is difficult to see

how bare land could not persist in the Snowball Earth climate state.

7.4 Nutrient supply

For organisms to survive in a refugium they must receive nutrients. This is possible in a

close inland sea if organism remnants can be recycled. For this to happen the sea would

need to experience upwelling and not be completely stratified. If the sea were open and

received melt water input, it is possible that melt water would contain nutrients capable of

sustaining the refugium. In addition, meltwater that runs off the continent seasonally may

have provided these nutrients in the form of minerals.
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