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University of Washington
Abstract

Interpretation of Ice Sheet Stratigraphy:
A Radio-Echo Sounding Study of the Dyer Plateau, Antarctica

by Bruce Randall Weertman

Chairperson of the Supervisory Committee: Professor Charles F. Raymond
Graduate Program in Geophysics

Determining the flow history of ice sheets is an issue central to glaciology. Strati-
graphic ice horizons provide the only known natural markers for inferring velocity at
depth. Stratigraphy can be detected by radio-echo sounding (RES, also called radar) and
dated by coring, which together determine the age field in the ice. In this thesis it is shown
for the first time how ice flow can be deduced from stratigraphy. As a first step a method is
given for the deduction of the spatial pattern of accumulation from shallow dated stratigra-
phy. The effects of densification and horizontal divergence are determined. It is then
shown how, and when, internal motion can be deduced from dated stratigraphy. A theory
is developed to deduce streamlines assuming steady-state flow and mass conservation.
The theory does not require rheological assumptions or a spatial accumulation rate pattern.
The theory can be used to determine internal deformation rates, accumulation rate history
and whether or not observed stratigraphy is consistent with steady-state flow.

As part of a collaborative program involving the British Antarctic Survey, the Byrd
Polar Research Center, the Polar Ice Coring Office and the University of Washington, the
author has used a newly devised RES system to measure the geometry of internal stratig-
raphy and ice thickness on the Dyer Plateau Ice Sheet, Antarctic Peninsula. RES-deter-
mined stratigraphy was dated by comparison to ice core stratigraphy. A prominent shallow
RES horizon probably associated with the eruption of Tambora (1815) was used for esti-
mating the spatial accumulation rate pattern. The estimated pattern is consistent with the
pattern measured from burial markers indicating that the new method is accurate and that
the recent accumulation rate pattern is not different from the 175 year average. An analy-
sis of ice core stratigraphy indicates that over the past 500 years the accumulation rate has
varied and over the past 50 years has had an increasing trend. However, dated RES stratig-
raphy (top half of ice column) appears to be consistent with steady-state flow suggesting
that climate variations over the past 500 years have not been sufficient to alter ice flow.
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Chapter 1
Intreduction

No other commonly occurring non-vaporous geophysical material rivals glacial ice’s
transparency to radio waves. This transparency makes it possible to sound even the thick-
est ice sheets. Strong dielectric contrasts universally exist at the bottoms of glaciers, ice
sheets and ice shelves and give rise to strong reflections. Internal dielectric contrasts also
exist within ice bodies and these appear as internal reflection horizons. Although not yet
completely conclusive, there is evidence (e.g. Millar, 1981) that some, if not most, strong
internal reflection horizons are caused by acid fallout from volcanic eruptions. These
kinds of reflection horizons represent former ice sheet surfaces and reveal internal stratig-
raphy. Because internal reflection horizons appear to be tied to chronographic events, they
can serve a useful indicators of ice motion.

In this thesis I will assume that radio-echo sounding1 (RES) internal reflection hori-
zons are depostionally related and hence reveal isochrone shapes. With this assumption I
will work towards understanding the flow of an ice sheet based on the shapes of RES
internal reflection horizons. My approach will be fundamentally different than previous
attempts to correlate internal layering and flow (e.g. Whillans, 1976). In previous work
isochrone shapes predicted by ice flow modelling have been compared with observed RES
internal reflection horizons; here we shall follow a somewhat opposite course. The shapes
of reflection horizons will be used to deduce the flow that gave them their geometeries.
Working in this more direct manner will not require force balance calculations or input
mass balance and will give us better insight into the relationship between time, age and
flow and the geometrical characteristics of internal layer structures.

The ice sheet discussed in this thesis is located in the middle of the Antarctic Penin-
sula in a region known as the Dyer Plateau (figure 1.1). This site was visited three times
during the austral summers of 1988-89, 1989-90 and 1991-92 as part of an ice core drilling

1. Throughout this dissertation the words ‘radio-echo sounding’ and ‘radar’ are used interchange-
ably.
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3

project involving the British Antarctic Survey (BAS), Byrd Polar Research Center at Ohio
State University (BPRC), the Polar Ice Coring Office (PICO) and the University of Wash-
ington (UW).

During the 1988-89 season the author and Rodger Bays2 deployed and partially sur-
veyed a surface marker network approximately 20 km long and 8 km wide straddling the
divide of the Antarctic Peninsula (figure 1.2). During that same field season two 100
meter ice cores® were extracted from a site located 6 km west of the divide crest. In the
next field season (1989-90) the author along with Charlie Raymond4 and Bill Dark? resur-
veyed and expanded the marker network and collected RES data throughout the expanded
network. At that same time, two 235 meter ice cores were extracted from the divide crest
and two 50 meter ice cores were extracted from 4 km east of the divide crest’. Vertical
markers were placed within one of the 200 meter boreholes and their relative positions
measured. During the 1990-91 field season Con Curtis® and Bruce Crawford? extended all
of the survey poles to prevent them from being buried. Finally, during the 1991-92 field
season the author, Charlie Raymond, Nick Lewis? and Rob Mulvaney6 resurveyed the
marker array, performed additional RES and remeasured the vertical markers within the
borehole.

This thesis is primarily about the analyses of RES data collected from the Dyer Pla-
teau. Towards this end we shall bring into play measurements of surface motion, borehole
vertical marker motion and ice core density and age. A central objective is to determine
whether or not the Dyer Plateau Ice Sheet has experienced any significant past changes of
flow. Although this thesis is specifically oriented towards analyzing measurements from
one region, the methods and theory developed here are general and should be applicable to

other regions.

2. General assistant, BAS.

3. Members involved with ice core extraction and analysis included Lonnie Thompson (BPRC),
Rob Mulvaney, Guy Coulson, Keith Makinson and Phil Poole (BAS).

4. Professor, UW.

5. Members involved with ice core extraction and analysis included Lonnie Thompson (BPRC),
Keith Najmuiski (BPRC), Bruce Koci (PICO), Andy Reid (BAS) and David Peel (BAS)

6. Scientist, BAS.
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5

Determining the flow history of large ice bodies is an issue central to glaciology for
several important reasons. Changes in ice flow can complicate the interpretation of ice
core records. For example, if the location of an ice divide were to migrate, folds might be
introduced into the layering structure; an ice core taken through such a fold would sample
ice of the same age more than once. Changes of ice flow can be caused by changes in cli-
mate. For example, an increase of ice velocity and surface altitude and slope could result
from an increase of mass balance. Perhaps most intriguing, changes of ice flow may have
dramatic effects on the climate. It has long been realized that continental and marine ice
sheets are potentially unstable (Weertman, 1961; 1974). Recently, Bond ez al. (1993) have
documented an apparent link between ocean-atmosphere temperature changes and Lau-
rentide ice sheet dynamics in the North Atlantic region during the previous 20 to 80 kyr.
Ice sheet modelling by MacAyeal (Lehman, 1993) indicates that changing bed conditions
caused by geothermal heat flux may have caused the Laurentide ice sheet to “purge” into
the North Atlantic every ~7,000 years7. Additionally, there has been speculation that the
West Antarctic ice sheet is unstable (e.g. Hughes, 1973). If it were to collapse, it would
raise the world sea level by ~5 meters and would alter the climate of the remainder of Ant-
arctica. In the past decade there has been a focused effort to understand the dynamics of
the ice streams that drain the West Antarctic ice sheet because it is believed that the ice
streams control the fate of the ice sheet (Alley and Whillans, 1991). Recent RES observa-
tions by Jacobel et al. (1991) have revealed complex internal layering in ice stream C.
This ice stream has simple surface and bed topographies; if the observed horizons repre-
sent isochrones, it is difficult to understand how steady-state flow could cause them to be
shaped the way that they are.

In the second chapter I begin by giving background discussions about the geograph-
ical and climatological setting of the Dyer Plateau and the physics of RES. This is done to
show the motivations for studying the Dyer Plateau and the physical principals which gov-
ern RES.

7. According to MacAyeal’s model, at the beginning of a purge cycle the bed was frozen. As the ice
sheet thickened its insulating action also increased and geothermal heat eventually caused the bed
10 rise above the melting point resulting in a purge.



Earlier RES researchers have experienced difficulty detecting internal reflection
horizons as well as bed echoes. In the third chapter I discuss the lightweight RES instru-
mentation developed for and used on the Dyer Plateau. The instrumentation successfully
recorded continuous internal reflection horizons and bed echoes. The chapter includes a
detailed description of a high powered transmitter which was partially responsible for the
success of the field work.

In the fourth chapter I describe the steps taken to bring the collected RES data into a
scientifically useful form. This includes descriptions of how the RES data was collected,
displayed, organized and converted from radio wave travel times to ice depths.

Chapters three and four provide the basic information needed to enable the newly
developed radar methods to be easily used in the future.

At this point I am ready to investigate what flow information can be extracted from
the RES data. In the fifth chapter I show how the spatial pattern of the depth of a shallow
internal reflector (dating from 1815 and probably associated with the eruption of
Tambora) can be used to determine the spatial pattern of snow accumulation. By using
such a horizon it is possible to infer the pattern of accumulation rate over a large area
quickly and without the need to revisit.

In the sixth chapter I develop a mathematical relation between time, age and flow
and show under what circumstances a velocity field can be determined from an age field. I
then show a simple method for determining streamlines from a steady-state age field. This
method is applied to RES and ice core data. The deduced streamlines are interpreted and
are also compared with streamlines determined from surface motion measurements. The
primary goal of the analysis is to determine if non-steady-state flow is required to explain
ice sheet stratigraphy and, if so, what type of non-steady-state flow.

Finally, in chapter 7 I briefly summarize the results of this thesis and discuss the
implications of this thesis on future RES research.



Chapter 2
Background

In this chapter two very separate subjects are presented as background material to
this thesis: the geographic and climatological setting of the Dyer Plateau and the physics
of internal reflection horizons observed in radio echo sounding (RES). The discussion of
the setting of the Dyer Plateau is presented to show why the Dyer Plateau ice sheet is gla-
ciologically interesting and to demonstrate the type of information that might be gained by
studying it. The discussion of internal reflections is presented to give an understanding of
the physics involved in the creation of internal reflections and what is presently under-
stood about them.

2.1- Geographic and Climatological Setting of the Dyer Plateau
2.1.1 - Geographic Influences

The Antarctic Peninsula extends 1500 kilometers northward from its base, Ellsworth
Land (S 75°), to its tip, the Trinity Peninsula (S 68°). The Dyer Plateau
(S 71°, W 64°) is situated on the crest of the Antarctic peninsula just south of its middle
in a region known as Palmer Land (figure 1.1). Because of its altitude (1500-2000 m asl)
the Dyer Plateau is cold (10 meter temperature of -21°C) and does not in general experi-
ence summer surface melting as do the surrounding costal regions. This makes the Dyer
Plateau a desirable region for ice core drilling.

Atmospheric circulation in Antarctica is typified by permanent high pressure situ-
ated over East Antarctica and 2-5 cyclones orbiting it at the approximate latitude of S 60°
(Zwally et al.; 1983). The backbone of the Antarctic Peninsula is an S-shaped mountain
range of sufficient altitude (~2000 meters) to influence weather on the continental scale.
The Antarctic Peninsula tends to anchor cyclones on its east and west sides. On average
this results in a relatively cold northerly flow on the Antarctic Peninsula’s eastern side and
relatively warm southerly flow on it’s western side thus giving the Antarctic Peninsula an

east-west average temperature contrast of approximately 7°C (Drewry and Morris, 1992).
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This east-west gradient contrasts with the general meridional temperature gradient of most
of the antarctic.

Because the Dyer Plateau is located at the spine of the Antarctic Peninsula, its local
weather is primarily influenced by systems originating from both the south-western Wed-
dell and north-eastern Bellingshausen Seas. Any long term east-west shift in the geo-
strophic flow pattern should therefore have a pronounced effect on the Dyer Plateau’s
weather. For example, if the flow pattem were to advance 500 km eastward it is likely that
the Dyer Plateau would mainly experience weather systems originating in the Belling-
shausen Sea. If any such shift has taken place in the last few thousand years it should be
detectable in the ice of the Dyer Plateau.

The difference in temperature between the east and west coasts is evident in the lati-
tudinal extent of ice shelves along the two coasts (figure 1.1). On the relatively cold east
coast the Larsen Ice Shelf extends nearly to the tip of the Antarctic Peninsula while on the
relatively warm west coast the most northerly ice shelf, the Wordie, is 600 km further
south,

Due to the circular shape of the antarctic continent and the general circular circula-
tion pattern around it, most of Antarctica does not experience a significant maritime
weather influence; the Antarctic Peninsula is an exception. Because precipitation on the
Antarctic Peninsula is mainly derived from air masses arriving directly from the ocean
areas surrounding it, the precipitation there is likely to contain more oceanic impurities
than precipitation arriving in the high continental regions of Antarctica. The impurity con-
tent will be related to such factors as nearby oceanic biological activity, sea surface rough-
ness and sea ice extent. Precipitation on the Antarctic Peninsula also samples global
atmospheric conditions differently than the rest of Antarctica due to its lower latitude. As
air masses move southward, away from the Southemn Ocean, they loose moisture and the
isotopes, chemicals and dust which they carry are fractionated. By comparing ice core
records taken from the Antarctic Peninsula and the interior of Antarctica, it maybe possi-
ble to better understand the fractionation process, ahd the significance and meaning of
archived climatic signals in all of Antarctica.



2.1.2 - Sealce

In contrast to the Arctic Ocean, the Southern Ocean experiences a large seasonal
variation in sea ice extent. The minimum and maximum sea ice coverages occur in Febru-
ary and September respectively and range from 4x10%km? to 20x10°km?. This range in
variability roughly equals the surface area of South America and is greater than the sur-
face area of the permanent antarctic ice cover.

Sea ice plays an important role in modifying the weather in the antarctic by acting as
an effective barrier to the exchange of heat and mass between the atmosphere and ocean
and by greatly increasing the ocean surface albedo (Zwally et al., 1983). Sea ice’s effec-
tiveness in modifying the weather is in part determined by the amount of open water leads
within it. Leads can be caused by differential flow and wave action. Because of this the
coupling between sea ice and weather is complex. In general the sea ice extent is greater
during cold periods, such as the little ice age1 (Zwally et al., 1983), and in general sea ice
should amplify cold periods and help to decrease precipitation during them.

The topographic barrier of the Antarctic Peninsula coupled with the embayment
associated with the Ronne and Filchner Ice Shelves and the general oceanic and atmo-
spheric currents result in a well formed cyclonic gyre in the Weddell Sea. Associated with
the gyre are relatively cold ocean water temperatures and high sea ice concentrations
(Zwally et al., 1983). The relatively cold water temperatures along with a generally cold
northerly flow of air on the western side of the Weddell Sea results in year round sea ice
coverage on the western Weddell Sea. By blocking the ocean-atmosphere exchange of
heat this permanent ice pack insures that northerly moving air masses which reach the east
coast of the Antarctic Peninsula remain cold.

2.1.3 - Glacial Change

In the last one and a half decades the Wordie Ice Shelf has rapidly disintegrated and
is now nearly completely gone (Doake and Vaugan, 1991). The northern end of the Larsen
Ice Shelf has retreated 40 km since the 1940%s, the Spartan Glacier on the center of the east

coast of Alexander Island is thinning at the rate of 0.27 m a”! and ice rises on the east coast

1. This is known to be true of the arctic and conjectured as true in antarctic.
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of the Antarctic Peninsula appear to be thinning at a rate of approximately 0.5 m a’!
(Doake 1982). Taken together this information seems to indicate a general pattern of neg-
ative mass balance. However, annual snow fall observations from Halley and Faraday sta-
tions and inferred accumulation rates from Dolleman and James Ross Islands indicate that
there has been an increase in accumulation rates starting around the turn of the century
) (Morris, 1991). Thus it is likely that the recent ice thinning and retreat of ice fronts has
been due to temperature increases. Historic temperature records date back to around 1945,
They appear to show a general warming trend. However a rigorous statistical analysis by
Sansom (1989) shows that the trend could be simply due to meteorological noise.

Although the Antarctic Peninsula accounts for only 6.8% of the surface area of the
continent it gathers 25% of Antarctica’s precipitation (Drewry and Morris, 1992). Because
the peninsula experiences such large precipitation rates it is likely that it can have a signif-
icant influence on sea level change.

The Dyer Plateau receives approximately half a meter of ice equivalent precipitation
per year. This is much larger than the precipitation received in most of Antarctica. High
mass balance rates decrease the residency time of ice in ice sheets. Because of this the
Dyer Plateau is a disadvantageous location for the recovery of ice from ancient times such
as the last ice age which ended approximately 10,000 years ago. However, because annual
layers are thicker there, it is a good location for the recovery of ice containing a detailed
record of the precipitation during recent climatic events such as the Little Ice Age which
occurred during A.D. 1450 - 1850 (Imbrie and Imbrie, 1979).

The response of the total Antarctic Peninsula ice mass to climatic warming will be
more complex than the response of the rest of Antarctica because the Antarctic Peninsula
spans so many climate regimes. Although warming will increase mass balance in high
cold areas by raising atmospheric humidity levels and hence precipitation, it will simulta-
neously decrease mass balance in low lying regions by increasing ablation. In the long run
this may cause the net ice mass in the Antarctic Peninsula to increase but in the short run it
may cause it to decrease (Drewry and Morris, 1992).

Because the ice sheets covering the Antarctic Peninsula are much smaller and expe-
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rience much higher accumulation rates than those covering the rest of Antarctica, the Ant-
arctic Peninsula will have a significantly shorter response time to climatic change (e.g.
J6hannesson and others, 1989); if CO, green house warming scenarios become a reality
the Antarctic Peninsula should be the first part of Antarctica to show significant signs of
impact (Drewry and Morris, 1992).

2.2 - Radio Echo Sounding - Physics of Internal Reflections

The study of the physics of internal reflections is a field which is by no means
mature and has its share maybe’s and probably’s. At the simplest level internal reflections
can be explained as a result of spatial variations of the complex electrical permittivity.
Beyond this level there are several likely explanations but proving which one’s are correct
or dominant is often difficult.

In RES experiments radio waves of the frequency band IMHz to 1GHz are directed
into an ice body and the energy which is scattered from within and off the bottom of the
ice body is recorded. Because the magnetic permeability, 1, of water and ice is not signif-
icantly different from that of free space all scattering must be due to variations of the com-
plex permittivity g (see page 139). Variations of € can be further broken down into
variations of: (1) the high and low frequency permittivities, (2) the dielectric relaxation
process of the ice and (3) the bulk electrical conductivity of the ice. (1) has been found to
depend mainly on temperature and density while (2) and (3) have been found to depend on
present and past temperature, density and chemistry.

2.2.1 - Wave Attenuation

In appendix A.1 I derive the wave equation for an electromagnetic wave travelling in

a lossy dielectric. For materials which are weakly attenuating its solution is well approxi-

mated by the complex frequency domain equation
o e, (oY
.- (o ot 12 ])
=Z0

where i = J-_l and o is angular frequency. The quantity

, (2.3)
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is the characteristic distance of attenuation. ¢ and € are frequency dependant and in polar
ice sheets they yield z, = 1000m at RES frequencies. Because the thicknesses of the great
polar ice sheets are of this same scale it is possible to sound their depths. In contrast, the
solid earth has characteristic distances of attenuation (at RES frequencies) ranging from
10 centimeters (limestone) to 100 meters (granite).

For polar ice at RES frequencies

i(2)

Consequently, wavelength in polar ice depends on the permittivity and not the effective
conductivity.
2.3.1 - Reflection from a Dielectric Interface

The simplest type of dielectric interface is the boundary between two half-spaces of

different dielectric permittivities.

<>
=D

[a b

Figure 2.1: Electromagnetic wave hitting a dielectric interface.

In appendix A.2 I show a derivation of the reflection coefficient, r, for such an interface
for the two principal polarizations. For the polarization of the electric field in the plane of

incidence the reflection coefficient is found to be
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where © is the angle of incidence. For the polarization of the electric field normal to the

plane of incidence, r is found to be

(1- (e,/e) %sin*0) 2 = [e,/€, 5ecO®

r=

(1- (g,/e,) %sin?0) "+ [e,/€, 50

These two equations are well known as Fresnel’s laws of reflection.

The power reflection coefficient, R =|r|%, of the first polarization decreases with
increasing angle of incidence whereas the power reflection coefficient of the second polar-
ization shows the opposite behavior. This is illustrated in figure A.2. For low dielectric
contrast ratios, as one would expect to find in most ice bodies, the power reflection coeffi-
cient of the first polarization drops to zero at an angle of incidence close to 45°; this is
called the Brewster angle. At angles of incidence beyond the Brewster angle the power
reflection coefficient increases and at the grazing angle (90°) is unity.

2.3.2 - Reflection from a Thin Layer

In appendix A.3 I show a derivation of the reflection coefficient of a reflecting layer
which is thin compared to the wavelength, A. The power reflection coefficient is shown to
be approximately

92

r= 2 |Ag)?
4

€

O«2rm

where Ag is the difference in permittivity between the layer and the host material and
© =2nl/A (I = layer thickness). In the appendix I consider three types of thin layers:
(1) a thin layer of a different conductivity, (2) a thin layer with a different density, and (3)
a thin layer of water. In the appendix I have evaluated the first two types of layers for real-
istic values of conductivity and density contrasts for a 10 centimeter thick layer and the
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third type of layer for a 1 millimeter thick film of water. At the frequency evaluated (10
MHz) the first two layers are shown to have approximately identical power reflection
coefficients? (=72dB and -74dB) but the water film is shown to have a reflection coeffi-
cient which is four orders of magnitude larger (=324B).

The first type of layer (layer of different conductivity) is shown to have the interest-
ing property that its reflection coefficient is frequency invariant. Since the second type of
layer has a power reflection coefficient which is proportional to squared frequency it may
be possible to discriminate reflectors due to density and conductivity contrasts by examin-
ing their frequency dependance.

If the layer is not thin compared to the wavelength, the reflection coefficient has a
more complex behavior. It can be shown that a layer which is a quarter of a wavelength
thick will have a reflection coefficient very close to zero. For example consider a 100
MHz radio wave traveling through ice which has a velocity of propagation of
167meters/iS . At this frequency the wavelength will be 1.67 meters and a quarter wave-
length will be 42 centimeters. However, a 10 MHz radio wave will have a quarter wave-
length of 4.2 meters. Thus a high frequency 100 MHz radar would not be able to detect
layers of close to half a meter thickness whereas a low frequency 10 MHz radar could.
2.3.3 - Causes of Dielectric Variability

I'now wish to address what causes dielectric variations. To do this it is necessary to
examine in detail the dielectric behavior of ice. For the frequency range of zero to 1 GHz

ice has been found to closely follow the electrical circuit analog shown in figure 2.2

2. The decibel, dB, is defined as 10log (power reflected /power incident) .
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Figure 2.2: Electrical model of ice
valid for the RES frequency band.

In this model o, represents the low frequency conductivity, €_, represents the high fre-
quency permittivity, 6, + ¢, represents the high frequency conductivity and &_ +€, rep-
resents the low frequency permittivity. Variations in any one of these parameters will
cause the complex permittivity to vary which in turn can result in observed internal reflec-
tions.

The four parameters shown in the electrical model can be interpreted as physical
processes occurring within the ice.

Interpretation of Model Parameters:

6, - Bulk conductivity of the ice resulting from, amongst other things, the motion of

Bjerrum and ion defects.

€, - High frequency permittivity resulting from electron cloud distortion

g, - Portion of low frequency permittivity due to water molecule reorientation.

o, - Loss factor associated with water molecule reorientation.

T = g,/0, is the time constant associated with water molecule reorientation in
response to an applied electric field. Experimentally €_ has be found to be primarily a
function of ice density while €, is dependent on density and temperature. On the other
hand 6, and 6, seem to be dependent on temperature, structure, chemistry and density.
€, and g, are also weakly related to air bubble shape and orientation. I have analyzed the

effect of air bubble shape on €_ and €, based on a model presented by Ackley and Kelehir
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(1979) and have found that it is strongest for low density ice (firn) but causes only a 1%
difference.

The effects of temperature, chemistry and structure on 6, and o, are complex and
not completely understood. In general there are large differences between polar ice (mean
temperature below -10° C) and temperate ice. Temperate ice exhibits a ¢, approximately
3 orders of magnitude lower than that of polar ice. In Glen and Paren (1975) in situ mea-
surements of ¢, made by using the four electrode technique show a conductivity of
0.008uS/m for temperate ice and 10uS/m for polar ice despite the polar ice being much
colder.

The high frequency conductivities of temperate and polar ices are not systematically
different which suggest that a different mechanism is at work for the relaxation process
than for the bulk conduction process. There is reason to believe that acid concentrates at
grain edges (Mulvaney & others 1988) in a liquid state, providing a means of conduction.
In temperate ice, melt water flow may flush out these acid conduits and thus reduce bulk
conductivity. Moore & others (1990) show that ice from Dolleman island, Antarctica has a
high frequency conductivity which is linearly dependent on acid and salt content. If the
acid also effects the low frequency conductivity, it can be seen how the high frequency
conductivity is dependent on both impurities since the higher frequency conductivity is
the sum of 6, and &,. In the same paper the relaxation frequency is also shown to be lin-
early dependent on acid and salt content. Since the relaxation frequency is thought to
depend principally on &, and not on ¢, it is difficult to explain why it should depend on
acid content unless some of the acid does not reside on the grain edges and the relaxation
mechanism involves the acid.

o, also appears to be dependent on the thermal history of the ice, at least in firn.
The high frequency conductivity of a piece of firn collected from Byrd, Antarctica was
found to increase by half an order of magnitude after it had been warmed to —7°c for two
days and then cooled back down to —45° (Reynolds, 1985).

In order to test the significance of density variations Millar (1981) plotted observed
internal reflection strengths from Dome C, Antarctica along with expected reflection
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strength based on known density fluctuations with depth. He found that for the upper 1.5
kilometers the internal reflection strengths could be accounted for by the density fluctua-
tions, but below that depth some other mechanism was necessary.

Work needs to be done to determine what physical parameters are dominant causes
of electrical variations and resulting internal reflections. It will be necessary to combine
chemical and electrical measurements of ice cores with RES reflection patterns. It is possi-
ble that most significant reflectors are associated with sulfuric acid rich volcanic horizons.
If this is found to be true then it should possible to date the ice column over large surface
areas by detailed examination of RES profiles. In chapters five and six I show how dated
reflection horizons can be used to deduce spatial accumulation rate patterns and internal

ice sheet velocities.



Chapter 3

Instrumentation

In principal most ice radar systems are relatively simple. They are similar to sonar
systems found on ships but the signal used is electromagnetic instead of acoustic. A basic
ice radar system consists of a high powered radio frequency transmitter, a transmitter
antenna, a receiver antenna, an amplifier and a signal recorder. The transmitter delivers a
pulse of electrical energy to the transmitter antenna. The transmitter antenna radiates a
portion of the energy into space. Some fraction of the radiated energy finds its way into
the ice and some of that energy is reflected back upwards to the ice surface from interfaces
within and at the bottom of the ice. Some of the returned energy is captured by the receiver
antenna and is then passed to the receiver preamplifier. The amplified signal is then sent to
the signal recorder. The signal recorder is typically an oscilloscope coupled with either a
camera, a computer or simply the human eye. Radars that use pulse packets which are
short relative to the center frequency period of oscillation are called impulse radars and
radars that use pulse packets which are long relative to the center frequency period of
oscillation are called pulsed radars (see § 3.3).

3.1- Recording Systems Used on the Dyer Plateau

In this section I give an overview of two impulse RES profiling systems which I
have assembled and used on the Dyer Plateau. The two systems differed primarily in the
oscilloscopes and computers which they used.

Figure 3.1 shows how the recording systems were configured for RES profiling. A
snowmobile was used for towing the radar systems. It was tied to a Nansen sledge carry-
ing the transmitter equipment which was in tum tied to a second Nansen sledge carrying
the receiver equipment. The distances separating the snowmobile and sledges are indi-
cated in the figure.

The recording systems primarily used a pair of 20 meter resistively loaded dipole
antennas with center frequencies near 5 MHz. The forward halves of the antenna dipoles
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were attached to the tow ropes while the trailing halves were simply dragged on the snow
(see figure 3.1).

The forward transmitter sledge carried the transmitter and a battery power supply
while the rear receiver sledge carried a generator (or box of batteries), a preamplifier and a
thermally insulated box containing an oscilloscope, a computer and some other circuitry.
A thermally insulated box was used in order to keep the recording circuitry warm enough
to operate. Attached to the rear of the receiver sledge was a bicycle wheel odometer.
While profiling on the Dyer Plateau one person, usually Charlie Raymond, drove the
snowmobile while another person, usually myself, manned the receiver equipment. .

Figures 3.2 and 3.3 show the two recording systems in greater detail. The system
shown in figure 3.2 (2432 system) was operated during the 1989-90 field season while the
system shown in figure 3.3 (222 system) was operated during the 1991-92 field season. I
gathered most of the Dyer Plateau data using the 2432 system.

The 2432 system utilizes a Tektronix 2432 oscilloscope coupled with a PC-compati-
ble Tektronix 2402 computer. The 2432 is a full featured digital oscilloscope which
requires line voltage to operate. This was suppled by a small gas powered generator. The
2432 oscilloscope communicates with the computer via an IEEE-488 interface. Because
the IEEE-488 is a parallel interface, it is possible to transfer waveform information
quickly from the oscilloscope to the computer. .

The 2402 computer contains a digital/analog interface board. The board is connected
to a circuit that monitors a pressure transducer and another circuit that monitors the rota-
tions of the trailing bicycle wheel.

The 222 system utilizes a Tektronix 222 digital oscilloscope coupled with a laptop
PC-compatible computer. The 222 oscilloscope does not have as many features as the
2432 oscilloscope, but it is extremely compact and can be powered from a car battery. It
communicates with the computer via an RS-232 serial port. This interface is considerably
slower than the IEEE-488 interface. I have used the parallel port of the laptop computer to
communicate with a counter circuit tied to the bicycle wheel. The 222 system did not

include a pressure transducer circuit.
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Figure 3.2: Schematic diagram of the 2432 recording system. The receiver
circuitry was powered by a small gas powered generator. The transmitter
was powered by a 12 volt battery.

The 222 recording system was originally used on the Agassiz Ice Cap, Ellesmere
Island by Ed Waddington in May 1991. This recording system generally yields inferior
results to those of the 2432 system but its lightweight nature and low power iequimments
makes it more practical in situations where weight is a premium.

3.2 - Recording Methods
Earlier radar systems displayed their received signals on oscilloscope screens which
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Figure 3.3: Schematic diagram of the 222 recording system. The receiver
and transmitter circuitry was powered by 12 volt batteries.

were then photographed. The photographs were taken from oscilloscopes displaying either
in the a-display mode or in the z-display mode. In the a-display mode the horizontal axis
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of an oscilloscope screen is used to represent time while the vertical axis of the oscillo-
scope screen is used represent signal amplitude; this is the way in which an oscilloscope is
normally operated in an engineering laboratory. In the z-display mode the horizontal axis
of the oscilloscope screen is also used to represent time but the visual intensity along the
trace shown on the oscilloscope screen is used to represent the strength of the signal being
recorded. With the a-display mode, photographs of an oscilloscope screen are taken at reg-
ular intervals along a traverse with each sounding requiring its own photographic frame.
With the z-display mode photographic film is continuously run past the oscilloscope
screen and an image is built up in a similar fashion to how an image is created on a televi-
sion screen.

The two display methods are complementary. The a-display method allows a
detailed examination of signal strengths and shapes while the z-display mode allows
trends in signal shapes to be easily seen. Ideally an experimenter would record using both
methods simultaneously.

With analog recordings it is typically very difficult to extract information not imme-
diately apparent at the time a recording was made. Digital recordings have the advantage
of allowing the data to be displayed in either of the two modes after it has been recorded.
On play back of the recorded data, display parameters can be adjusted to enhance aspects
of the data which may have otherwise been missed. For example, contrast levels can be
adjusted in a z-display to emphasize weak reflections coming from internal layers in an ice
sheet. Because of this capability it is often possible to find reflections which were not
observed at the time a recording was made.

3.3 - Frequency Range of Ice Radars

In the four decade wide frequency band of 100 kHz to 1 GHz ice is relatively trans-
parent to radio-waves. This broad range of frequencies allows two different transmission
schemes to be used: monopulse and pulsed. Monopulsed systems radiate single cycles of
electromagnetic waves and usually are capable of recording both amplitudes and phases of
the received reflected signals. They generally operate from the low end of the transpar-
ency band (100 kHz) up to roughly 20 MHz. Pulsed systems cover the high end of the
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transparency band ranging from 20 MHz up to 1 GHz. Pulsed systems radiate electromag-
netic wave packets which are tens to several hundred cycles long. Except for the most
modern high speed digital recording systems, pulsed radars do not record phase informa-
tion because the frequency of the radiated signal is so high. Instead the signal is detected
by passing it through a diode and then a low pass filter. When this is done the phase infor-
mation is lost.

In general antenna size is inversely related to antenna frequency; monopulse anten-
nas tend to be long (~20 meters) while pulsed antennas are usually fairly short (~2meters).
For this reason monopulse systems are not as well suited for airborne work, although they
have been used in this way (Watts and Wright, 1981). Pulsed antennas can be fixed under
airplane wings and the metal wing surfaces can be advantageously used as reflectors for
increasing antenna directionality.

3.4 - Monopulse Transmitter Design

Monopulse transmitters were used for all of the work which we have done. In con-

cept monopulse transmitters are simple. The rudimentary design of a monopulse transmit-

ter is shown in figure 3.4.

Charging Output
Resistor Capacitor
M —|f o To Transmitter Antenna
High Voltage

High Speed Discharge
Switch Resistor

Power Supply \

Figure 3.4: Simplified circuit diagram of a monopulse transmitter.

Initially, the high speed switch is in an open state and the output capacitor (typically
0.005pf) is charged to a high voltage via the charging resistor (typically 1k Q). The trans-
mitter is fired when the high speed switch is closed. This causes the voltage on the antenna
side of the capacitor to abruptly swing from a ground voltage to the negative of the voltage

that was formerly on the high speed switch side of the capacitor. This abrupt swing causes
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an electromagnetic wave to propagate down the length of the antenna.

After a short period of time! the voltage on the antenna side of the capacitor returns
to ground due to charge leaking out through the discharge resistor (also typically 1kQ).
At this point the capacitor is recharged and ready to be fired again.

The maximum theoretical rate at which a monopulse transmitter can be fired will be
determined by the time constants associated with the charging and discharge resistors and
the capacitor. For the values stated here this rate is roughly 200kHz. This is an impracti-
cably high repetition rate for three reasons: (1) at this rate the high voltage power supply
must deliver more than 2 k Watts, (2) oscilloscopes are not capable of recording traces at
this rate and (3) at this pulse rate pulses are sent into the ice faster than it takes for a pulse
to make a round trip from the surface to the bottom of the ice and back if the ice is more
than 500 meters deep. The oscilloscope which I have used is only capable of recording
traces at a rate of 20 Hz. In order to reduce the time the oscilloscope waits between avail-
able signals, I have set my transmitter so that it operates at a rate a few times higher than
20 Hz.

Two fundamental components of the monopulse transmitter are difficult to design
and build: (1) a high efficiency, high voltage supply capable of producing at least 1000
volts and (2) a switch for the output capacitor(s) that is both extremely fast and capable of
withstanding high voltage.

Most high voltage supplies use a transformer to generate high voltage. A time-vary-
ing current is applied to the primary coils of the transformer and high voltage is generated
at the secondary coils. If it is assumed that the resistance in the wires is negligeable and
there is perfect magnetic coupling between the two coils, the ratio of the input to output
voltages will be the same as the ratio of the turns of the input and the output windings. To
have a transformer develop high voltage it therefore necessary to have few windings on its
input side relative to its output side. If a transformer is lossless then the power which goes
into it should be the same as what comes out of it. On either side of a transformer the

power will be the current multiplied by the voltage. Because the voltage on the input side

1. Time=R Cc =1kQ ¢ 0.005uf = SpuSec.

dischargc ¢ output =
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is small (~12 V) it is necessary to supply large currents to produce significant power. This
presents a design difficulty because: (1) large currents are not easily switched, (2) large
wiring must be used to handle the large currents and (3) large instantaneous currents must
be demanded from the input power supply.

The high voltage switch of the output capacitors is even more difficult to design and
assemble. For a typical transmitter the output switch must switch 1000 volts in 10~ sec-
onds! This requires a slew-rate of 100kV /pS. Achieving such a rapid switching rate is
the single most difficult engineering challenge in making a monopulse transmitter,

The speed at which the switch goes from infinite resistance to no resistance is critical
in determining the highest frequency that the transmitter is capable of generating. If the
switch closes quickly enough the frequency characteristics of the transmitter antenna will
determine the frequency which is radiated. If the switch does not close quickly enough the
transmitter will determine the frequency that is radiated. Monopulse radar antennas are
simply resistively loaded dipole antennas. The resistance per unit length, r, along the
length of a dipole increases with distance from the antenna feed point. The resistance per
unit length along an antenna is usually given by the equation

]
[L-x]

where W determines the damping factor of the antenna and L is the half length of the
antenna (Wu and King, 1965). The resistance is necessary to keep the antennas from ring-
ing. As the wave generated by the transmitter propagates out onto the antenna, part of its
energy is radiated and part of its energy is absorbed by the resistive loading. The more the
antenna is loaded the less it will ring. However, the more it is loaded the less energy it will
radiate. Therefore a trade-off must be made between energy radiated and ringing.

In the RES configurations that we have used for our field work in Antarctica and
elsewhere the transmitter and receiver antennas are laid directly on the snow. The physics
of the radiation properties of a resistively loaded antenna on a dielectric are complex
(Annan, 1973). I have found that the antenna system that I have assembled yields useful
results but I have not attempted to understand in detail the physics of it or how it could be
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made to work better.
3.4.1 - Avalanche-Transistor Switch

The first monopulse ice radar transmitters utilized bipolar transistors in an avalanch-
ing mode to do the switching (Watts and Wright, 1981). Avalanching occurs when the
electric field in the junction region of a semiconductor device becomes strong enough to
ionize the semiconductor atoms and produce an avalanche of additional charge carriers
(Hayt and Neudeck, 1976). The voltage at which this occurs is called the zener breakdown
voltage. This value is a function of the doping levels in the p- and n-type regions of the
device. When the breakdown takes place it can be destructive and destroy the device.
However if a small enough amount of energy passes through the device it can survive.

Two similar designs have been used in avalanche-transistor switches. In the first
design the transistors are tied in series to the output capacitor. Initially the capacitor has no
charge on it. As current flows through the charging resistor the capacitor accumulates
charge and its voltage increases. Eventually the voltage on the capacitor reaches a point at
which one of the transistors avalanches and goes from a non-conducting to a conducting
state. When this occurs the other transistors suddenly have more voltage placed across
them and they also avalanche. The avalanching is extremely rapid and can occur in just a
few nanoseconds.

In this design the repetition rate at which the transmitter fires is determined by the
voltage of the high-voltage supply, the size of the charging resistor attached to the high-
voltage supply, the size of the capacitor and the zener breakdown voitage of the weakest
transistor.

In the second design one of the switches is externally fired by applying a TTL? level
pulse to its base. When the switched transistor goes into conduction it imposes additional
voltage on the other transistors and they then avalanche.

A chief difficulty in building an avalanche-transistor switch is in the selection of
appropriate transistors. The zener breakdown voltage is extremely sensitive to doping lev-

els. A large batch of transistors must be purchased and sorted through to find transistors

2. Transistor-Transistor Logic
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which have the desired avalanching behavior. Out of a large batch only a few transistors
may have the desired level. Another difficulty is that the breakdown voltage is often not
consistent; from one avalanche to the next there can be large variations in the breakdown
voltage. An avalanche-transistor switch which uses external switching can overcome this
difficulty but only within limitations. When the switched transistor closes it must be able
to force the other transistors into avalanching. Additionally, the other transistors must not
spontaneously break down before the switched transistor is triggered.
3.4.2 - MOSFET Switch

Because of the difficulties associated with the avalanche transistor switch, John
Chin, an Engineer at the University of Washington Geophysics program, developed a
switch which uses MOSFETs (Metal Oxide Semiconductor Field Effect Transistor)
instead of the avalanche bipolar transistors used in earlier designs. In his design the MOS-
FETs are not used in an avalanching mode and as a result their behavior is more easily pre-
dicted by the transistor manufacturer’s specifications. The MOSFET switch is simple but

innovative. Figure 3.5 shows its basic design. When a positive voltage is applied to the

1kQ
High |
Voltage *~ MW m 6—' Output
15volts QA g sMe

Trigger»——@ Q2 § 5MQ

Figure 3.5: Basic design of John Chin’s high speed MOSFET
switch.
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gate of transistor Q1 the transistor goes into conduction. This creates a positive voltage
difference across the gate and source of Q2 which in turn causes it to go into conduction.
In principal more than two such MOSFET’s could be cascaded together in this fashion.
Each of the MOSFET’s used in our transmitter can standoﬁa 500 volts. This limits the
voltage standoff of the high speed switch to 1000 volts. By mirroring the design to a bipo-
lar configuration it is possible double the voltage and quadrupole the power of the single
sided design.

The gates of the MOSFETs have considerable capacitance (~500pF). Driving this
capacitance is the single greatest challenge to making a MOSFET switch quickly. To make
a MOSFET switch, the voltage between the gate and the source must be increased from
zero to ten volts. This is accomplished by depositing five nanocoulombs of charge on the
transistor’s gate. If the transistor is to be switched in ten nanoseconds then an average cur-
rent of half an ampere must flow during the period of time in order to deposit this charge.
Switching half an ampere of current over the extremely short period of time of ten nano-
seconds is difficult. In Chin’s design three stages of bipolar transistors are used to drive
this current. Careful selection of the bipolar transistors and their accompanying resistors is
needed in order to make the MOSFET’s switch quickly and symmetrically between the
positive and negative sides of the transmitter. However, once the components are selected
the circuit is stable. In a recent redesign of the transmitter (not presented here), these bipo-
lar transistors have been replaced by MOSFET’s. Consequently, the switching speed and
symmetry can now easily be adjusted.

3.4.3 - High Voltage Power Supply

One of the critical design challenges of the monopulse transmitter was to develop a
high voltage supply that consumes little power. John Chin achieved this goal by using a
pulsed transformer design. Shortly before each firing of the transmitter the a pulse of cur-
rent approximately 15 microseconds long is sent into the primary side of the transformer.

By using a pulsed rather than a continuously cycled transformer the high voltage power

3. Standoff voltage is the maximum voltage that can be placed across a circuit before it breaks
down,
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supply only needs to draw power when it is needed. For the work that we have done the
transmitter was fired at a rate of only 50 Hz. At 50 Hz the power supply draws current less
than 0.1% of the time. At this rate the high voltage power supply draws less power than
the supporting logic circuitry. The transmitter can be operated at rates of up to 30 kHz. At
this speed the high voltage supply operates half-time and draws over 100 watts.

Figure 3.6 shows an empirical relationship found between transmitter pulse rate and
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Figure 3.6: Empirical relationship between transmitter pulse
rate and power consumption.

input power required by the transmitter. The quiescent power requirement is 2.5 watts.
After applying linear regression to the empirical power relation the slope of the curve,
which should be the same as the energy per pulse, is found to be 13.0 mJ. Given this
energy and the size of the two capacitors, the charging resistors and output voltage a
power supply efficiency can be calculated. The theoretical energy required to charge the
capacitors is given by
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where the factors of two are required because the transmitter is bipolar”'. This gives a
power supply efficiency of 77%. Notice that the size of the charging resistors does not
affect the theoretical power requirement.

When the transformer is pulsed it deposits charge on the output capacitors. The
amount of charge, and hence the voltage, delivered to the capacitors depends on the input
voltage to the transformer and the length of time that the transformer is pulsed. The trans-
mitter was designed to run on standard 12 volt batteries. An empirical relation can be
found between the input voltage and the pulse time required to achieve an output of 1000
volts over a range of input voltage between 10 and 13 volts. A compensation circuit which
includes a 555-timer integrated circuit (a standard component) and an operational ampli-
fier is used to generate a pulse of the appropriate length of time over the 10 to 13 volt
range. This circuit is able to produce an output voltage which is steady to within a few per-
cent over the supply voltage range.

The two transistors which switch the transformer on and off are able to withstand
only 15 volts. This places a high end voltage limitation on the high voltage power supply
circuit’. By selecting transistor switches capable of withstanding higher voltages the high
voltage power supply could be extended to operate with higher input voltages. Below 9
volts the +15 voit power supply to the supporting logic circuitry will not operate.

3.4.4 - Supporting Logic Circuitry
Because of the pulsed nature of the high voltage power supply it is necessary to have

4. Because the RC time constant is much less then the pulse rate the definite time integral of the
power passing through the resistor, I:IZRdt, is taken to fall completely between two pulses.
5. This is not normally an issue because the transmitter is usually powered by a 12 volt battery.
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supporting circuitry that controls the timing of the charging of the output capacitors and
the firing of the output switch. It is necessary to have circuitry which:
* regulates the output voltage at +1000 volts over the input range of 10-13 volts,
* shuts the transmitter off if the input voltage falls below 9.5 volts (this prevents
intermittent behavior at low battery voltages),
* guarantees that the output capacitors will be completely charged when the output
switch is closed,
* . prevents the output capacitors from being charged while the switch is closed,
* prevents the output capacitors from being charged before they have finished dis-
charging (this protects against over charging),
* prevents the transmitter from operating if a short is placed across the output.
The first point has already been discussed in § 3.4.2. The electronics with which all six
points are realized are tightly coupled together and involve a blend of analog and digital
design. The over all design philosophy was to create an inherently reliable and self pro-
tecting system. The reader is referred to appendix B for the exact details of the transmitter
circuit design.
3.5 - Preamplifier
In the RES system which I have used, the electromagnetic signal that is captured by
the receiver antenna is amplified by a pre-amplifier before it passed to the digitizing oscil-
loscope. This increases the signal strength so that it will be above the noise floor of the
oscilloscope. However there are other reasons for using a preamplifier. For example, by
using a non-linear preamplifier it is possible to increase the dynamic range6 of the record-
ing system and by using a bandpass filter preamplifier it is possible to increase the signal
to noise ratio by rejecting unwanted high-frequency and low-frequency noise.
Figure 3.7 shows a hypothetical transfer function of a compression amplifier used to
increase the dynamic range of a radar recording system. When a compression amplifier is
used the resolution of the input signal will vary with signal level and will be proportional

to

6. In this case dynamic range is taken to be the ratio of the largest to smallest detectable signals.
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output voltage

Figure 3.7: Hypothetical transfer function of a compression
amplifier. The horizontal axis represents the input voltage and
the vertical axis represents the output voltage. The two axis do
not necessarily have the same scale. V. is the voltage at which
the amplifier clips the input signal. Stippling indicates the volt-
age range in which the compression amplifier acts linearly.

. t
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At large positive and negative voltages the compression amplifier will clip the received
signal; beyond the clip voltage the resolution of the recording system will be zero.

In principal a compression amplifier enables the simultaneous detection of faint
reflections and strong near surface reflections without losing all of ihe information about
the strong signal’s strength as would an amplifier which simply clips large signals.

Compression amplifiers have some disadvantageous aspects. Because they are non-
linear they complicate the frequency response. If the base-line of the input signal is non-
zero it will cause a non-symmetric response between the positive and negative sides of a
signal. This will cause the generation of odd frequency harmonics from pure sine wave
input signals. The monopulse transmitter output is composed of a very short sine wave
packet and a comparatively weak step jump with an exponential decay which is several
microseconds long. The step jump is caused by the step in voltage at the transmitter

antenna feed point when the high speed switch is closed and the exponential decay is
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caused by the transmitter output capacitors draining through the discharge resistors. This
weak jump can result in such a base-line off-set. Another source of base-line offset can
come from the amplifier itself if its internal d.c. off-set is not set properly or if it drifts.

A second difficulty associated with compression amplifiers is setting their transfer
characteristics. Ideally the experimenter will know a priori the shape and amplitude of the
received signal when designing a compression amplifier. This is usually not the case and
once out-on-the-ice time is 0o precious to allow the design of an amplifier. Typically
some guess must be made as to the shape of the received signal and a design chosen from
that. Each ice sheet has its own unique combination of opacity and depth and hence will
require its own unique compression amplifier for each radar configuration used on it.

Two designs of compression amplifiers were used on the Dyer Plateau. Each design
had very similar transfer characteristics. Both designs utilized high speed operational
amplifiers (op-amps) built by the Comlinear Corporation. For compression, one of the
designs utilized the non-linear characteristics of diodes while the other used a monolithic
multistage compression amplifier built by the Micro Electronics Corporation. Figures 3.8

and 3.9 are circuit diagrams of the two designs and figure 3.10 is the corresponding com-

o— Comlinear LC-1010
Input 3 CLC 501 compression
—3 Amplifier

Figure 3.8: Simplified circuit diagram of the compression amplifier which
utilized an LC-1010 compression amplifier built by the Micro Electronics
Cooperation.

pression characteristics of the two amplifiers taken around 2 MHz.
For the work I have done on the Dyer Plateau most of the reflected signal was much
smaller than I anticipated. As a result, the preamplifier was operated close to its zero
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Figure 3.9: Simplified circuit diagram of the amplifier which utilized
the nonlinear characteristics of diodes to achieve compression. The
operational amplifier integrated circuits are products of the comlinear

corporation.
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Figure 3.10: Compression characteristics of the two compres-
sion amplifiers built.

crossing and the gain of the oscilloscope had to be set to a large value. Portions of the sig-
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nals which were relatively large were then clipped by the oscilloscope. For the portions of
the signals which were not clipped by the oscilloscope the amplifiers worked well as lin-
ear amplifiers with amplitude gains of about 40.

Other approaches could be used to improve the dynamic range of the radar. An ideal
method would be to use a computer feed-back loop which would adjust the compression
amplifier to tailor it to the signal which is being received. Feed-back parameters could be
chosen to determine how much of the recorded signal would be devoted to expanding low
level signals relative to high level ones. A time-varying-gain amplifier could also be used
to improve the dynamic range of the recording system. A computer could determine an
enveloped shape of the returned signal. The enveloped shape would then be used to set
time varying gain. Where the envelope’s amplitude is small the amplifier’s gain could be
set large and where the envelope’s amplitude is large the gain could be set small. Great
care would have to be taken to insure that electrical noise originating in the computer
would not contaminate the input signal.

A time varying gain system has been successfully used by Steve Hodge on ice-
stream B in West Antarctica. The system which he employed used a preset gain sequence
which went in discrete upward jumps. The time varying gain was triggered by a fiber optic
cable which was attached to the transmitter. His system has one drawback; the discrete
jumps in the gain leave strong horizontal visual artifacts in the recorded record. By using
smooth increases in the gain this problem could be avoided.

I have also designed, built and used a bandpass preamplifier. The preamplifier has
been successfully operated on the Dyer Plateau by myself and Charlie Raymond as well as
on Taylor Dome near Ross Island in Antarctica by David Morse and Ed Waddington
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(Waddington et al., 1991). Figure 3.11 is a schematic of the preamplifier. In addition to

High Pass Filter Low Pass Filter

Switchable Gain Stage

| Lo | 500
In@ 509% L1717 1L~ {>'_Mé'£. ut

CLC400 CLC400

I

vy

Figure 3.11: Simplified circuit diagram of the 1-10MHz band pass amplifier.
At a frequency of SMHz the gain is switchable from 3.4 to 54. All operational
amplifiers are manufactured by the Comlinear Cooperation.

being a band pass filter the amplifier also has adjustable gain. The gain can be adjusted
between 10 dB and 35 dB. The filter passes frequencies between 1 MHz and 10 MHz.
Outside the pass band, the filter roles off at 20 dB of amplitude gain per decade of fre-
quency.

The theoretical and measured amplitude and phase frequency response of the pream-
plifier is shown in figures 3.12 and 3.13. The theoretical and experimental responses
match closely. This indicates that the amplifier is well understood. It is important that the
amplifier be well characterized so that its effects can be accurately taken into account
when the recorded time series are analyzed.

The bandpass preamplifier is beneficial in two respects: (1) it helps to eliminate spu-
rious electrical noise present outside of the frequency band of interest and (2) it removes
the low frequency signal associated with discharge of the transmitter output capacitors. On
the Dyer plateau we have observed significant ionospheric and cultural noise at all times
of day except between approximately 9:00 and 15:00 iocal time. Figure 3.14 is an example
of data collected during the quiet and noisy times of day. Unfortunatety much of the noise
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Figure 3.12: Measured (a) and calculated (b) amplitude fre-

quency responses of the 1-10MHz band pass amplifier.
occurs in the same frequency band that the radar uses. This greatly reduces the effective-
ness of the bandpass preamplifier.

The Tektronix 2432 oscilloscope has a built in low-pass filter with a cutoff frequency
of 30 MHz. This is effective at preventing a large amount of high frequency noise from
being recorded but is not needed if a bandpass preamplifier is used.

3.6 - Defeating Generator Noise

The 2432 system utilized a gas powered generator for its electrical power. Sparkplug
ignition noise and noise generated by generator brushes was found to be significant in the
frequency band used by the ice radar. Its reduction to acceptable levels posed an engineer-
ing challenge. After a great deal of experimentation outdoors but close to the engineering

laboratory three steps were found that reduced this noise: (1) placing the generator in a
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Figure 3.13: Measured (a) and calculated (b) phase frequency
responses of the 1-10MHz band pass amplifier.

wire Faraday cage tied to the ground of the power system, (2) running the power out of
the wire cage through a radio noise reduction power line filter and (3) passing the output
of the receiver antenna through a radio frequency transformer.

I'found that the placement of the generator within the wire cage was important; if the
sparkplug of the generator was placed too close to the cage the noise level increased dra-
matically. I also found, somewhat surprisingly, that the wire cage did not have to com-
pletely surround the generator. In fact simply placing the generator on a large metal plate
seemed to have at least half the beneficial effect of placing it completely in a metal box. -

The second step had a surprisingly small effect on reducing the noise. I presume that
this was because the ground was not tied to a solid ground plane in field operation and that
noise was able to leak directly out through the ground. I tésted this presumption in the lab-

oratory by tying the power supply io a building ground and observing the elimination of
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Figure 3.14: An example of an two identical radar traverses col-
lected during a radio-quiet time of day (left) and a radio-noisy time
of day (right).

most of the noise at the receiver.

Apparently the whole recording instrument, including the antennas, oscillates with
electromagnetic energy when the generator produces noise. One might not expect the
preamplifier to detect this noise. However, if one side of the antenna is tied to ground and
other side is tied to the preamplifier input then there will be an electrical asymmetry which

may produce a differential generator noise input. This leads to the third step for reducing
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generator noise which is to pass the output of the receiver antennas through a radio fre-
quency transformer before passing it to the preamplifier. Doing this uncouples the power
supply ground from the antenna and results in a major reduction in noise observed at the
amplifier.

The gain on the oscilloscope channel used for triggering must be set to a level where
the trigger circuitry can discriminate between the generator noise and the air-wave. If the
gain is set too large both the air-wave and the generator noise will be clipped. If this hap-
pens then it will not be possible to set the trigger level to a voltage where the trigger fires
exclusively on the air-wave and not on the noise. For this reason it is useful to have one
channel of the oscilloscope used for recording the signal and another channel used for trig-
gering the oscilloscope; the recording channel is set to a high gain to get good signal reso-
lution while the triggering channel is set to a lower gain for air-wave/generator noise
discrimination.,

The generator noise is spike-like in character and occurs on the order of 100 times
per second. If the oscilloscope is triggering only on the transmitter air-wave then the prob-
ability of detecting the generator noise in any given recorded trace is roughly equal to the
length of the recording window multiplied by the frequency of the noise. For most of the
work done the recording window was 10~ seconds long. Multiplied by a noise frequency
of 100 events per second this gives a noise detection probability of 107. The oscilloscope
stacks roughly 100 traces for each trace that it records. This will result in approximately
one in every ten recorded traces being corrupted by generator noise.

3.7 - Defeating Electronics Noise

In addition to the electrical noise produced by the generator there is also problemati-
cal noise produced by the recording electronics circuitry. Most of the electronics noise can
be adequately contained by using shielded cables and by placing the preamplifier away
from the computer communications hardware.

The 2432 system was originally designed so that it could communicate with the user
via a monitor and a special environmentally toughened keyboard. The monitor was placed

in a grounded metal box and was connected to the computer via a shielded cable. In field



42

use it was discovered that the monitor radiated significant amounts of electrical noise and
so this configuration was abandoned.



Chapter 4
Data Organization and Preliminary Analysis

In this chapter I discﬁss the preliminary steps taken to bring the RES data collected
from the Dyer Plateau into a useful form for scientific analysis. The subject matter pre-
sented here ranges from how the data files were collected and stored to how the recorded
RES echoes were converted from travel times to ice depths. Much of the information pre-
sented here concerns the many programs necessary to bring the data into a useful form. It
is likely that future RES experimenters will require similar programs and many of the pro-
grams mentioned here should be applicable to future data sets.

4.1 - Data Gathering

Figure 4.1 is a flow diagram depicting the relationship between the hardware, soft-
ware and the RES data files generated by the recording systems. This flow diagram is
applicable to both the 2432 and the 222 recording systems. In this section I briefly discuss
the three software sections shown in the diagram.

4.1.1 - Diagnostic Software

The diagnostic software is used to verify that the bicycle wheel odometer circuitry
was working properly and, in the case of the 2432 recording system, that the barometric
pressure sensor circuitry was working properly. The diagnostic programs are typically run
immediately after the profiling systems are assembled in the field, whenever some diffi-
culty arrises or when the barometric pressure transducer zero offset must be adjusted.
4.1.2 - Recording Software

As the recording system is towed across the snow surface the recording program
monitors the distance travelled using the bicycle wheel odometer. When the program
observes that a set distance increment has been travelled, usually 10 meters, it instructs the
oscilloscope to transfer a waveform to the computer where it is temporarily stored.
Because the recording systems were often physically shaken as data were gathered and

disk drives are sensitive to vibration while operating, data could not be directly written to
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Figure 4.1: Software and hardware layout of the recording systems.

floppy disk while profiling. Instead, the data were written to a buffer RAM memory.
When the buffer was close to full profiling was interrupted briefly and the data were trans-
ferred to disk.

Figure 4.2 illustrates how RES data files are organized. Each file contains one file
header and many record header/trace data pairs. A file header contains information perti-
nent to an entire file whereas a record header contains information which is pertinent to
the trace of RES data which directly follows it.

The 2432 system recording program writes file headers that completely describe the
configuration of the 2432 oscilloscope. This information includes oscilloscope settings of
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Figure 4.2: A depiction of how the RES radar data files are structured.

the sweep rate, the gain of the input channel, the gain of the trigger channel, the trigger’s
threshold voltage level and many more parameters. Both system recording programs allow
the user to key in information to be included in the file headers.

The 222 oscilloscope has far fewer configuration parameters and it was possible to
include all of them with each recorded waveform without significantly increasing the size
of the data files. The bicycle wheel odometer measurement, time and, in the case of the

2432 system, pressure transducer measurements are included in the record headers.

Both of the recording system programs display odometer measurements as they run.
As the recording systems are driven past fixed reference points such as survey poles the
operator should note the odometer measurement and write it into a log book. The informa-
tion included in the log book can then later be combined with survey measurements and
the odometer measurements in the record headers to determine where each RES trace was
collected. This also allows frequent calibration of the barometer to altitude (§ 4.2.2). The

recording programs also keep track of and display how much memory is available in terms
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of distance. This enables the operator to anticipate good stopping points for the transfer of
data to disk.

Both of the oscilloscopes are able to internally stack waveforms. The 2432 and 222
oscilloscopes are able to stack up to 256 and 4 traces respectively. Stacking is beneficial
because it helps to increase the signal to noise ratio of repetitive signals. Unfortunately,
because the stack rates of both of the oscilloscopes are fairly low, to achieve significantly
improved signal to noise ratios by stacking and at the same time collect traces every 10
meters, it has been necessary to run the profiling systems at about five kilometers per hour.
4.1.3 - In Field Playback Software

For many reasons it is important that all RES recording systems have a means of
playing back their recorded data in-the-field. Playing back recorded data helps to confirm
that the recording software is working properly, helps to identify intermittent problems
with the recording hardware and helps to identify whether or not there is structure hidden
in the data such as internal reflectors or bottom topography. Bugs in the system can also be
identified. The 2432 and 222 recording systems required separate playback programs. In

both systems waveforms are displayed in ‘wiggle’ format (figure 4.4). The user can
configure the programs to display the waveforms with different scales and different offsets
between traces. As the data is played back record header information is also displayed.
4.2 - Preliminary Data Inspection

The collected data were transferred to a UNIX based computer where most of the
data analysis was done. Figure 4.3 is a flow diagram outlining how the RES data were ini-
tially analyzed. Several programs for unpacking the RES data files were written and used.
The data collected by the 222 and the 2432 recording systems were stored in different for-
mats and required different programs for deciphering them.

The unpack programs make it possible to inspect the file and record headers and they
also make it possible to strip out the waveform information and store it as binary raster
information or to print it as a wiggle plot. In the raster format the RES data is stored as a
matrix in which each column of the matrix corresponds to a seperate trace of RES data. In

a wiggle plot indivdual RES traces are plotted side by side (see figure 4.4).
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Figure 4.3: Flow diagram of preliminary data inspection.

4.2.1 - Display of Waveform Data

For my preliminary work I have made use a public domain image display program
named Ximage for displaying waveforms stored in raster format. A generally useful fea-
ture of the Ximage program is its ability to generate color and grey scale palettes that can
later be used by other display programs. A palette is a table which assigns colors to num-
bers. By adjusting the palette it is possible to bring out details in the RES data.

Figure 4.4 shows a comparison of a section of RES data which has been displayed in
raster format with a carefully adjusted palette next to the same section which has been dis-
played using a series of side by side wiggle lines. The raster display brings out features in

the data which are difficult to identify in the wiggle display. For this reason raster display
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was chosen as the primary data display method for the remaining data analysis.

A program was written for generating digital filters for use with the RES data. The
digital filters are simply files consisting of strings of numbers. Filtering is accomplished
by convolving the digital filters with the RES data. All of the digital filters are odd in
length and are symmetrical; because the filters are symmetrical they have zero phase
response. Before convolution the 8 bit integer RES data are converted to floating point.
After convolution the floating point data are converted back into 8 bit integer and any data
points laying outside the 8 bit range are clipped.

Digital filtering is advantageous in many respects. The zero offset of each trace has
small variations within a single file of RES data and has large variations between files.
These variations in offset can be distracting to the eye, making it necessary to choose sep-
arate palettes for each section or combinations of sections of RES data; a digital filter with
a zero response at zero frequency can be used to remove the zero offset and hence the vari-
ations of the d.c. offset between different traces.

The transmitter emits a low frequency signal which is associated with the high speed
transmitter switch closing and the discharge of the transmitter output capacitors (§ 3.5).
The coupling of this low frequency signal to the receiver has large variations, presumably
due to significant variations of the antennas coupling as they pass over the snow surface.
A digital filter that has a small response below approximately 200 kHz can be used to
eliminate this low frequency signa12.

4.2.2 - Treatment of Barometric Data

As previously mentioned, the 2432 system included a barometer to enable continu-
ous measurements of the ice surface altitude; every time a trace was acquired and recorded

a barometric pressure was also recorded. Unfortunately, due to the instrumentation,
the barometric measurements have no absolute scale, complicating the conversion of baro-

metric measurements to surface altitude. Additionally, the air pressure drifts as the

1. The wiggle and raster displays are respectively equivalent to the a-display and z-display modes
discussed in § 3.2.

2.200 kHz is the inverse of the time constant associated with the discharge of the transmitter capac-
itors.
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more internal structure but the wiggle format allows a better inspection of
waveform shapes.The section is 1 km wide and 5.5 . sec long.
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weather changes.

Iinvestigated the barometric data to determine its accuracy in predicting surface alti-
tudes. Pressure measurements made at survey poles, where relative surface altitudes are
known to an accuracy of ~15cm, were used to investigate the relationship between pres-

sure and altitude. Figure 4.5 is a scatter plot of all of the pressure measurements made at

2000
:

1950

altitude, meters

1900
)

1850
1

-15100 -1000 -500 Y
pressure, uncalibrated units

Figure 4.5: A scatter plot of barometric measurements made at
known altitudes. The horizontal axis represents pressure (uncali-
brated units) and the vertical axis represents altitude (meters above
sealevel). The measurements tend to cluster on line segments. See
text for explanation.

survey poles plotted against the altitude at those poles. The points on the plot are scattered
but have a grain. If the weather did not cause the air pressure to vary with time these data

points should have been clustered around a single curve. The scatter plot appears to be a
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collage of data points laying on separate curves. Each seperate curve seems to represent a
collection of data points collected over a time interval of stable pressure. I tested this by
assuming that the measured pressures were proportional to altitude plus offsets that
changed each day. This assumption yielded a system of overly determined equations for
which a least squares solution could be found. Subtraction of the determined daily offsets
from the pressure measurements moved the scattered data points close to a single curve.
This shows that the measurements are in fact accurate indicators of surface altitude.

To achieve consistancy between altitudes from pressure and survey measurements I
next assumed that between survey poles n and n+ 1, the altitude, z, was related to the

pressure, P, by

zZ= zn+k(Pn-P) +drift(t—tn).

In this equation z, is the survey measurement at pole n, k is the constant of proportional-
ity found by the least squares analysis, P, is the pressure measurement at pole n, ¢ is the
time, ¢, is time when pressure was measured at pole n and drift is a constant choosen so
that the altitude predicted from the pressure measured at pole n + 1 matches the survey
measurement. A comparison of estimates made from identical profiles indicates that the
altitude estimates are accurate to within 2 meters over most of the survey array.

Altitudes were estimated at every location where a sounding was recorded. These
altitudes were combined and a minimum curvamre 75 x 75 node surface was fit to them.
This digitized surface was used in all further analysis requiring surface altitudes. The esti-
mated surface altitudes are shown in figures 1.2 (page 4), 5.4 (page 75), 6.9 (page 112)
and 6.10 (page 113).

4.3 - Automated Data Retrieval

Because of the large volume of data, it was necessary to have a means of automati-
cally retrieving desired profiles of RES data and it was also necessary to have a means of
attaching cartesian coordinates to the retrieved profiles in order to identify where they
were collected. Both of these issues were addressed in a program which I wrote and
named TRAP (TRace Assembly program). Figure 4.6 illustrates the flow of data into and
out of TRAP. To operate TRAP the user selects a sequence of survey pole names between
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which RES profiles are desired. The program determines which RES data files run

between the selected poles and, if there is more than one file available for any one section,

the program prompts the user to select which RES data file to use for that section. The pro-

gram is able to use data from both the 2432 and the 222 recording systems.
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TRAP generates two files when it is run. The first file is a raster image of the assem-
bled RES traces. The second file is a list of the cartesian coordinates of where the assem-
bled traces were recorded. Also included in the second file is a list of the names of the
RES data files from which the raster image was generated.

The 2432 and 222 digital oscilloscopes are able to record the signal which occurs
shortly before a trigger event happens. This is a feature, known as pre-triggering, is com-
mon to most digital oscilloscope. Digital oscilloscopes are able to pre-trigger because they
continuously record the input signal into a circular buffer. When a trigger event occurs
they save the buffer data recored immediately before the trigger event. Pre-triggering is
useful because it does not require that triggering parameters be set exactly the same for
each RES traverse. For example, if on one RES traverse the trigger is set to activate on the
negative edge of the airwave and on another traverse the trigger is set to activate on the
positive edge of the airwave, the two recorded signals will have different phase shifts. By
recording the signal which happens slightly before the trigger event it is possible to use a
computer algorithm to find a consistent trigger point in all of the waveforms recorded; the
program TRAP uses such an algorithm. Additionally, the algorithm used in TRAP detects
the polarity of the recorded signal. If necessary, it changes the polarity to insure that that is
is the same in all assembled traces. This makes it unnecessary to have the RES antennas
plugged into the transmitter and receiver with the same polarity every time the radio echo
sounder is reassembled.

4.4 - Migration of RES Data

Before proceeding with further analysis I wanted to determine how well the nadir
assumption would work in interpreting observed reflections from internal stratigraphy and
ice bottom topography for the data collected on the Dyer Plateau. The nadir assumption
supposes that the observed reflections come from directly beneath the point half-way
between the transmitter and receiver. If this assumption does not hold then interpreting the
geometry of the reflecting surfaces which give rise to the observed reflections becomes
much more difficult.

Bed slopes give an indication of the accuracy of the-nadir assumption. For a per-
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fectly horizontal bed the nadir assumption is accurate and the depth to the bed is simply
the one-way travel time divided by the velocity of propagation3. As bed slope increases
the nadir assumtion becomes less accurate. For depths much greater than the transmitter
and receiver separation distance the fractional difference in depth between the actual depth
and the depth found from the nadir assumption is approximately 1 - slope. For example,
when bed slopes are less than 18° the nadir estimate of depth is less than 5% different than
the actual depth. All of the internal layer bed slopes observed in the Dyer Plateau data are
well below 18°.

In order to further investigate the deficiencies of the nadir assumption I wrote a sys-
tem of programs for migrating the RES data. Migration is the process of recovering the
positions of the true reflecting surfaces from an observed reflection pattern. Seismologist
working with data collected from reflection seismology experiments first developed
migration techniques. There are many different techniques for migration. I choose to use a
now classic method first described by Hagedoom in 1954 which is based on the concept of
maximum convexity. The book Geophysical Signal Analysis (Robinson and Treitel, 1980)

gives a good description of this migration method.

In describing migration it is useful to define physical space and record space. Physi-
cal space is the space in which the ice sheet exists. It has as its dimensions horizontal dis-
tance and vertical depth. Record space is the space in which the RES profile exists. It has
as its dimensions horizontal distances and two way travel time. The process of creating a
RES profile maps physical space into record space. The process of migration attempts to
find the reflecting surfaces in physical space that were mapped into the record space.

A point reflector in physical space will result in a curve in record space. This curve
will be a hyperbola if the transmitter and receiver have zero separation distance and the ice
has a constant velocity depth profile. The resulting curve in the record space is referred to
as a maximum convexity curve.

Each sampled point in physical space will act to some degree as point reflector

3. Assuming a transmitter receiver separation distance of zero and a depth independent velocity
profile,
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which will map into a maximum convexity curve in record space. The kernel of Hage-
doorn’s method is the assumption that the reflection coefficient of any point can be esti-
mated from the average of the recorded signal over any point’s corresponding maximum
convexity curve. This assumption will be valid if signals present along a maximum con-
vexity curve which are not due to the curve’s corresponding reflection point cancel out
when averaged.

Since the radio echo sounder uses a waveform of finite wavelength it is not neces-
sary to use an infinitesimally thin maximum convexity curve. Also, since the transmitter is
not omnidirectional and the ice attenuates signal strength, the maximum convexity curves
need only be of finite length in time.

Figure 4.7 is a flow diagram of the programs that I wrote and have used for migrat-
ing data collected from the Dyer Plateau. The program mkhyp generates a table of maxi-
mum convexity curves which can then be used by the migration program maxc. The file
mig_param.h contains information which controls the shape and size of the maximum
convexity curves generated by mkhyp. The program maxc migrates the raster images gen-
erated by the program TRAP.

As has been shown, the nadir approximation is adequate for finding the depths of

internal layer reflections. In regions where the bottom is rugged, migration yields
significantly different estimates of the depth.

As previously discussed, the nadir approximation assumes the first bottom echo
observed in each trace is due to a reflector present directly beneath the point where that
trace was collected; this will be true only for the traces that are collected from locations at
the apexes of reflection hyperbolas. This is illustrated in figure 4.8. The figure depicts a
hypothetical reflection pattern caused by reflectors present on a down dipping flat surface.
The first reflections observed are consistently above the actual bed. However, if the tops
of the hyperbolas are used in estimating the location of the reflecting surface then the cor-
rect reflecting surface is found.

Figure 4.9 is an example of a section of RES data before and after migration. This

section of data was selected because of its relatively rugged internal layering and bottom
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mig_param.h mkhyp:
parameters for . Migration
generating hyperbola table
migration generating
table

k program

;

Table of
migration
hyperbolas
raster (*.ras)
radar data file

maxc:

maximum convexity migration program

'
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section of data in
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Figure 4.7: A depiction of the flow of data involved in the
migration of radar data.

topography. The migrated bottom echo is seen to map into a nice smooth curve with some
upward leakage into the migrated intemal layer reflections which are seen to be signifi-

cantly washed out after migration.
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Horizontal Distance

Incorrectly Picked
Reflecting Surface

Two Way Travel Time and Depth

Figure 4.8: A diagram illustrating the relation between a string of point
reflectors on a tilted flat surface and the recorded profile. If the reflection
pattern s interpreted incorrectly, the depth to the true reflecting surface
will usually be under estimated.

Figure 4.10 shows 3 picked"' internal layers and the bottom echo from the migrated
section. The reflections were picked from both the migrated (heavy lines) and un-migrated
(thin lines) data. The bottom reflections picked from un-migrated data were picked only

4.See § 4.5.
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850 Meters

Migrated Radar Data

Figure 4.9: A comparison of an un-migrated (upper panel) and migrated
(lower panel) section of radar data.
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from the apexes of the bottom reflection hyperbolas as discussed above. As can be seen
the reflection depths picked from migrated and un-migrated data are essentially identical.
From this I conclude for these circumstances that by using a judicious selection of bottom
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echoes, bottom location can be estimated essentially as accurately as by migration and
internal layers are so near to horizontal that the nadir approximation is adequate.
4.5 - Digitization of RES Internal and Bed Reflections
At this point in the data analysis a tool was needed for digitizing the reflections from
internal layers and the bottom echo. After some searching I determined that there was no
previously written software which would allow me to do this in the manner that I desired.
To solve the problem I wrote my own program name PICK for picking layers seen by the
RES traverses. A flow chart showing the flow of data into and out of PICK is shown
in figure 4.11. PICK accepts binary raster files generated by the program TRAP and uses

binary raster file

XIMAGE raster from the program
display program TRAP

PICK
interactive program for picking
Y internal layers and the bottom

echo
Grey Scale Palette

l

pick file
contains informa-
tion about picked
internal layers

Color Palette &\

Figure 4.11: A depiction of the flow of data into and out of the program PICK.
PICK is used for picking (digitizing) reflection horizons.

palettes created by the program Ximage to determine how colors are assigned to data val-

ues. With the mouse and keyboard the user traces out layers seen in the RES data. The pro-
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gram uses cubic splines to represent the traced layers. By using splines it is unnecessary to
pick layer depths for each trace. The program allows the splines to be easily modified once
they are drawn, it allows additional splines to be drawn between existing splines if needed
and it allows splines to be removed as necessary.

The results from PICK are used directly by several other data analysis programs
which I have written. By using the digitized data from PICK instead of the raster files
directly it has been possible to condense the amount of data need for access by a factor of

400.

4.6 - Time to Depth Conversion

For all interpretation of RES data which I have done it has been necessary to convert
reflector depths which are originally measured in terms of two-way travel times to reflec-
tor depths measured in terms of distance. In this section I briefly explain the method that I
have used for doing this.

If the transmitter and receiver were exactly coincidental and the velocity of propaga-
tion was depth invariant and equal to that of pure ice this would be a trivial problem and
the depth would simply be given by

2=V 1/2 @

where V, , is the velocity of propagation in ice and ¢ is the two way travel time. However,
the situation which I have worked with is more complicated for two reasons: (1) the trans-
mitter and receiver are not coincident and (2) the velocity decreases with depth due to the
densification of firn to ice with depth. Although I am not the first person using ice radar to
tackle this type of problem, I have had to take a different approach than the earlier
researchers (Rasmussen, 1986; Rees and Donovan, 1992) because their work has involved

time to depth calculations in which the transmitter and receiver are taken to be coincident.

The assumptions which I work with are as folloWs:
1. The ice density varies vertically but not spatially and can be adequately
described as a piecewise linear function of depth.
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2. The dependence of the index of refraction, n, on density, p, is adequately
described by

nice -1

p ice

n=1+ D, (4.2)

3. where the index of refraction of pure ice, n., is taken to be 1.77 (Rees and
Donovan, 1992) and the density of pure ice, P;..sis taken to be 920 kg m-3
(Rees and Donovan).

4. Observed reflections originate from reflectors that are situated exactly half-
way between the transmitter and receiver.

5. The airwave on which the receiver triggers travels at the speed of light in
vacuum, C.

6. The RES radio waves can, for travel time calculation purposes, be ade-
quately described using ray paths which originate and end at antenna feed
points. ‘

The combination of the first two assumptions Jeads to an implicit assumption of the index
of refraction being a piecewise linear function of depth. The fourth assumption has been
tested and is discussed in § 4.6.1.

I'have taken a two step approach to determining depths from travel times. In the first
step I calculate and tabulate two-way travel times for depths ranging from the deepest
depth in consideration up to the shallowest detectable layer at evenly spaced depth incre-
ments. In the second step, the tabulated depth-time pairs are used to make a piecewise lin-
ear function for finding depths given two-way travel times. Breaking the problem into two
steps simplifies computer programming and increases overall execution times when many
identical computations of depth from travel time are needed.

4.6.1 - Airwave Velocity and Trigger Timing

I have experimentally verified the fifth assumption by measuring relative differences
in travel imes between (1) a light pulse run between the transmitter and receiver through a
fiber optic and (2) the transmitter airwave. I varied the distance between the transmitter
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Figure 4.12: Transmitter-receiver separation distance plotted as a
function of the airwave arrival time. The solid line runs close to the
data points and has a slope equal to the speed of light (300 m/usec).
The airwave arrival time was measured relative to a light pulse run
through a fiber optic cable going from the transmitter to the receiver.

and receiver from 40 to 70 meters and observed arrival time differences change at a rate
consistent with the speed of light (figure 4.12).

A fiber optic cable was used to send a timing pulse rather than a wire because a wire
would alter the coupling characteristics of the transmitter and receiver antennas. A fiber
optic cable was not used to set the timing in normal profiling because the optic fiber is del-
icate and awkward to use in the towing arrangement.

Because the airwave takes a finite time to propagate, times measured between the

airwave arrival, which triggers the oscilloscope, and reflection arrivals will be slightly less
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than two-way travel times as measured from the transmitter firing to the receiver
detecting a reflected pulse. To find actual two-way travel times one needs to add the air-
wave travel time to the time measured between airwave and reflection arrivals. This time
is equal to the transmitter-receiver separation distance divided by the speed of light.
4.6.2 - Ray Paths and Two-way Travel Times

Figure 4.13 illustrates the appearance of a radio wave ray path running from a trans-

Transmitter Receiver

_ﬁ__ Ice Surface ——@—

Figure 4.13: An illustration of the ray path of a radio wave propagating
from the transmitter to the receiver. In the densification layer the ray
path bends with depth and in the solid ice below it follows a straight
line.6 represents the angle of the ray with respect to the vertical.

mitter to a horizontal reflector and then to a receiver. As a radio wave travels through the
densification layer, the change in the index of refraction with depth will cause its ray path
to bend. However, as the ray travels its ray parameter, S, which is defined as

S = nsin®

will remain constant because of Snell’s law? (6 is the vertical angie of the ray as indicated

5. Snell’s law is expressed as 1, /n, = $inf,/ $inB, where the subscripts indicate sides of a
dielectric interface and angles are measured with respect to the normal of the interface.
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in the figure). Because the ray parameter does not vary it is relatively simple to calculate
ray paths.
If the index of refraction varies linearly with depth as n(z) = az+b, where z is the

depth, then relation between the depth and horizontal coordinate, x, of a ray is found to be

az+b+~/(az+b)2—S2

S
x=x, = =In(
azo+b+,j(azo+b)2—S2

a

) 4.3)

where x, is the starting horizontal coordinate and z,, is the starting depth.
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Figure 4.14: Plots of the time differences between airwave and reflection
arrivals as a function of reflector depth for five antenna spacings. The
curves are based on a density depth profile that was measured at the Dyer
Plateau ice summit.



In making my calculations of ray paths I have applied equation 4.3 to each piecewise

linear depth section from the surface down to a depth of interest and have then
summed x - x,, for each section. I have then adjusted S to make this sum equal to half of
the transmitter receiver separation distance.

The travel times through each layer are then found by integration of the inverse of
the velocity, vi=ns C, along ray paths. When this is done for the ray paths found from
equation 4.3, the travel time through each layer is found to be

2 /2 2
n“+4n“-S
—_—) |, (4.4)
n§+,/n§—52

where n = az+b and n; = azy+b. To find the complete two-way travel time equation

1 2 o2 2 2, o
t= 7Ca n«/n -5 —nOJnO—S +38 In(

4.4 is applied to each layer down to the depth of interest with the previously determined
ray parameter. The times found for each layer are then summed and then doubled (to
account for both the downward and upward legs) to yield the two-way travel time.

Figure 4.14 is a plot of calculated times of arrival (as measured after the arrival of
the airwave) for horizontal reflectors of depths ranging from 10 to 300 meters. The plot
shows time-depth curves for five transmitter-receiver antenna separation distances which
are based on a density profile measured at the primary Dyer Plateau drill site. The travel
times vary linearly with depth for depths deeper than approximately 100 meters and show
an increase in non-linearity with increased transmitter-receiver separation as one would
expect. In the linear region the two-way travel times are found to vary with depth at a rate
equal to the inverse of 83.3m/isec.



Chapter 5

Radar Detection of the Spatial Pattern of Accumulation Rate

If a typical glaciologist were to have one question about an ice body magically
answered it would probably be: “is it growing or shrinking?” The chief difficulties to
answering such a question usually stem from the long times required for ice masses to
change and the large number of observations needed for adequate coverage. The time
required for “something to happen” and the number of necessary observations both
increase with ice body size. On many large ice sheets these difficulties are compounded by
low accumulation rate. Recent advances in satellite remote sensing (e.g. Zwally et al.
1989; Bindschadler, Vornberger, 1990; Bindschadler, Scambos, 1991; Doake and Vaughan
1991; Mantripp, Ridley and Rapley 1992) have revolutionized some aspects of how data
are gathered. For instance, velocities of fast moving ice streams in West Antarctica can
now be measured from satellite images and changes in surface topography of Greenland
and Antarctic ice sheets are being measured with satellite radar altimetry. To date however
little has been done in terms of remotely determining one of the most fundamental glacio-
logical measurements, accumulation rate.

In this chapter I present a method to deduce the spatial pattern of accumulation rate
based on the depths of a near surface radio-echo sounding reflection horizons of known
ages. The method can be rapidly applied to large surface areas and it produces accumula-
tion rates which are inherently smooth and have been averaged over relatively long peri-
ods of time. The method is applied to data from the Dyer Plateau and its results are
compared with recent stake measurements.

5.1 - Theory of Method

In this section I will show how the depth and age of a shallow isochrone layer can be
used to infer the spatial pattern of accumulation rate. In principle this is a simple problem,
but it is somewhat complicated by thinning caused by horizontal stretching. If the layer

used is shallow, then accumulation rate can be found accurately from its ice or water
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equivalent depth divided by its age. For example, in regions of low accumulation rate such
as near the South Pole it is practical to drill shallow ice cores to identify nuclear bomb fall-
out horizons (Picciotto and Wilgain, 1963). These horizons date back to 1952 and are
identified by their B-activity. Because the accumulation rate at the South Pole is extremely

low these horizons are still less than 10 meters beneath the surface.
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Figure 5.1: An illustration showing how a shallow column of ice behaves as a
‘leaky’ precipitation gauge. The ‘leakyness’ of the gauge is caused by horizontal
straining. Were it not for the horizontal straining, accumulation rate could be found
from the column’s mass divided by the age of the ice at its bottom and its horizon-
tal area.

To deduce accumulation rates from layers that are not shallow, the effects of hori-
zontal stretching must be taken into account. A shallow column of ice can be thought of as
a leaky precipitation gauge (figure 5.1). The amount that the precipitation gauge leaks is
determined By the horizontal strain-rate. For older and deeper layers more will have
leaked out of the column. If the leaking is not taken into account, accumulation rates will
be underestimated. In order to correctly estimate accumulation rate based on a dated lay-
er’s depth the horizontal strain-rate must be known from the surface to the depth of the
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layer.

I will now determine the accumulation rate required to place a layer at an observed
depth given the layer’s age, density-depth profile, horizontal strain-rate and the following
three assumptions:

1. the horizontal strain-rate does not vary with depth,

2. the horizontal paths of individual particles do not cross significant
inhomogeneities in horizontal strain-rate or accumulation rate,

3. the density-depth profile does not vary with time (Sorge’s law) or horizontal
position.

A natural starting point is conservation of mass which can be expressed as

TR T O
at+p 8x+ay % +uax-i-vay+waz =0, (5.0)

where p is density, ¢ is time , (x,y,z) is a three-dimenstional spatial coordinate and
(u, v, w) is its corresponding velocity vector. If z is vertical, for typical ice sheets the
terms udp/ox and vop/dy will be roughly two orders of magnitude smaller than the
other terms and can be omitted. If the density at a particular location and depth does not
vary with time then the first term can be omitted. With these two omissions equation 5.1
reduces to

p(é0+%i:)+w3—g =0, (52)

where € = du/dx +dv./dy represents the surface horizontal strain-rate which is assumed
to be depth invariant for the depths in consideration. For a given density profile, éo and
input accumulation rate, equation 5.2 could be solved for the vertical velocity w. The
inverse of the vertical velocity could then be integrated with respect to depth to yield the
age at depth. The accumulation rate could then be chosen so that the age at the layer’s
depth matches the layer’s age. However, there is a more direct approach to finding the age
at depth (and hence the required accumulation rate) which I will now derive.

Consider a slab of material which is buried into an ice sheet that does not flow in the
y direction (figure 5.2). If the slab has an initial length of Ax, then after a period of time ¢
it will have a length of
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- Ax —

Figure 5.2: An illustration of a slab of material which is advected into a planar
ice sheet. The mass of the slab must remain constant, but its density will vary.

Ax = Axoexp (téo) . (5.3)

This comes from the horizontal strain-rate being horizontally and vertically invariant. If
the slab has an initial thickness of A, and density p, then its starting mass per width in the
y direction will be given by

Mass conservation requires that the buried layer have the same mass per width, so that
Axhp = AxgAyp,.
When combined with equation 5.3 this implies a density of

PoM .
p = —Ox—oexp(—teo). 54

For infinitesimal layer thicknesses the surface vertical velocity is wy = Agy/dt and inter-
nal vertical velocity is w = A/dt. Combining these two equations gives

dz = —dt. (5.5)

If both sides of equation 5.4 are integrated with respect to depth and 5.5 is substituted for
dz on the right side of the equation then one finds that
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Z

PoW .
Jpdz = 2= (1-exp-TEy)),
0 &

where T represents age. After rearrangement this yields the useful relation

= ——ln(l - ——fpa’z) (5.6)

€ %o,

As one might expect, the age at any particular depth is a function of only the overlying ice
mass and not a function of the details of the density distribution. This is approximated to

first order in g, by

. z 2
1
T=——— dz —| —|pd7'| . (5.7

w
0 0 0

This approximation is accurate when

pdz| «1
o {

The first term in equation 5.7 is the age as a function of depth with no correction for hori-
zontal straining and the second term is a first order correction that accounts for horizontal
straining. Equation 5.7 can be used to estimate the relative influence of horizontal strain-

ing on the age depth relation. The relative influence is found to be

F4
g
AT ~l aT U pdz'. (5.8)
r T ae 2p0w0

We are interested in deriving the input accumulation rate, w,. This can be found by
rearranging equation 5.6 to yield
€
Wy = ~———[pdz". (5.9)
Py (1= exp(-T¢y)) ,
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This is approximated to first order in éo by
1 € 1Z
0
= | -4 —|—|pd:.
"o {T 2],)0{9 ©

From this the relative influence of horizontal straining on the estimated accumulation rate

is found to be
—=—|gg— |=T—. (5.10)

If the dated layer is at a depth where the density no longer varies vertically it is con-

venient to substitute the integrated density by

4

_[pdz' = (z-2,)p; (5.11)

0
where z, is the amount that the upper part of the ice sheet could be compacted to reach the
final density p,, the density of pure ice. If z, is the depth at which the density becomes
approximately constant then the compaction thickness, z , is given by

Z

1 (]
z, = z,—;jpdz. (5.12)

‘o

It is possible to estimate the relative importance of horizontal straining on the accu-
mulation rate estimates based solely on the ice equivalent depth of the layer relative to ice
sheet thickness. This can be done by approximating the ice sheet as a two-dimensional
slab of constant thickness in which the horizontal velocity does not vary with depth and

the accumulation rate does not vary with horizontal position. In order to have a

steady-state mass balance the horizontal strain-rate must be related to the accumulation
rate, total ice thickness H and surface density p, by
PoW¥o

gy = ——. (5.13)
0 b, H
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If the influence of horizontal straining is neglected, the age at an ice equivalent depth z is

T2 (5.14)
PoWo
If equations 5.13 and 5.14 are substituted into 5.10 the relative effect of horizontal strain-

ing on the estimated accumulation rate is found to be approximately

Aw, .
T = 271 (5.15)
0

To illustrate the significance of horizontal straining consider using a layer which is at
an ice equivalent depth of 50 meters. At the south pole where the ice is 3000 meters deep,
based on equation 5.10, horizontal straining should have less then a 1% effect on the esti-
mated accumulation rate whereas on the summit of the Dyer Plateau where the ice is 365
meters deep it should have close to a 7% effect.

In general equation 5.13 will underestimate the surface horizontal strain-rate
because horizontal straining usually tends to be concentrated towards the surface. If the
bed is assumed to be non-sliding, a reasonable approach to finding a more accurate esti-
mate of the surface horizontal strain-rate is to assume that the upper two-thirds of an ice
sheet flows as a column and the lower third flows with a linearly decreasing horizontal
velocity that reaches zero at the bed (Dansgaard and Johnsen, 1969). The horizontal
strain-rate required to achieve steady-state mass balance is then found to be equation 5.13
multiplied by 1.2.

In areas where there is no horizontal strain-rate information available, equation 5.13
multiplied by a suitable constant could be used as proxy for the horizontal strain-rate in
equation 5.9.

5.2 - Analysis of Data From The Dyer Plateau

Figure 5.3 is a section of RES data which crosses the ice divide of the Dyer Plateau
in the vicinity of the ice core drilling site. Its path is shown in figures 5.4, 5.5 and 5.6
which are contour maps of the surface topography, the depth of a shallow reflection hori-

zon and the ice sheet thickness. The depth of near surface reflection horizons vary spa-
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Figure 5.4: Map of the surface altitude in the vicinity of a local ice
summit of the Dyer Plateau. The contour interval is 5 meters. The
heavy line indicates the RES profile shown in figure 5.3. 200 meter
ice cores were taken from close to the ice summit at the location
marked ‘B’.

tially by approximately 50%. Even though the near divide surface topography appears to
be relatively flat, stake measurements have shown that snowfall amounts can very greatly
within a few kilometers of the divide apparently in response to subtle features of the sur-
face topography (compare figures 5.4 and 5.7).

Although the spatial sampling density of measured accumulation rates is much less

than that of the radar measurements, the map of accumulation rate (figure 5.7) shows a
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Figure 5.5: Depth of the horizon that dates to A.D. 1815. The con-
tour interval is 5 meters. Dashed lines indicate paths of radar pro-
files used to establish layer’s depth. The heavy line indicates the
RES profile shown in figure 5.3.

high degree of visual correlation with the map of the depth of a near-surface reflector (fig-
ure 5.5). This observation led me to investigate how well the depth of the shallow reflec-
tion horizon could be used to infer the spatial pattern of accumulation rate. The main
purpose of this exercise is to demonstrate the feasibility of using radar reflection horizons
to infer the pattern of accumulation rate and to determine what influence horizontal strain-
ing has on this estimate.
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Figure 5.6: Ice thickness in vicinity of drill site. The contour inter-
val is 50 meters. The heavy line indicaies the RES profile shown in
figure 5.3.
5.2.1 - Choice of Radar Reflection
Because of the large RES air-wave signall, it was not possible to detect internal lay-
ering shallower than 80 meters. Fortunately there was a bright reflection horizon just
below the 80 meter air-wave cut-off at the drill site. This horizon was below the air-wave

cut-off except for two short profile intervals where it was too shallow. This horizon

1. This is a general property of RES transmitters. Higher frequency impulse systems tend to have
shorter air-wave signals.
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Figure 5.7: Accumulation rates derived from the measured burial
rates of survey poles (asterisks}. The contour units are meters per
year at a density of 0.4gm/cm’.

reached a maximum depth of 170 meters (figure 5.5).

Measurements of complex dielectric permittivity performed on an ice core from the
summit show a large spike near this depth (John Moore; personal communication). This
spike has been dated to the year 1815 by counting annual variations of non-sea salt sulfate
(Lonnie Thompson; personal communication). In 1815 the volcano Tambora erupted and
it therefore seems likely that the radar horizon is caused by the fallout from this eruption.

The influence of horizontal straining on an accurate estimate of accumulation rate
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based on the 1815 layer’s depth can be found from equation 5.13. The total ice thickness
in the vicinity of the of the ice divide varies from 365 meters to over one kilometer and the
layer’s average depth is approximately 90 meters. Based on these values the relative influ-
ence should vary from 4 to 12 percent. This indicates that if an accuracy of better than 12
percent is desired, horizontal straining must be taken into account. This estimate is crude
not only because it assumes that the ice flows in a simple way but also because it does not
account for the variation of the layer’s depth with position.
5.2.2 - Horizontal Strain-Rate Measurements

During the 1988-89 field season a grid of survey poles was deployed across the Dyer
Plateau ice divide. The position of the poles was determined with theodolite and EDM
measurements. During the 1989-90 field season the grid was resurveyed and expanded
and during the 1991-92 field season the grid was remeasured. The poles were spaced on a
1km x 1km grid except close to the divide crest, where they were spaced on a
Yakm x ¥2km grid. No absolute reference point such as a nunatak was available to deter-
mine the absolute motion of the strain survey grid. To make up for this deficiency a survey
pole located near the ice summit was assumed to have zero velocity. An additional pole
situated on the divide crest was assumed to move along the divide away from the fixed
summit pole in order to fix the rotation the entire pole array. Pole velocities in two perpen-
dicular horizontal directions were then estimated and a minimum-curvature surface was
fitted to each of them by use of a commercially available gridding program. The spatial
derivatives of these surfaces were then estimated in the corresponding direction of veloc-
ity components and the total horizontal strain-rate, éo, was found from their sum. Figure
5.8 is a map of pole motion vectors and the estimated horizontal strain-rates. The horizon-
tal strain-rate is higher near the ice summit where the ice is thin (see figure 5.6). The esti-
mated strain-rate varies wildly near the edges in some places. This is caused by the
interpolation algorithm and is not a necessary feature of the data.

The estimated horizontal strain-rate varies from 0 to 2><10_3yr'1 (figure 5.8). Based
on this range, equation 5.10 predicts that the influence of the horizontal strain-rate on
accurate estimates of accumulation rate should vary from 0 to 17.5 percent if the layer is
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Figure 5.8: Measured horizontal strain-rates. Units are year'l. The
short lines indicate survey pole motions; the dots represent pole
locations and the lines indicate magnitude and direction of motions

175 years old. This range is similar to the deductions in § 5.2.1.
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5.2.3 - Estimated and Measured Accumulation Rates

Figure 5.9 (data points) shows the measured density of an ice core taken from near

density, gm/cm 3
03 04 0.5 0.6 0.7 08 0.9 1.0

F Y ITENIREER) INENENERINN IFNETEBNRT] INETERRUNR] IEERRES RN fagseseggs Leagsavessd

depth, meters

Figure 5.9: Observed and modelled density depth curves. The aster-
isks are density measurements from an ice core. Curve (A) is the
best fit density of a modified Herron & Langway fim density
model. Curve (B) is the same density model except accumulation
rate is increased by 50%.

the ice summit. The density approaches a value of 0.91 gm / cm® ata depth of 85 meters.
The 1815 layer is everywhere beneath this depth making it convenient to use equation
5.11 for the integrated density. This equation requires a compaction depth, z » Which was
found to be 17.5 meters from equation 5.12.

The layer depth and measured strain-rate information can now be combined to yield
the spatial pattern of accumulation rate. This was accomplished using equations 5.9 and
5.11. The results are displayed in figure 5.10. Comparison of this figure with figure 5.7
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Figure 5.10: Accumulation rates estimated from the depth of 1815
horizon and horizontal strain-rates. Asterisks indicate positions of
survey poles where accumulations were measured. Units are meters
per year at a density of 0.4gm/ cm’.
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shows relatively good agreement. The degree of agreement is shown in figure 5.11. If the
estimated and measured accumulation rates were in perfect agreement the points would all
appear on a straight line of slope unity which they in fact approximately do to within an
average absolute deviation of 0.24 meters per year. Yearly accumulation rates based on
pole height measurements that are spaced by one year will have uncertainties which are at

least as large as the surface roughness. Surface roughness varies both spatially and tempo-
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Figure 5.11: A comparison of accumulation rates derived from sur-
face burial measurements (horizontal axis), and RES measurements
(vertical axis). The grey swath indicates the uncertainty associated
with burial rate measurements. There are 50 data points.

rally but is commonly ~0.2 meters. This could explain some of the discrepancy between
measured and inferred accumulation rates.

If the prevailing winds shifted over time it is likely that the accumulation rate pattern
would have also shifted. Because the pole measurements represent the present accumula-

tion rate pattern and the accumulation rate estimates based on the 1815 horizon represent
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an average over the past ~175 year, it may be possible to detect changes in the atmospheric
circulation by comparing differences in accumulation rates deduced from pole measure-
ments and the 1815 horizon. Since the ice divide is mainly a north-south structure, accu-
mulation rate changes would probably appear as east-west gradients. To determine if there
is an east-west dependence in the difference between the present accumulation rate pattern
(measured from survey poles) and the 175 year average accumulation rate pattern (esti-
mated from the 1815 horizon) I have plotted in figure 5.12 the difference between the two
accumulation rates versus east-west position relative to the divide crest. The data points do
not show any conspicuous east-west dependence and therefore no such shift seems to have
taken place in the recent past. This result is discussed further in chapter 6, page 124.
Figure 5.13 is a contour diagram showing the relationship between the depth of a
175 year old layer, the horizontal strain-rate and the input accumulation rate based on a
compaction thickness of 17.5 meters for the approximate range of accumulation and hori-
zontal strain-rates observed. The figure shows that the variability of accumulation rate is
capable of generating approximately four to five times greater range of layer depth than is
the variability of horizontal strain-rate. This supports the argument that the reason that the
layer appears relatively deep in some regions is primarily a result of high accumulation
rate and is not a result of a low or compressive horizontal strain-rate.
S.2.4 - Sensitivity of Accumulation Rate Estimate to the Density Profile
I'mow investigate the sensitivity of the accumulation rate estimate to the density pro-
file. If the density profile is not spatially invariant as I have assumed it to be, estimated
accumulation rates will be in error. It is likely that in regions of higher accumulation rate
the firn layer will be relatively thicker and relatively less dense since the ice column will
be younger. If two different density profiles are available then the relative difference in

inferred accumulation rate which they would produce can be found from

Aw Z 4 4
w—°= Ipadz'-fp,,dz' / fpadz' , (5.16)
0 0 0 0

where a and b indicate the two profiles; this equation is found from equation 5.9. Density



85

0.4 ]
7] measured

>
4 estimated

=
(R
1

[~
¥
0 S0 T N T V0 OO0 OO O A
* »

e
[T %

]
* %

1
et
d

'R U I I O
*
*

1
e
(¥}

11

accumulation rate difference, m/yr
[—]
=)
I

L
W

':measured

-&su’n?ated

-0.4 LALLM L L S L |
-4 -3 2 -1 0 1 2 3 4

west <— distance from divide crest, km — east

Figure 5.12: The difference between accumulation rates measured
from survey pole burial rates and estimated from the 1815 reflec-
tion horizon plotted as a function of horizontal distance from the
divide crest. The horizontal axis is the same as the horizontal axes
in figures 5.4 to 5.8 and 5.10. The accumulation rate difference
does not show any significant dependance on east-west position.

profiles have been measured at two locations on the Dyer Plateau. Unfortunately, the pro-
files happen to be from regions of similar accumulation rate and consequently are not well
suited for investigating this sensitivity. To estimate density profiles in regions of high
accumulation rate I have made use of an empirical model developed by Herron and Lang-
way (1980). This model parameterizes the density depth profile in terms of temperature,
surface density, and accumulation rate. Their model applies only to depths above pore
close-off.

The model was fit to the observed density depth profile available from the ice sum-

mit using a non-linear least squares algorithm. Based on stake measurements made near
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Figure 5.13: Contour diagram showing the theoretical relation
between the depth of a 175 year old layer (contours), horizontal
strain-rate (horizontal axis) and accumulation-rate (vertical axis)
based on the density profile shown in figure 5.9. The ranges of
accumulation-rate and strain-rate approximately match observed
ranges.

the drill site the input accumulation rate was forced to be 1.20m yr"1 and the other two
parameters were adjusted to find a best fit2. In finding the best fit the model was only

applied to density measurements from depths shallower than pore close-off which was

assumed to occur at a density of 0.82Mgm'3. The best fit required a firn temperature of

2. Allowing the input accumulation rate to be a variable does not significantly increase the good-
ness of fit and it results in much larger uncertainties in the other two parameters. Additionally the
inverted input accumulation rate is found to have extremely large uncertainties (+0.42meters/year ).
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~-21.5£0.5°C (in good agreement with a measured ten meter temperature of -21°C)
and a surface density of O.418i0.006Mgm'3. The modelled density curve shows good
agreement with the observations and is shown as curve (B) in figure 5.9. I have extended
" the model from the pore close-off depth to the depth of solid ice by assuming that the rate
of change of density with depth is constant and equal to the value found at pore close-off
and once the density reaches the value appropriate for solid ice, it is then constant.
Although this is a somewhat ad hoc extension of the model, it seems to give a good agree-
ment with the measured density (curve (A) in figure 5.9).

To simulate the density profile in a high accumulation rate region, the model surface
density and temperature were set at the values as found above, and the input accumulation
rate was increased by 50% to 1.80m yr'l. The resuiiing simulated density profile is
shown as curve (A) in figure 5.9. As expected, the density is lower in the densification
region and the densification layer is thicker.

The two modelled density curves were next applied to equation 5.16 and the result-
ing relative difference in inferred accumulation rates is shown in figure 5.14. The maxi-
mum effect is only 3.6% and is seen to occur at a depth of 107 meters. At depths shallower
then 8 meters the accumulation rate difference is zero because the Herron-Langway firn
model is not sensitive to accumulation rate at depths above the critical-density of
O.SSMgm'3. Beneath 107 meters the densification layer has a diminishing influence on
the inferred accumulation rate and as a result the relative difference in inferred accumula-
tion rates decreases.

5.2.5 - Investigation of Time Variation of Accumulation Rate

I now investigate the assumption of steady-state accumulation rate. If the accumula-
tion rate has not been constant in time the current estimates of accumulation rate based on
stake measurements may not match those based on radar measurements. At some level of
temporal resolution the accumulation rate is guaranteed to be non-steady-state. What we
are interested in is how the non-steady-state nature of accumulation rate impacts our esti-
mate of the accumulation rate.

The analysis of non-sea salt sulfate (Lonnie Thompson; personal communication) of
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Figure 5.14: The relative percentage change in inferred
accumulation-rate from the (A) and (B) modelled density profiles
shown in figure 5.9. The horizontal axis represents depth (meters)
and the vertical axis represents percentage difference of inferred
accumulation-rate.

an ice core extracted from near the ice summit has made it possible to determine the age-
depth relation in the upper 180 meters of the ice sheet (figure C.1, page 166). Given the
density profile, the horizontal strain-rate and this age-depth relation it is possible to find
the time-averaged accumulation rate through equation 5.9. Figure 5.15 shows accumula-
tion rate inferred for four values of horizontal strain-rate. In order to make accumulation
rates inferred after 1800 time invariant it is necessary to use a horizontal strain-rate that is
larger than the horizontal strain-rate needed to make accumulation rates before 1800 time
invariant. This is consistent with a horizontal strain-rate which decreases with depth.
Whether the time-dependent variation of inferred accumulation rate is a result of a depth
dependency of horizontal strain-rate or a time dependency of accumulation rate, the
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Figure 5.15: Inferred accumulation rates for four different horizon-
tal strain rates as a function of time (years A.D.) based on age-depth
and density-depth relations measured from an ice core taken from
near the ice summit. If the accumulation-rate did change with time,
and the horizontal strain-rate did not change with depth, one of the
curves would appear as 2 horizontal line. i

The c_(%rresponding _gorizontal strain-r_ag:es are: (a) 2.5x10 7,
(b) 2.0x10 7, (c) 1.5x10 °, and (d) 1.0x10 ~ / year.

inferred accumulation rate taken from layers which date from the time interval 1950 to
1700 does not appear to vary by more than 10%.

The inferred accumulation rate from the very recent past (after 1950) shows a large
variance and an increasing trend>. The large variance is explained by the short averaging
interval over which the accumsulation is estimated and the increasing trend may be real or

due to an under-sampling of the density depth profile. All four of the inferred accumula-

3. For a more detailed treatment of the past accumulation-rate from annual layer thicknesses, see
appendix c.
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tion rate curves based on the four different values of horizontal strain-rate converge at the
recent past due to the diminishing integrated effect that horizontal straining exerts on shal-

low young layers.



Chapter 6
Estimation of Internal Velocity Based on Radio-Echo Sounding

In this chapter I present a new method of estimating velocity within an ice sheet. The
primary data used by this method are the age distribution (age field) within an ice sheet as
determined from the geometries of dated internal layer horizons. It is based on mass con-
servation (continuity) and assumes that the velocity field has not varied in the past
(steady-state flow). A chief advantage is that it does not use momentum or energy conser-
vation and requires no rheological assumptions. If the flow field has varied, the new
method can allow inferences to be made about how it has varied. For example, in some
circumstances it may be possible to determine accumulation rate histories. Even if one
does not apply the new method to actual data, understanding its foundations can aid in
understanding geometrical characteristics of internal layers.

At the end of this chapter I apply the new method to a data set collected from the
Dyer Plateau and I compare its velocity estimates to those found from a simple method of
flow modeling developed by Whillans (1977).

To establish a basis for describing the method I introduce the following terminology:

1. A flow-line is defined to be a curve on the surface of an ice sheet which follows
the horizontal velocity field as measured on the surface. Flow-lines are often well
approximated as following the direction of surface altitude gradients.

2. A streamline is defined to be a curve which follows the internal velocity field of
an ice sheet. Flow-lines are defined on the surface whereas streamlines are
defined internally. If all of the ice inside of an ice sheet originates at the surface
and ice flow has been steady-state, then all ice particles on a streamline will have
originated at the same point on the surface. If the horizontal direction of flow
does not vary with depth, streamlines will lie beneath corresponding flow-lines.

3. A stream-sheet is defined as a surface generated by a line defined on an ice sheet
surface that is advected into an ice sheet. The line on the surface may be arbitrary,
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but is most useful when it follows a flow-line. Stream-sheets are similar to
streamlines with the difference being that stream-sheets originate from lines and
are surfaces whereas streamlines originate from points and are curves. If the hor-
izontal direction of flow does not vary with depth, stream-sheets which are gen-
erated from flow-lines will be vertical surfaces.

4. A neutral-streamline is defined to be a streamline which separates the two sides
of an ice divide. In a theoretical sense this is the only streamline within a given
stream-sheet that reaches bed rock after infinite time (assuming no basal melting)
and is the only streamline to cross all isochrones. In three dimensions the collec-
tion of neutral-streamlines of an ice divide will form a neutral-srreamline sur-
face. For simple ice sheet geometries it is convenient to approximate
neutral-streamlines as vertical lines and neutral-streamline surfaces as vertical
sheets.

6.1- Relation Between Age and Velocity Fields for Steady-State Ice

Sheets
I now investigate the relationship between the age and velocity fields of a
steady-state ice sheet. Nothing is assumed about the material behavior of the ice sheet
except that it be incompressible. Modifications will be introduced later to account for
near-surface densification.
If the velocity field of a steady-state ice sheet is known then its age field can be
found from the line integral

Q) = fovia 6.

where T() is the age and V() is the velocity at a distance { down a streamline. The
problem here is the inverse; we wish to determine velocity from age. If the age field is
known, it is not clear that the velocity field can be found from it. In this section I will
present simple arguments which will show under what circumstances the velocity field

can be found from the age field and a simple method for finding it.
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6.1.1 - Basic Differential Relations

As a first step I derive two basic differential relations for steady-state flow of an
incompressible fluid. The first equation gives the relationship between age, velocity and
time and the second equation expresses continuity with incompressibility.

Consider a particle initially at a point (x, y,z) with a velocity 5 = (u,v,w). After
a short time interval At, its new position will be given by (x+ uA¢, y+VvAt, z+ wAt) , to
first order in Az. The particle’s age at its new position will be given by its original age plus
At. This can be expressed by

T(x+ult,y+vAt, z+wAt t+As) = T(x,y,z,t) +At,
where T is the age field of the ice. This equation can be re-written as

T(x+ult,y+vAt, z+wAt, t+ A1) =T (x,y,2, 1)
At

= 1. (6.2)

To first order

T(x+ult,y+vAt, z+wAt, t+At) = (T+-a—TuAt+g At+aTwAt+a—TA)

ox dy 0z 0

B A
When combined with equation 6.2 this gives
o, 3T, 0T O _
dx dy o9Jz ot
or
VT-?1+§Z_ 1 (6.3)
ot

in vector notation. If the flow is steady-state the age will be time independent and this
equation reduces to

VTe f} = 1. (64)
This is the first basic differential equation of steady-state flow.

The second basic differential equation is found from the equation of continuity
Ve (pU) +%§ = 0. (6.5

In the next section I shall consider the special case where density is constant.
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6.1.2 - Implications of Basic Differential Relations

In one dimensional steady-state flow, velocity can be directly determined from age
by using equation 6.4. If this velocity does not also satisfy equation 6.5 (3p/d¢ = 0), then
the flow must not be steady-state or mass must not be conserved.

In two dimensional steady-state flow, it is reasonable to hope that, given the age
field, a unique solution to the velocity field can be determined from equations 6.4 and 6.5
since the number of equations equals the number of unknowns (i.e. the two velocity com-
ponents). However, questions about the existence and uniqueness do not have obvious
answers. I now present an argument showing that in two-dimensions the flow field can be
found from the age field if one streamline is specified as a boundary condition.

From equation 6.4 it can be seen that at any particular location the component of
velocity in the direction of the age gradient, U, , will be equal to

U, = vr[™. (6.6)

If density does not vary with time or position, at any particular location equation 6.5 in
two dimensions gives

a_U.(.x - - _a(_]? , 6.7)
axa axﬁ

where o and B denote the age gradient and normal to age gradient directions respectively.
When equations 6.6 and 6.7 are combined they yield

oU,
—F =~ yr = oW VT, ©638)
Bxb ox,

where & is the unit vector in the direction of the age gradient.

Equations 6.6 and 6.8 show that the component of velocity normal to isochrones,
Uy, and the derivative of the component of velocity tangential to isochrones, aUB/ axB,
can be found directly at any particular location. By taking the line integral of the function

represented by equation 6.8 along an isochrone the component of velocity tangential to the

isochrone can be found to within an additive constant. The additive constant can be found
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by evaluating the tangential component of velocity where a known streamline crosses the
isochrone. Hence the necessary boundary condition for solving the velocity field in two
dimensions is one streamline which crosses all isochrones. In work dealing with ice
divides it is natural to choose the neutral-streamline as that boundary condition streamline.

In three dimensions a similar argument can be made. As in two dimensions, the com-
ponent of the velocity normal to the isochrone surface will be given by equation 6.6. How-

ever, now equation 6.8 will have to be replaced by

oUy oUr. | "
— +=— = (e V)|VT|™, 6.9)
axB Oxp

where B and I denote two directions perpendicular to the age gradient and to each other.

The left side of this equation can be represented by
VeV = flxg, xp), (6.10)

where i‘/ is the velocity and X3 and x. are the curvilinear coordinates in the isochrone sur-
face. If a velocity field in the isochrone surface is found that satisfies equation 6.9, then
another velocity field that also satisfies it can be found by the addition of a divergence-free
field. Because it is always possible to find a divergence-free field!, the velocity field in
three dimensions is under-determined.
6.1.3 - Streamline Parameterization in Two Dimensions

Consider a particle imbedded in a layer of finite thickness, Az, in an ice sheet with
two dimensional geometry and flow (figure 6.1). As the particle moves, the mass per unit
width (width measured perpendicular to the cross section) of the portion of the layer
between the particle and the neutral streamline must remain constant if mass is conserved.
The mass per unit width of the layer segment can be normalized by dividing it by its age
thickness, AT (age difference between the top and bottom of the layer). In the limit of the
layer approaching infinitesimal thickness, the normalized mass per unit width of the layer
segment, S (x), will be given by

1. For example, a simple rotation field has no divergence.



Figure 6.1: A cioss sectional view of an ice divide depicting the motion of a
particle imbedded in an isochrone layer. As the particle moves from (a) to (b)
the mass per unit width of the layer segment will remain constant if mass is
conserved within the ice sheet. If the flow is steady-state, over equal time
intervals layer segments in position (a) will exactly replace layer segments in
position (b).

X X
Az
S(x) = lim [p—dx' = |pwdx, 6.11
(=) AzaO‘[pAT * ‘[pw 611
%o Xy
where x is the horizontal coordinate of the particle, X, is the horizontal coordinate of the
neutral streamline where it intercepts the layer, p is the density, Az is the vertical physical

thickness of the layer thickness and W is the inverse of the vertical component of the age

P -1
=5

Equation 6.3 shows that w will equal the vertical velocity, w, if the age gradient is vertical

gradient which is expressed by

and the flow is steady-state. If mass is conserved within the ice sheet, S will remain con-
stant as the particle moves. Thus, S will parameterize the particle’s streamline.

If the flow of an ice sheet is steady-state, segments of different layers that have the
(1) same age thickness and (2) terminate on the same streamlines will have the same
masses. Since the streamline parameter defined in equation 6.11 is the mass of a layer seg-

ment as a function of horizontal position normalized with respect to the layer segment’s
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age thickness, it follows that equation 6.11 can be used to determine streamlines in a
steady-state ice sheet. The horizontal coordinate where a streamline intercepts an isoch-
rone layer will be the horizontal coordinate at which equation 6.11 evaluates to the stream-
line’s streamline parameter value.

To determine streamlines from observed radio echo horizons one needs to: (1) date
the observed horizons, (2) determine a neutral streamline that crosses the horizons and (3)
approximate equation 6.11 along each of the observed horizons. Any given streamline
should then cross the observed horizons at locations that have the same value of estimated
streamline parameter S. If S(x) is evaluated along all isochrones, streamlines will occur
on contours of constant parameter value.

Although I have parameterized streamlines in reference to a neutral-streamline, there
is in principal no reason why the parameterization could not be ascribed to any other refer-
ence streamline available. Such a streamline might be available from flow modeling alone
or flow modelling coupled with surface movement measurements or bore hole measure-
ments.

If the flow is steady-state, S(x) gives the mass flux per unit width crossing a layer of
constant age measured between the neutral-streamline, X, and a horizontal position, x.
Thus, an alternative name for the function represented by this equation might be ‘mass
flux function’. If an ice sheet is steady-state, the mass flux crossing horizon segments that
are bounded by the same two streamlines must be equal. Because of this, it is clearly seen
that equation 6.11 will have the same value for different layers when evaluated at the same
streamline and thus, it will parameterize streamlines.

6.1.4 - Streamline Parameterization in Three Dimensions

In the previous section I showed how streamlines can be parameterized for two
dimensional flow. This is useful in the vicinity of a horizontal divide ridge where the flow
and slopes of layering are known to be perpendicular to the ridge. Ice divides are seldom
truly horizontal ridges and ice flow is usually not strictly two dimensional. However, if the
flow at depth follows surface altitude gradients, then flow will not be fully three dimen-
sional in the sense that a horizontal coordinate alone will specify the horizontal direction
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of flow. In this situation it may still be possible to infer an internal velocity field from an
age field.

Parameterizing streamlines in three dimensions is more complicated than in two-
dimensions because in three dimensions the variability of the width of layer segments
must be taken into account; in two dimensions the width of a layer segment is not depen-
dent on the horizontal coordinate but in three dimensions it can be. In general, as a layer
segment moves its width will be described by the distance between two stream-sheets.

Figure 6.2 depicts the appearance of a narrow layer segment and its accompanying

Figure 6.2: An illustration of the movement of a particle at the end of a layer
segment. As the particle moves from (a) to (b) the mass of the layer segment
will remain constant if mass is conserved within the ice sheet. If the flow is
steady-state, over equal time intervals layer segments in position (a) will
exactly replace layer segments in position (b).

stream-sheets.
As was shown in § 6.1.3, the mass of a layer segment can be normalized with respect
to its age thickness by dividing it by its age thickness. In three dimensions an additional

normalization is required to take into account a segment’s width which is assumed to vary
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along its length. This can be done by dividing a segment’s mass by a reference width
which is in some way directly related to the width everywhere on the layer segment. A
convenient choice for a reference width is the width that the layer segment had when it
was at the surface as measured at the ice divide.? The width and age thickness normalized

mass of a layer segment will be given by
5§ W
S = w—dE', 6.12
® =J,pb s (6.12)

where &0 is the horizontal distance along the layer segment at the neutral streamline sur-
face, € is the horizontal distance along the layer segment at its end, W is the width of the
layer segment, W,, is a reference width and W is as before. To emphasize that the layer
segment can be horizontally curved, & is used as the integration variable rather than x.

S(€) will remain constant as the layer segment moves, if mass is conserved. Thus,
equation 6.12 will parameterize the streamline of a particle existing at the end of such a
layer segment.

If the flow of an ice sheet is steady-state, individual layer segments that have the
same (1) age thickness, (2) terminate on the same streamlines and (3) exist within the
same stream-sheets of infinitesimal width, will have the same masses. Since the stream-
line parameter defined in equation 6.12 is the mass of a layer segment as a function of hor-
izontal distance normalized with respect to the segment’s age thickness and starting width,
it follows that equation 6.12 can be used to determine streamlines within stream-sheets in
a steady-state ice sheet. The horizontal distance, &, where a streamline in a stream-sheet
intercepts an isochrone will be the horizontal distance at which equation 6.12 evaluates to
the streamline’s streamline parameter value.

If the flow is two dimensional, and the stream-sheet chosen parallels flow-lines and
has constant width, equation 6.12 reduces to equation 6.11 because W/ W, will be unity.

If the flow at depth follows the direction of {iow at the surface a convenient choice

for the stream-sheet defining surface lines are flow-lines because their corresponding

2. The ice divide is the curve formed by the intersection of the neutral-streamline surface and the
ice surface.
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stream-sheets will be vertical surfaces. Because of this the width between two close
stream-sheets that are generated from flow-lines will not vary with depth. If the flow fol-
lows surface elevation gradients W/ W can be easily calculated from a surface map. This
is done by noting that the horizontal rate of change in the width between two close curves
which follow surface gradients is given by

daw w
d¢ R’
where R is the radius of curvature of surface contours along the curves. Rearranging this
gives
aw _ 4§
w R
which can be integrated to yield
In (K) = [t _____df;
W, SR (")
From this it can be seen that
w -
= = exP(Ig’R '€)dg). (6.13)
W, 0

This result is also derived by Reeh (1989). When equation 6.13 is substituted into equation
6.12 one finds
§
S(&) = [phexp([ZREE" L (614
go .

Although the application of equation 6.14 to actual radar data is in principal simple,
in practice it does involve some complications (appendix D). In order to estimate stream-
lines the flow at depth must appfoximately follow surface gradients, the radius of curva-
ture of surface contours must be measured, the neutral-streamline surface must be
estimated, dated radar horizons must be measured along a flow-line and the density depth

relation, p(z), must be known.
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6.2 - Smoothness of Flow and Implications for the Age Field

In steady-state flow streamlines cannot exhibit discontinuous slope (kinks) because
to do so requires either abrupt changes in rheology or abrupt changes in stress-field, nei-
ther of which is physically realistic. This condition implies constraints on the age field of a
steady-state ice sheet. More specifically, if an ice sheet is steady-state it (1) cannot have
discontinuities in its age gradient and (2) cannot have discontinuities of isochrone slopes
(creases) which cross horizontal direction of flow. In this section I explain why these two
points are true, and I investigate the implications of the presence of age gradient disconti-
nuities and isochrone creases in an observed age field.
6.2.1 - Age Gradient Discontinuities

Under the assumption that an ice sheet is steady-state, any discontinuities in age gra-
dient will in general imply streamlines that are discontinuous (figure 6.3a). This can be
seen by examination of the streamline parameter equation. If layering is flat, the neutral
streamline is vertical and flow is two-dimensional, equation 6.11 gives streamline param-
eters

S(x) = pwx,
where x is the distance from the neutral streamline. Each streamline will have associated

with it a streamline parameter value. The horizontal coordinate of a streamline with a
streamline parameter value equal to S will be given by

X = = -, (6.15)

If the vertical age gradient, 9T/ dz, is discontinuous then so will be the horizontal coordi-
nate. This implies that streamlines are also discontinuous.

If the derivative of the vertical age gradient is discontinuous, streamlines will exhibit
kinks (figure 6.3b). More generally, from equation 6.15 it can be seen that discontinuities
in the nth depth derivative of the age field will imply discontinuities in the nth — 1 deriv-
ative of streamlines.

Another generalization can be made from this equation; if the vertical age gradient
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Figure 6.3: The appearance of an inferred streamline crossing an isochrone
surface. (a) If there is a discontinuity of the first derivative of the age field
across an isochrone, inferred streamlines will have a broken appearance as
they cross that isochrone. (b) If there is a discontinuity of the second deriva-
tive of the age field across an isochrone inferred streamlines will have a bent
appearance. (c) If the age field is continuous to at least the second derivative
across isochrones, inferred streamlines will appear smooth.

does not monotonically increase with depth, deduced streamlines will exhibit ‘zigzags’.
This is illustrated in figure 6.4. The implications of this will be discussed in greater detail
in § 6.3 where I will show how in some circumstances it may be possible to distinguish
variations of accumulation rate from variations of flow.

The argument I have presented here is simplistic, because I have assumed the sim-
plest flow and layering geometry possible. However, the layering and flow geometries of
realistic steady-state ice sheets should be simple and the basic conclusion of how disconti-
nuities of age field relate to discontinuities of flow field should not be fundamentally dif-

ferent from that discussed above.
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Figure 6.4: The relation between the age-depth curve and inferred streamline
shapes for the situation in which internal layering does not significantly
change depth with respect to horizontal position (planar assumption). Panel
(a) shows a hypothetical age-depth relation and panel (b) shows its corre-
sponding vertical age gradient and inferred streamline shapes.

6.2.2 - Isochrone Creases

Just as discontinuities of age gradient in a steady-state ice sheet generally imply
streamlines which are not smooth, so do sharp creases in isochrones. Figure 6.5 illustrates
the appearance of streamlines crossing an isochrone crease. As illustrated in the figure,
because the angles which streamlines make when crossing isochrones are approximately
the same on either side of a crease, streamlines will be bent by approximately the same
amount as the angle made by the crease. This can be understood in terms of equation 6.4;
on opposite sides of a crease the direction of the age gradient will be different by the angle
of the change in slope of the crease. If the magnitude of the age gradient is the same on
both sides of the crease, then, by this equation, the direction of flow must change by the

angle of the change in slope of the crease.
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Figure 6.5: Flow passing through a crease. In general a crease
in isochrones indicates a sudden change of velocity.

6.2.3 - Implications of Age Gradient Discontinuities and Isochrone

Creases

Kinks in calculated streamlines which result from isochrone creases are potentially
distinguishable from kinks which result from age gradient derivative discontinuities since
kinks in the latter generally run along horizontal surfaces whereas kinks in the former gen-
erally run along vertical surfaces. If non-steady-state flow is assumed to be the cause of
these features then this observation indicates isochrone creases are formed by a markedly
different mechanism than age gradient derivative discontinuities. Age gradient discontinu-
ities are easily explained by accumulation rate variations; a layer that experienced a differ-
ent accumulation rate than its surrounding layers will have a different age gradient. A bit
more imagination is necessary to conceive of a mechanism to generate an isochrone
crease. One plausible generic mechanism for generating isochrone creases is a sudden
change in ice sheet boundary conditions, either basal or otherwise. Such a boundary con-

dition change could take place when the bed of an ice sheet goes from frozen to non-fro-
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zen or when the pore pressure of a till bed reaches the overburden pressure and the till
becomes activated. It might also take place when an ice shelf which exerts significant
back-pressure on an ice sheet suddenly disintegrates due to a rise of sea water temperature.

The way in which a boundary condition change takes place, and changes the flow of
ice, will effect how it influences isochrones; in some circumstances a change in a bound-
ary condition might not cause layering to be conspicuously altered.

The corresponding ages at which deduced streamlines exhibit non-physically plausi-
ble patterns should, in most circumstances, indicate the ages at which an ice sheet experi-
ences significant transients. Transients can be pulse or step in character. A pulse transient
would include one time events such as a period of low accumulation rate, whereas a step
transient would include permanent events such as the sudden disintegration of a bounding
ice shelf or a long term increase of accumulation rate.

Figure 6.6 demonstrates the appearance of an idealized streamline for an ice sheet
which has been in steady state except for two periods of low accumulation rate and one
period of high accumulation rate. This inferred streamline curve can be easily understood
in terms of the streamline parameter equation. In periods of low/high accumulation rate,
the age gradient will increase/decrease which will cause the inverse of the age gradient to
decrease/increase. This will then cause the streamline parameter equation to have lower/
higher values and one will have to go out a further/shorter distance on an isochrone from
the neutral streamline to find the same streamline parameter value. Inferred streamlines
will appear to jump outwards during periods of low accumulation rate and inwards during
periods of high accumulation rate. If accumulation rate variations change sufficiently
slowly, they may not cause inferred streamlines to have noticeably anomalous shapes and
if they change very quickly, they may not be detected due to under-sampling.

Non-steady-state conditions which leave isochrone creases may be recorded in an
ice sheet in a fundamentally different fashion than accumulation rate variations if they are
the result of sudden boundary condition changes. It is likely that transients of boundary
conditions will result in disturbed conditions throughout the thickness of an ice sheet.

Thus, inferred streamlines at all depths in the vicinity of a crease are likely to show kinks.
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Figure 6.6: This drawing illustrates the general appearance of an inferred
streamline based on an assumption of steady-state flow from an ice sheet
that has experienced two periods of low accumulation rate and one
period of high accumulation rate. The non-shaded bands correspond to
periods of time with average accumulation rate. The dashed line indi-
cates what the inferred streamline would look like if there were no accu-
mulation rate variations.

For a period of time after a transient has taken place, any creases produced by it are likely
to buried by increasingly smooth layers of ice. Figure 6.7 illustrates how this type of
geometry and its corresponding inferred streamlines might appear. Inferred streamlines
passing above the crease will not have a kink while inferred streamlines which pass
through it will. Inspection of inferred streamlines may be useful in determining the signif-
icance of a crease. Unlike age gradient discontinuities isochrone creases should be directly
visible. Thus dating crease formation might be most easily found from the dates of the top
most creased isochrones and not from the dates at which streamlines first exhibit kinks.
One interpretation of isochrone geometries which seem to imply discontinuous or
kinked streamlines is that they are the result of non-steady-state flow. Another potential
interpretation is that they are the result of a steady-state flow field which is sufficiently
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Figure 6.7: This drawing illustrates the appearance of inferred
streamlines which pass by a crease in isochrone shapes. The aster-
isk indicates the first depth at which the crease is strongly present.
Inferred streamline ‘A’ crosses above the asterisk and does not
experience a strong bend associated with the crease whereas
inferred streamlines ‘B’ and ‘C’ do.

three-dimensional to overly complicate the correct estimation of streamlines. In regions of
rugged subglacial topography, discerning which of these two interpretations is correct may
not be a tractable problem.

Even if the horizontal direction of flow does not vary with depth, the direction of
flow relative to a radar profile must be carefully taken into account when interpreting RES
profiles. Figure 6.8 shows a section of radar data that appears to show a crease in internal
layer geometry. From this one might be tempted to infer that either streamlines are bent in
this region or the flow is not steady-state. However, it is likely that neither inference is true
because this radar proﬁle mainly runs perpendicular to flow-lines; it is possible for such a
feature to exist parallel to the general flow without requiring bent streamlines.

6.3 - Distinguishing Accumulation Rate and Flow Variations
If inferred streamlines indicate that non-steady-state behavior has taken place, one
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950 meters

Figure 6.8: A RES profile which shows what appears to be a crease
in internal layering (faint horizontal lines are related to the oscillo-
scope). If the flow were along this profile, streamlines would have
to bend as they cross the crease. However, the general direction of
flow is across the profile.

may wish to determine if the apparent non-steady-state behavior is the result of (1) accu-
mulation rate variations that have occurred on time scales that are short relative to the ice
sheet’s dynamical response time, or (2) a result of significant changes in the ice sheet’s
geometry and flow. Accumulation rate variations that occur on time scales that are short
relative to the dynamical response time should not significantly affect the flow field of an

ice sheet or its geometry. Because of this, it may be possible to distinguish which of the
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two causes is responsible for causing an apparent non-steady-state flow. Being able to do
this will be especially important for the interpretation of ice core records; if an ice sheet’s
geometry has undergone significant changes the interpretation of ice core records from it
can be difficult.

As pointed out in § 6.2.1, non-monotonically increasing values of vertical age-gradi-
ent will result in inferred streamlines which exhibit zigzags. This interpretation hinges on
how horizons are dated. For example, if radar horizons are dated directly from measured
ice core dates, it may be possible to eliminate zigzag features by applying a smoothing
function to the measured dates. Such smoothing of the age profile has the effect of elimi-
nating high frequency variations of accumulation rate.

If application of smoothed ages to observed radar horizons results in physically plau-
sible inferred streamlines one may conclude that the flow-field has been steady-state. If,
after smoothing the ages, the inferred streamlines are still nonsensical then one may con-
clude that the reason they are nonsensical is at least in part due to a non-steady-state flow-
field. It is likely that the second conclusion would be stronger than the first. This is
because if nonsensical inferred flow can be eliminated it is not necessarily true that the
flow has been steady-state, it may have been non-steady-state but left no conspicuous evi-
dence, but if nonsensical flow cannot be eliminated by smoothing ages then it is very
likely that it truly is a result of non-steady-state flow.

If a steady-state flow-field and geometry did exist in the past, but the accumulation
rate varied on short time scales, it should be possible to infer what the past accumulation
rate history has been based on the measured age field. Reconsider figure 6.6. The heavy
line depicts the path of an inferred streamline  which has not been corrected for the past
accumulation rate history, while the light dashed line depicts the path of an actual stream-
line. In order to make the inferred streamline match the actual streamline, the calculated
streamline parameter values must be scaled to account for accumulation rate variations.
For any given layer, the scaling will be given by the average accumulation rate divided by

the accumulation rate experienced by that layer. This is expressed by
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where A, is the average accumulation rate and A is the accumulation rate experienced by
the layer.

A steady-state streamline could be estimated by applying a smoothing function to an
inferred streamline. For an individual layer, an estimate of the ratio of the accumulation

rate experienced by the layer to the average accumulation rate will be

A S
A— = 3'— (6.16)
0 s

where §, is the streamline parameter value of the inferred streamline and § ; is streamline
parameter value where the smoothed streamline crosses the layer. The consistency of the
layering with a steady-state flow hypothesis can then be further validated by observing
other inferred streamlines which have had their streamline parameter values scaled by the
ratio given by equation 6.16 on a layer by layer basis. If the assumption that variations of
accumulation rate have not affected the flow field is correct, all accumulation rate cor-
rected inferred streamlines should appear plausible.
6.4 - Analysis of Data From the Dyer Plateau

In this section the method of streamline parameterization is applied to data from the
Dyer Plateau. The method is first applied to the stratigraphic age versus depth measured in
ice core data to deduce the shape of streamlines locally in the immediate neighborhood of
an ice summit (§ 6.4.2). The method is then applied to ice core data combined with radar
data to deduce the shape of streamlines located within a stream-sheet that crosses the same
ice summit (§ 6.4.3). In both applications the deduced streamlines are compared with
streamlines deduced from strain-rate measurements.
6.4.1- Overview of Ice Flow

Surface and bed topographies of the region investigated are shown in a perspective
view in figure 1.2 (page 4). In this region the bed topography is extremely rugged (slopes
of 1:3 are common) and appears to have a strong influence on the ice sheet’s surface
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topography. For example, the ice sheet surface topography is relatively level in regions of
deep bed topography and relatively steep in regions of shallow bed topography except in
the immediate neighborhood of a divide crest where it is relatively level for a range of ice
thicknesses. Additionally, the high points of the surface and bed topographies are approxi-
mately coincident, indicating that the present location of the divide is controlled by bed
topography and not by side boundary conditions.

The measured motions of surface survey pole markers are well correlated with sur-
face altitude gradients in most regions (Figure 6.9). This indicates that, at least for shallow
depths, the horizontal direction of flow follows surface altitude gradients as was assumed
in deriving equation 6.13.

6.4.2 - Streamline Analysis of Ice Core Data

In the immediate neighborhood of the drill site and ice summit ice radar measure-
ments indicate that internal layering is relatively level (figure 6.12). Because of this p and
w should be locally independent of horizontal position and as a result it should be possible
to deduce streamline shapes close to the ice summit based on ice core information regard-
less of whether or not the drill site was exactly coincidental with the ice summit.

Before streamline parameterization can be performed the width normalization term,
W/W,, of equation 6.12 which accounts for the lateral spreading of layers must be
known. Although precise knowledge of it is not available, it can be adequately approxi-
mated by assuming that all ice summit surface contours are similar ellipses in the neigh-
borhood of the ice summit and that the flow follows surface gradients. When this is done,

one finds from equation D.3 that

- if the horizontal x axis is aligned with the appropriate axis of symmetry. In this equation
R represents the aspect ratio of the elliptical surface contours.
If the neutral streamline is vertical and the layering is level, the streamline parame-

terization of equation 6.12 will be
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Figure 6.10: Surface topography in the neighborhood of the drill
site and ice summit. The grey dashed line indicates the path of the
RES profile used for streamline parameterization. The solid dark
line indicates the line onto which layer information was projected
in order to correct for the moderate deviation of the RES profile
from the direction of altitude gradients.

S0 = kfppinTax' = B, (6.17)

A streamline that intercepts the surface a distance x, from the divide will have a stream-
line parameter of
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§ = §i_;l'kp°w°x3“ g (6.18)
where w,, is the accumulation rate and p,, is the surface density. When equations 6.18 and
6.17 are combined the horizontal distance of a streamline from the divide is found to be

1
&
X = Xo| —— . (6.19)
pw

An age-depth relation has been determined from ice core chemical analysis to a
depth of 180 meters (figure C.1, page 166) and the density-depth relation has been mea-
sured to a depth of 100 meters (figure C.2, page 167). Ice core analysis was carried out by
Lonnie Thompson of the Byrd Polar Research Center, Ohio State University and David
Peel and Rob Mulvaney of the British Antarctic Survey. In the analysis presented here, 10
year time increments have been used when estimating # from the measured age-depth
relation and a hand fit piecewise linear approximation to the density-depth relation has
been used to estimate the density.

For comparison, it is useful to estimate the shapes of streamlines located close to the
drill site/ice summit from strain-rate information measured from borehole analysis
(Appendix C). If the horizontal strain-rate is directly related to regional surface slope, and
all surface contours are similar ellipses, it is reasonable to suppose that the minor-axis to
major-axis strain-rate ratio, du/dx : dv/dy, will be approximately equal to the aspect
ratio, R (figure D.2, page 172). Because €, = du/dx + dv/dy, the horizontal strain-rate
in the x direction will be approximately

Ju €

wm__0 6.20
ox R+1 (6.20)

If a particle enters the ice at the horizontal coordinate x = Xy ¥ = 0 with an age of zero,

its x horizontal coordinate at an age T will be
x = xyexp(EeT/ (R +1)), (6.21)

if €, does not vary with depth (equation 5.3). The age of a particle that has reached a depth
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T = -2 in(1-—[*pdz) (622)
€ Po%o

(equation 5.6). When this is substituted into equation 6.21, the horizontal coordinate x of

the streamline at a depth z is

powo R+1
X = x, - . 6.23)

Because both equations 6.19 and 6.23 involve an x, multiplied by depth dependent

quantities raised to the 1/ (R + 1) power, streamlines deduced by streamline parameter-
ization, S-streamlines (equation 6.19), and streamlines deduced from density, horizontal
strain-rate and average accumulation rate, éo-streamlines (equation 6.23), will be directly
comparable regardless of the R used as long as the same value is used in evaluating both
equations.

The measured horizontal strain-rate ratio at the drill site (dv/dy : ou/0dx, where y is
along the divide and x is perpendicular to it) is very close to 1:1.5. An ellipse with this
aspect ratio fits the highest surface contour shown in figure 6.10 relatively well; this
aspect ratio has been used in the analysis presented here.

Figure 6.11 is a comparison of streamlines found by application of equations 6.19
and 6.23. When evaluating both equations x, = 1 (arbitrary units) . The middle smooth
curve is the €-streamline described by equation 6.23 with best-fit estimates of £q and w,
found from vertical strain analysis. The other two smooth curves represent the 95% confi-
dence intervals indicated by the uncertainties in €, and w,, found from the vertical strain
analysis. The jagged curve represents the S-streamline found by application of equation
6.19 with the best-fit estimate of w,, from the vertical strain analysis. This streamline was
not evaluated at the surface. If it did, its horizontal position would equal unity only if the
surface value of W equaled the w, used. The best-fit center éo-streamline is in approxi-

mate agreement with the S-streamline and the bounding 95% confidence streamlines
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envelop the S-streamline except close to the surface where the §-streamline is closer to
the ice summit. Because the S-streamline is relatively close to the ice summit at shallow
depth, this indicates that over the last ~50 years (age at ~40 m) there has been a significant
increase in the accumulation rate (§ 6.3).

Equation 6.16 can be applied to the S-streamline and the smooth £o-streamline

distance from divide, arbitrary units
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Figure 6.11: A comparison of streamlines determined from stream-
line parameterization (jagged curve) and vertical velocity informa-
tion gained from borehole measurements.

defined by equation 6.23 to estimate the past accumulation rate. S, will be given by equa-
tion 6.18 and S will be given by equation 6.17 with equation 6.23 substituted for x. When

these values are substituted into equation 6.16 the past accumulation rate is found to be
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This is equivalent to equation C.4 (A — w and Ay—> w,) as one would expect because
both equations are based on the assumption that accumulation rate variations occur only
on time scales much shorter than an ice sheet’s dynamic response time.

In this application of streamline parameterization there is no advantage to estimating
the past accumulation rates by the streamline parameterization method over the more con-
ventional treatment discussed in appendix C because within the depths sampled by the
shallow ice core, strain effects can be easily modelled. However, in situations where it is
more difficult to model ice flow, the streamline parameterization method may be the only
method available for estimating past accumulation rates.

6.4.3 - Streamline Analysis of Ice Core Data Coupled With Radar Data

Although over 200 km of radar profiles were collected from the Dyer Plateau Ice
Sheet (figure 6.9), only a single 4 km section closely follows a flow-line that crosses an
ice summit (figure 6.10). Because the streamline parameterization method requires that
horizon depths be known along flow-lines that cross a neutral streamline, only this short 4
km section of radar profile (figure 6.12) appears to be appropriate for streamline parame-
terization.

The right side of this radar profile (drill site «<» B) closely follows the direction of
altitude gradients (figure 6.10). However, the left side of the radar profile (A < drill site)
moderately deviates from them. This deficiency has been corrected by projecting layer
altitudes (surface, internal and bottom) measured along this interval onto a line that more
closely follows a flow-line (figure 6.10) by equation D.1. This projection has the effect of
stretching horizontal distances along the radar profile to account for the fact that the radar
profile does not exactly follow the direction of altitude gradients.

The radius of curvature of surface contours was digitized along the solid dark line
shown in figure 6.10 and W/ W, was calculated as described in appendix D. The digitized

radii of curvature and calculated W/ W, are shown in figure 6.13.
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Figure 6.12: RES profile used for streamline parameterization. A, B
and ‘drill site’ are indicated in figure 6.10. The echo from the ice
drill is clearly visible. The ice is 365 meters deep beneath the drill
site.

The ‘picking’ program described in § 4.5 was used to digitize six prominent internal
reflecting layers. Ice core information was used to establish the ages of the three upper

most layers; it was not possible with available data to date the bottom three layers which
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Figure 6.13: Digitized radius of curvature of surface contours
(black lines) and lateral spreading factor, W/ W, (grey lines) used
on the radar profile.

were below the deepest ice cores.

The stratigraphically digitized layers are shown in figure 6.14. The first digitized
layer is approximately 100 meters deep. Below this depth layers are digitized approxi-
mately every 50 meters. Because of the radar transmitter’s 0.8 psecond long air-wave it
was not possible to establish radar reflections shallower that about 100 meters.

The inverse vertical age gradient, w, was established at depths halfway between

adjacent measured horizons by
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Zn+l _zn

W=
Tn+1_Tn

z, . and z_ represent depths of two horizons and T

2+1 and T represent their ages found

from the ice cores. Along the surface the vertical age gradients were set equal to the accu-
mulation rates established from surface marker burial rates (§ 5.2.3; figure 5.7).

Densities at the depths halfway between the measured horizons were determined
from a piecewise linear approximated density relation discussed above and shown in fig-
ure C.2 (page 167).

In order to evaluate the streamline parameterization equation it was necessary to
specify a neutral streamline. Due to a lack of knowledge of the ice sheet’s absolute
motion, the divide crest was selected for the surface location of the neutral streamline and,
due to a lack of knowledge of the ice sheets internal motion, the neutral streamline was
approximated as a vertical line; these are both standard assumptions.

With the necessary information for the evaluation of streamline parameterization
specified, streamlines were calculated; the resulting streamlines are shown in figure 6.14.
These streamlines extend to less than half of the total ice thickness because of the shallow-
ness of the ice core information. They do not show any obvious characteristics such as zig-
zags indicative of non-steady-state flow.

For comparison, streamlines were also calculated from surface motion measure-
ments. This was done by assuming that the horizontal strain-rate is depth independent.
With this approximation the horizontal velocity at depth is simply equal to the surface
velocity and the vertical velocity at depth is given by equation C.3,

The shapes of streamlines were established by numerically tracing particles passing
through the specified velocity field. These streamlines are shown in figure 6.14 along with
the streamlines found from streamline parameterization.

The streamlines determined from observed surface motions, €,-streamlines, have
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Figure 6.14: Digitized radar profile and deduced streamline and
horizons. The dark horizons are digitized reflection horizons and
the grey horizons were deduced from surface motions. The dark
solid streamlines were deduced from streamline parameterization
and the light broken streamlines were deduced from surface motion
measurements.

been traced until they stop (center streamline) or they pass out of the stream-sheet. The
éo-streamlines have the physically realistic property of not passing into the ice sheet's bed

within the section; if they did, this might indicate basal melting. However, at the left side
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of the profile the streamlines almost reach the bed. Additionally, they have the physically
unrealistic property of passing through the deepest three horizons more than once on the
right side of the section.

By following the ages of particles as they move down the strain-rate streamlines it is
possible to generate syntheric isochrone horizons that can be compared with observed
horizons®. This was done for three horizons for ages matching the dated radar horizons
(figure 6.14). The synthetic horizons closely follow the radar horizons near the drill site
but are significantly shallower than the observed horizons on the right side of the section
and significantly deeper than the observed horizons on the left side of the section. This
would appear to indicate that on the right side of the profile (east side of the divide) the
recent measured accumulation rates were lower than long term past values and on the left
side of the profile (west side of the divide) the recent measured accumulation rates were
higher than past values. Since the shallowest horizon is 175 years old (this is the same
horizon discussed in § 5.2.1), the present measured accumulation rate pattern would then
appear to be significantly different from the average accumulation rate pattern over the
past 175 years.

The pattern of accumulation rate mismatch can also be seen in a comparison of the
streamline parameter streamlines and the strain-rate streamlines close to the surface. As
illustrated in figure 6.15, an increase or decrease of the value of accumulation rate, Wy
used at the surface will affect the slopes of the streamline parameterization and strain-rate
streamlines close to the surface in opposite senses; parameterization streamling slopes will
decrease with an increasing value of accumulation rate, while strain-rate streamline slopes
will increase. This is exactly vthe behavior of the two sets of streamlines shown in figure
6.15. On the left side of the divide parameterization streamlines have lower slopes than the
strain-rate streamlines and on the right side of the divide the parameterization streamlines

have higher slopes than the strain-rate streamlines.

3. This technique was used by Whillans (1976) to analyze the steady-state nature of the West Ant-
arctic Ice Sheet. Whillans determined that internal reflection horizons in central West Antarctica
were essentially consistent with horizons deduced from surface velocity and strain-rate measure-
ments.
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Figure 6.15: A comparison of the effect of over and underestimat-
ing the accumulation rate on streamlines deduced from surface
motions and streamline parameterization (S(x)).

streamline’s parameter value, S.
For any given horizontal position, X, at the surface the streamline parameter will be

X w
Sy = JOPOWOW;dx'

dinate, x, of a streamline is defined by the location at which equation 6.12,

[Fonrdx,
0 WO
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This relationship between streamline slope and accumulation rate is easily under-
stood for the strain-rate streamlines since their slopes near the surface will be equal to the
ratio of accumulation rate to horizontal velocity. To see that this is true of the parameter-

ization streamlines one must consider what increasing the accumulation rate does to a

(6.24)

Increasing w, will cause Sy to increase. Within a layer in an ice sheet the horizontal coor-
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evaluates to the streamline’s parameter value. If Sy increases as a result of an increase in
Wy, the horizontal position where a streamline originating at X passes through a layer
must also increase. As a result, the slope of a streamline passing from the surface (where
equation 6.24 is evaluated) to the first internal layer where equation 6.12 is evaluated will
increase if w, is increased.

The pattern of accumulation rate mismatch also explains why the strain-rate stream-
lines almost pass into the bed on the left side of the section and why they are so shallow as
to pass through horizons twice on the right side of the section. When the accumulation rate
is overestimated it causes streamline slopes to be too steep resulting in streamlines run-
ning too deep. When the accumulation rate is underestimated it results in streamline slopes
that are too shallow and streamlines that are not deep enough.

As mentioned in section 2.1.1 (page 7), past east-west shifts of atmospheric circula-
tion should be detectable in the ice of the Dyer Plateau. One may be tempted to conclude
from the streamline analysis that such a shift has taken place; however, the strength of this
conclusion seems to be weak. A comparison of figures 6.10 (page 113) and 5.7 (page 78)
shows that only six pole burial measurements were used to infer the pattern of accumula-
tion rate along the RES profile used. A comparison of these figures with figure 6.14
(page 121) shows that the streamline mismatch in figure 6.14 is associated with burial
measurements from only two poles (the two extreme west-east, left-right, poles) along the
RES profile used; the significance of a conclusion based on only two accumulation rate
measurements is not clear.

In chapter 5 I have compared 50 accumulation rates from survey pole burial mea-
surements with estimates inferred from a shallow reflection horizon that dates to 1815.
Figure 5.12 (page 85) shows the difference between the measured and the estimated accu-
mulation rates plotted against east-west position. If the recent accumulation rate pattern
was systematically different from the average over the past ~175 years (1990-1815), one
would expect to find structure in this plot. For example, if the recent winds were more
easterly than normal, there might be greater accumulation on the sheltered west slopes and

more scouring on the exposed east slopes; data points on the left (west) side of the plot
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would be generally positive and data points on the right (east) side would be generally
negative. No such trend is apparent and therefore the short term (1988-1990) and long
term (1815-1990) accumulation rate pattemns do not appear to be systematically different.

Because w, only determines what streamline parameter values will be on the sur-
face, beneath the surface layer streamlines determined from equation 6.12 will not be
influenced by the surface accumulation rate pattern. Because of this, the streamline
parameterization method should allow stronger statements to be made about flow than
flow modeling methods that are sensitive to the accumulation rate pattern at all depths

such as the method used here which is based on observed surface motions.

*

The analysis of the RES data presented here indicates that internal stratigraphy in the
upper half of the Dyer Plateau’s ice column is consistent with steady-state flow. Thus, if
the flow has changed over the past ~500 years (age at the middle of the ice column), it has
not done so in a manner that has left the stratigraphy conspicuously altered. Because ice
cores were only collected to a depth of 235 meters, it has not been possible to use the
methods developed here to the lower half of the ice column.

The method presented for determining if stratigraphy is consistent with steady-state
flow requires a qualitative judgement on whether or not flow deduced from stratigraphy is
physically realistic. In the future, this judgement could be made more quantitative by
applying a rheological model to the deduced flow in order to determine if it satisfies
momentum conservation. An apparent violation of momentum conservation within an ice
sheet could then be interpreted as evidence for non-steady-state flow.

The analysis of ice core stratigraphy presented in this chapter and in Appendix C
indicates that from 1940 to 1990 the water equivalent accumulation rate has increased
from approximately 0.44 to 0.56 meters/year (see figure C.3, page 168). Because of data
uncertainty, the long term accumulation rate history before 1940 is more difficult to deter-
mine. However, from 1514 to 1940 short term accumulation rate variations comparable to

the 1940 to 1990 increase are observed.



Chapter 7

Conclusions

The body‘of work presented in this thesis is divided in two parts: (1) methods for
defining ice sheet stratigraphy (chapters 3-4) and (2) the interpretation of internal layer
stratigraphy (chapters 5-6). In this chapter I summarize some of the highlights of these two
parts and briefly discuss some future extensions and applications.

7.1 - Methods for Defining Ice Sheet Stratigraphy

A unique, powerful, impulse transmitter was designed and constructed for RES. The
transmitter was combined with antennas, an amplifier, a digital oscilloscope and a com-
puter. The RES system has yielded scientifically useful data. On the Dyer Plateau continu-
ous bed echoes have been recorded to depths of over 1000 meters and continuous internal
reflection horizons have been recorded to depths over 500 meters. The instrumentation has
already benefited other research projects. It has been successfully operated in other parts
of Antarctica (Beethoven Peninsula, Taylor Dome), Alaska (Blackrapids Glacier) and the
Canadian Arctic (Agassiz Icefield). On Taylor Dome continuous internal layering was
detected near bed rock at depths of over 1000 meters.

I'have performed a migration analysis on the Dyer Plateau RES data in order to con-
vert observed two-way radio wave travel times into ice depths. From this analysis I have
found two useful simplifications: (1) By using only the apexes of reflection hyperbolas
when estimating depth, ice depth can be estimated essentially as accurately as by formal
migration and (2) internal reflection horizons are so nearly level that they do not require
migration. These simplifications will apply to most ice sheets, although not necessarily
everywhere. When analyzing data from other ice sheets, future analysts would benefit
from determining if they apply before turning to formal migration.

7.2 - Interpretation of Internal Layer Stratigraphy
In this thesis I have assumed that internal RES reflection horizons originate from

past ice surfaces and consequently they reveal the geometry of an ice sheet’s age structure.
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Using this assumption and measured RES horizons that have had their ages determined by
comparison to ice core measurements, I have attempted to understand ice flow in the
region studied. I have broken this problem into two parts. In the first part I have used a
shallow reflector to deduce the spatial pattern of snow accumulation and in the second part

I'have used deeper horizons to determine ice flow at depth.

Accumulation Patterns and Shallow Reflection Horizons

I have found that in the vicinity of an ice divide on the Dyer Plateau, the depth of a
bright near surface reflection horizon correlates well with the present spatial pattern of
snow accumulation measured from the burial of survey poles. The reflection horizon was
dated from ice core stratigraphy and appears to be associated with the eruption of Tambora
(1815 AD). It is likely that this horizon is observable over much of Antarctica and may
allow the spatial pattern of accumulation to be rapidly measured over large areas. Previ-
ously, the spatial pattern of accumulation had to be determined from shallow snow stratig-
raphy measurements or from the burial rates of surface markers. The first method is labor
intensive because it requires digging snow-pits or drilling ice cores. The second method is
time consuming because field sites must be revisited and is potentially inaccurate because
of inter-annual accumulation rate variability and snow surface roughness.

In order to directly correlate the depth of shallow marker horizons with the measured
accumulation rate I have developed a simple theory that takes into account densification
and horizontal divergence. The theory requires knowledge of the density depth profile and
the horizontal rate of divergence. If the horizontal rate of divergence is not known, the
ratio of the layer’s depth to total ice thickness can be substituted.

On the Dyer Plateau, the accumulation rate varies spatially by more than 50%. In
general, accumulation rates are highest in areas of concave surface slope. During snow fall
and drifting sheltered lee slope areas, defined by the wind direction, should receive higher
accumulations. Consequently, the accumulation rate pattern should have changed if the
prevailing winds have changed and a record of this would have then been left in the
stratigraphy. In the area studied, internal layering shows no conspicuous features indicat-

ing that this has occurred. Additionally, the recently measured pattern of accumulation rate
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is not systematically different from the accumulation rate pattern deduced from the depth
of the 1815 horizon. This indicates that the recent pattern of prevailing winds is not signif-
icantly different from the average pattern over the past ~175 years (1815-1990). The his-
tory of the accumulation rate pattern could be investigated in greater detail by comparing

the stratigraphy of ice cores taken from several locations around the ice divide.

Internal Ice Flow and Reflection Horizons
Towards understanding ice stratigraphy I have developed a mathematical framework
for describing the relationship between age and velocity in a steady-state flow. I have
shown that under the following conditions velocity can be deduced from a steady-state age
field:

One-dimensional flow: Velocity can be deduced from an age field but
the deduced velocity may not be consistent with mass conservation
(continuity).

Two-dimensional flow: Velocity can be uniquely deduced from an age
field if one streamline that crosses all isochrones is specified.

Three-dimensional flow: Velocity cannot be uniquely deduced from an
age field. However, if the horizontal direction of flow does not vary
with depth, a unique velocity field can be deduced within any
stream-sheet generated from a flow-line if one streamline that crosses all
isochrones is specified within that stream-sheet (see page 91 for termi-

nology).

I have found a simple equation that parameterizes streamlines. The parameterization
is based on continuity and an assumption of steady-state flow and it involves an integral
that is evaluated along isochrones. The integral can be easily applied to RES internal
reflection horizons that have been dated. If the ice sheet has been in steady-state, contours
of constant parameterization value will coincide with streamlines.

Features in the shapes of streamlines deduced from the parameterization that show
physically implausible characteristics may indicate that flow has not been steady-state. I
have outlined a procedure to determine if such implausible streamlines require non-

steady-state flow or if they can be more easily explained by high frequency accumulation
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rate variations that have not significantly effected ice flow. This should be especially use-
ful in the interpretation of ice core records because if an ice sheet’s flow and geometry
have undergone significant changes, the interpretation of ice core records taken from it
will be more difficult. It should also be useful in the interpretation of RES profiles from
regions such as the West Antarctic ice sheet where there is interest in flow history (Alley
and Whillans, 1991).

The streamline parameterization method does not require force balance calculations.
This is advantageous when ice rheology or boundary conditions are not well known.
Another advantage of the method is that it does not require an input accumulation rate pat-
tern. If accumulation rate variations are taken into account, in principal the method can be
used to determine the strain-rate at depth.

The streamline parameterization requires that RES profiles follow the horizontal
direction of flow. RES was not performed with this particular goal. Consequently, of the
200 km of profiles recorded, only one 4 km section was easily usable for streamline
parameterization. Other profiles require difficult and uncertain interpolation between grid
lines. Ice core stratigraphy measurements were used to date some of the horizons from this
section and with this information streamlines were calculated. The deduced streamlines
show no conspicuous features indicative of non-steady-state ice flow. However, the ice
cores used to date the reflection horizons penetrated to only half of the ice sheet’s thick-
ness. Therefore, the ice sheet may still harbor unobserved evidence of a non-steady-state
past on longer time scales.

In the region investigated, surface motion measurements show that horizontal direc-
tion of flow is well correlated with the direction of surface slope. Therefore, even though
surface motion measurements were not available at the time, it would have been possible
to have recorded RES profiles that followed the direction of flow by following surface
slopes. This should be kept in mind in the future; square grid profile strategies may not
always be the best approach.

The method that I have used for determining if measured stratigraphy is consistent

with steady-state flow requires a qualitative judgement on whether or not deduced flow is
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physically realistic. This step could, in the future, be made more quantitative by applying a
rheological model to the deduced flow in order to determine if the deduced flow satisfies
momentum conservation within an ice sheet.

The streamline parameterization has also been directly applied to stratigraphic age
versus depth measured in an ice core to deduce the shape of streamlines locally in the
immediate neighborhood of an ice summit. With an assumption that the flow field of the
ice sheet has been steady-state, the shape of these deduced streamlines indicate that over
the past 50 years (1940 to 1992) accumulation rate has increased. A separate analysis
derived from ice core stratigraphy that directly takes into account horizontal divergence
and densification arrives at the same conclusion (Appendix C). The streamline analysis,
and the analysis presented in Appendix C, indicates that there were significant accumula-
tion rate variations before 1940. The history prior to 1940 is more difficult to interpret due
to data uncertainty but it is consistent with a trend of increasing accumulation rate over the
past 200 years. As discussed above, recent accumulation rate measnrements made from
survey poles are consistent with rates inferred from a RES horizon of 175 years age. This
indicates that if the measurements made from the survey poles follow the 50 year increas-
ing trend, the average accumulation rate from 1815 to 1940 must have been greater than
the value at 1940. The trend of increasing accumulation rate over the past 50 years agrees
with snow fall observations and inferred accumulation rates from other locations around
the Antarctic Peninsula (pages 9-10). This trend may be related to a general warming trend
that has resulted in increased humidity and a subsequent increased precipitation.

Perhaps the most significant aspect of this thesis is that I have shown that ice stratig-
raphy can be analyzed directly to infer ice motion. In doing this I have bypassed the oft
travelled path of ice flow modelling. Although this new approach does not necessarily
make ice flow modelling obsolete, it does, at very least, offer a new way to think about ice

flow.
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Appendix A

Calculation of Reflection Coefficients

Many types of dielectric interfaces can exist within an ice sheet and for each type
there are likely to be several factors which will determine the observed strength of a radio
wave reflection from it. In this appendix I explore what I believe to be some common
dielectric interfaces within many glaciers and ice sheets. A fairly accessible treatment of
much of the material presented here is given by Hyatt (1958) and Ramo (1965).

A.1 - Wave Equation
It is appropriate to begin by examining the electromagnetic wave equation for a

dielectric material. I start by deriving the wave equation for a perfect dielectric from three

of Maxwell’s equations:
VXE = —iouH AD
VxI-;! = imeZ‘ (A2)
Ve sg‘ = p,. (A3)

When the curl of equation A.1 is taken and equation A.2 is substituted for the curl of H it

results in
Vx VxE = =W (icer) (A4)
which simplifies to
Vx Vx Z‘ = mzuei. (A.5)
The left side of A.S expands to
VxVXE = V (Vo) - V2E.

In the absence of a net space charge the charge density, p o» Will be zero allowing equation
A.S to be simplified to
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V2E = —@’peE. (A.6)

Equation A.6 is the wave equation for a perfect dielectric and it has the solution

= e
= E, )

The quantity y= o»/ﬁg , known as the propagation constant, describes how a wave’s phase

changes with position. The quantity v= (lL€) V2 is the velocity of wave propagation.For

an imperfect dielectric equation A.2 becomes
VxH = i0E + 6E

- (A7)
= io (s + T‘_’_ )E
io

The quantity inside of the brackets, £ = e+0/i0, is defined as the complex permittiv-
ity of the dielectric. In general 6/i® can take into account any process which is attenuat-
ing and does not have to correspond to an actual physical current. It is useful to define the
loss tangent, tand = o/ we, which is the ratio of the effective conduction current to the
effective displacement current. In the frequency band used in RES the loss tangent of ice

is off the order of 10—3. For small values of loss tangent the propagation constant is
=i— |-+ oJue| 1+ -tan®d |.
Y= »/; He ™s

1/ (Imy) is the characteristic distance of attenuation. For polar ice at RES frequencies
g=3.2g, and o~ 10uS/m. This yields a characteristic distance of approximately one
kilometer. The thickest ice sheets are of this same scale which means that it is possible to
sound their depths. When the propagation constant is complex the wave velocity is given
by o/ (ReY) . Since tan’5/8 « 1 the wave velocity depends primarily on the real part of
the permittivity.
A.2 - Reflection from of a Dielectric Boundary at any Angle of Incidence
Figure A.1 illustrates an electromagnetic wave being reflected and transmitted from
a dielectric interface. The interface is defined as the boundary between two half spaces of

different intrinsic impedances 1, and 7,. Intrinsic impedance is defined as the electric to
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Figure A.1: The nomenclature used in describing a wave reflect-
ing off of a dielectric interface.
magnetic field ratio (n=E/H) of an electromagnetic wave. It is easily shown that
N = J)/¢e . In ST units the intrinsic impedance has units of ohms and that of free space is
approximately 377Q.
Polarization 1: E in plane of incidence
The electromagnetic continuity conditions of the interface are
E _+E_=E, (A3)
and

H, +H,_ =H, (A9)

where the + and - symbols indicate down and up going waves in region 1 and the 2 indi-

cates fields in region 2. The wave impedance in terms of the tangential field components is

E E
Z, === (A.10)
Hy+ Hy
in region 1 and
E
2
Z = — (A.11)
2
t Hyz

in region 2. Combining equations A.9, A.10 and A.11 gives
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—Zﬁ -5 = Z—"z (A.12)
n “n 12
Combining equation A.8 and A.12 gives the reflection coefficient
E Z,-2
r= Ei— = ZZ+ZZ' (A13)
However the tangential wave impedances are also given by
Z, = m,c0s0, (A.14)
and
Z, = 1M,c0s0,. (A.15)
From Snell’s law it can be shown that
c0s®, = Jl = (vp/v)) %sin’@, (A.16)

where v, and v, are the respective wave velocities. If the magnetic permeability, [, is the

same in the two regions then
(/)2 =g /¢, (A.17)
and

/M, = /z-:z/:-:I (A.18)

When equations A.14 through A.18 are substituted into equation A.13 the reflection coef-

ficient, r, is found to be

g ,s
1, 2
1-—sin*@, - [=cos®,
£ g
2 1
r= .
e

g
1, 2
1-—sin*®, + [—cosO,
) &

Figure A.2 (dashed lines) shows the power reflection coefficient (R = A 2) fora2%

(A.19)

range of dielectric contrasts for the range of angles 0° to 45°. Close to 45° the reflection

coefficient drops to zero. This angle is named for its discoverer, Sir David Brewster, and is
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given by

Figure A.2: Power reflection coefficients for a 2% range of
dielectric contrast and a 0 to 45 degree range of angle of inci-
dence for the two principal polarizations. For the polarization of
the electric field in the plane of incidence there is an angle at
which the reflection coefficient is zero (Brewster angle).
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As a practical example consider a reflection from a quartz rich bed rock. The relative per-

mittivity of quartz is approximately 5.0 and that of ice is approximately 3.0. This gives a

Brewster angle of 52°. Typical ice-ice interfaces will have a dielectric contrast ratios

which are close to unity and will thus have Brewster angles which are close to 45°.
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Polarization 2: ZI normal to plane of incidence

The arguments leading to the derivation of the reflection coefficient for the case of I:"
normal to the plane of incidence are identical to those of E in plane of incidence up until
the point at which the tangential wave impedances are specified as a function of angle and

intrinsic impedance. At this point equations A.14 and A.15 must be replaced by

Z,= nz/ﬁ (v,/v,) *sin’@, (A.20)
and

Z, =n,secO,. (A21)
The reflection coefficient is then found to be
-1/
(1- (g,/6)) %sin20,) " = [e,/e 5000,

(1- (/) sin?0) ™"+ e, /¢, 50¢0,

r (A.22)

Figure A.2 (solid lines) shows how this appears for a 2% range in dielectric contrast.
The power reflection coefficient slowly increases with angle.

A.3 - Reflection Coefficient of a Thin Layer

I will now derive the reflection coefficient of a thin dielectric slab imbedded in a
host medium of different dielectric constant. Such a slab might exist in an ice sheet if, for
example, one season’s thickness of ice at depth has different dielectric constant than nor-
mal.

First consider a sinusoidal wave impinging on a dielectric interface as shown in fig-
ure A.3. The magnetic field is taken to run in the ¥ direction and the electric field is taken
to run in the % direction. On the z < 0 side of the interface the electric field will be com-
posed of the sum of the forward and backward travelling wave components. Their sum is

given by
E(z<0) = ¢[E e +E ™| (A.23)

where plus and minus signs indicate the direction of motion and ¢, ®, and v represent

time, angular frequency and wave velocity respectively. Omitting the time dependance
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ior

part of the solution, e, the magnetic field is given by

H=1 [E,e"-E "], (A24)
m
Requiring continuity in the electric and magnetic fields across the interface and following

derivations similar to those found in sections A.2 and A.3 it can be shown that the electric

field ratio on the left hand side of the interface is given by

(A.25)

At this point it is possible to find the effective wave impedance at some distance [ in
front of an interface. This is the ratio of the electric and magnetic fields and includes both

incident and reflected components. It is found by dividing equation A.23 by A.24 and then

substituting A.25. This gives
= 1 |:eiBl +re”P l:l 426
i U Bl -iBl :
The i subscript denotes that this is the effective impedance of the interface and = w/v,

where v is the velocity of propagation. When equation A.25 is substituted into A.26 it

gives
M,cos Bl +in, sinpl
, = . A27
=M N, cosPl + in,sinpl (A.27
At the point z = ~/ we now introduce a second dielectric interface:
Mo I n l M,
z=-l z=0
The reflection coefficient of the two interfaces will be given by
N;=My
r= (A.28)

N;+ Mg
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We are interested in a thin slab wedged between two half-spaces of equal dielectric

constant. This requires that n, = M, and / «A where A is the wavelength. The intrinsic

impedance just right of (behind) the first interface will now be approximately

When this is substituted into A.28 it gives
_ipl(nj-ng)
r= 22
2nm,+ ipl (ny +1g)

This can be evaluated for the power reflection coefficient which is found to be
2,2 2
9 (ﬂl - Tlg)

2
amm,+0>(m2+nd)

where 6 = B/. For a thin layer
2
anm,»8*(mi+nd) "

This allows A.30 to be simplified to

2 2
R = g.(ﬁ)
4 \g,

where Ag is the difference in permittivity between the host material and the layer.

Reflection Due to a Conductivity Change:

(A.29)

(A.30)

(A.31)

If the low frequency conductivity of the thin layer is different than that of the host

material then the complex permittivity, £ = e_+0/im, of the layer will be different by

the amount Ae = Ac/® (see section 2.3.3 for an explanation of € ). When this is substi-

tuted into equation A.31 the power reflection coefficient is found to be

2
VE

(A.32)
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It is some what surprising that this is not a function of the frequency of the radio wave.
As a useful example consider a layer which is 10 centimeters thick and has a conduc-

tivity which is 1018/ m different than the host material. This is a situation which might

commonly occur within actual ice bodies. This would result in a power reflection coeffi-

cient of

(ZA_G)2 (0.1m) (10u8/m) 2
(167m/us) (3.0x8.85x10 2C*N "' m™2)

Reflection Due to 3 Density Change:

Ackley and Keliher (1979) show that the permittivity of ice as a function of density,

g=¢ ,:1+3(Dice—D][ 8O—Sit:e J:l
e Dice 28ice + 80

where €, , is the permittivity of solid ice and g, is the permittivity of free space.
If the thin layer in question has a different density than the host material then it will

= 5x10"° = —724B.

D, is given by

have a corresponding difference of permittivity which is given by

Ae = 3¢ D,-Dy\( g -¢,,
fee D, )\2&,.+¢,

where D and D, are the densities of host and the layer respectively. Substituting this into

equation A.31 gives a reflection coefficient of

(D, -D,) \?
R = (gﬂl—‘D—o—) (A33)
v

ice
if the permittivity of ice is taken to be exactly three times that of free space. Notice that
unlike the reflection coefficient due to a conductivity variation, equation A.32, the reflec-
tion coefficient due to a density variation is frequency dependent and increases as the fre-
quency squared.

For example the power reflection coefficient at 10 MHz for a layer 10 centimeters

thick and has a dens:ity 1% different than the host material, which is a reasonably large
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variation beneath the densification layer, is about 4x10™ (=744B).

Reflection From a Film of Water:

Because water molecules are more free to rotate the permittivity of water is much
higher than that of ice (¢ /€= 80, ¢, /€, = 3) at RES frequencies. The velocity of wave
propagation in water is approximately 33m/ps. When this velocity and these primitivi-
ties are inserted into equation A.31 the power reflection coefficient for a 1 millimeter thick
film of water is found to be 6x10-4 (-32dB) at a frequency of 10 MHz. This is more than
four orders of magnitude larger than the power reflection coefficients found above! and
shows that if liquid water is present inside an ice body it should act as a strong scatterer

regardless of its electrical conductivity.



Appendix B
Circuit Design of MOSFET Transmitter

In this appendix I present detailed circuit diagrams of the MOSFET transmitter dis-
cussed in chapter 3. Component values and part numbers are listed at the end of the this
appendix.

In figure B.1 I break the transmitter circuit into five sections. The logic circuit sec-
tion is further broken down into six subsections as shown in figure B.2. The +15volt cir-

cuit used was commercially produced and its circuit diagram is not shown here.
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Logic Circuit: Trigger Timing

Trigger Out

-

Trigger In

T1 = 36uSec

Ti
Trigger Out 4;2» T2 = 30pSec

Inhibit ‘ / Inhibit = 0 causes Trigger Out to stay low

Figure B.3: Trigger timing subsection of logic circuit. The “Trigger Out”

line toggles approximately 36pseconds after the “Trigger In” line swings
high. During this time interval the output capacitors (C21 and C22) are
charged. When the “Trigger Out” line swings high, it causes the firing cir-
cuit to switch the output MOSFETs (Q16-Q19).
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Logic Circuit: High Voltage Control

Charge Pulse> [—]
v |
. : V" output pulse width = 13 to 18 pSec
V" gs .
] depending on V
6- l RS
3] 4 38 R7
Out Reset .
Thr P R
——p»—— Trig Dis 7
Trigger 1cs “7 ] j.:—
T
Gnd Cv 6
1 5
s :J]: y+ RBC8
\A - — AN
= Firing 6=
‘_’_“,A Ic4 9_
R12 RI6 v 518 R Qf
AN L 73
RI3 R14 )
+5* = AAA—2 7 g g+ RO
o 9z Al syl
= RIS Charging 12| A =
= — 12} IC4
i v LB R_Qp
RI10 - T13
Rl v, R20

% >
@J_‘_:__ Tnhibit
(o: I
R3S
C10 ™

J

R26

- —
+5* ' i

R28

Lights When l
Supply Voltage Low R27 Q —
v+

Figure'B.4: High voltage control subsection of logic circuit. This circuit



pulses the high voltage transformer (see figure B.11).

Logic Circuit: Overload Protect

v+ c12 v+ c13
Charge Pulse —RB 2 1 :R3!0 '14| 1€ |1s l Q@

—P—A I8 ™= 1fa o =] =
B R 7 B Q
5 T l m }f 9
3 13 R31
t !
V+
Reset =
B
W |5 == v
- 9
R S 1 L / < Ry
Vi 9%p ", Ck S
Q ] L |
" 14 v+ R34 = Charging
- vt -

Inhibit

Qs

Figure B.5: Overload protect subsection of logic circuit. This circuit pre-
vents the transmitter from firing if a short is place across the transmitter
output.
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Logic Circuit: Firing Detection

———A\NNN— v+
R38
- R3S 2
tFiringDetect. AR
+ R36 / +57
R37 R39

Figure B.6: Firing detection subsection of logic circuit. This circuit directly
detects the firing of the transmitter

Logic Circuit: Charging Detection

MV
R42 5 n RS
P AAAN T 7 Charging
+Charging Detect sl o7 —
+

R43

Figure B.7: Charging detection subsection of the logic circuit. This circuit

directly detects the charging of the output capacitors



Logic Circuit: Startup/Reset

v+ v
. A
+5* 6 R47 14
1 4
7 A |
B RICIO Q % Q6
R4 3 Close To Reset
l . 2 |t = I Overload Protect
v \'Al ___I

= RE o1 e s

‘ 7
Reset

RS0

Figure B.8: Startup/reset subsection of logic circuit. This toggles the firing
and reset lines approximately one second after the transmitter has been
turned on. This sets the logic circuit in a state in which it can be fired. If the
overload detect subsection detects that the transmitter has been shorted,
closing switch S1 will return the logic circuit to a state in which it can be
fired.
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Firing Circuit
—— T -
+15v RS8 RED CU_,E +15v
Yoo =
RS9 {
RS3
+5v ®
— Qs +FIRE
C16 -L >
; RS2 R61
Trigger In Common
Qu
RS1 8
Common Q2
-FIRE
= -
Q4
-15v -15v
—b o

+15v

Qls

ek | L
T__=F_T

—’JE C18

+5v

Figure B.9: Transmitter firing circuit. When the voltage on the “Trigger in”
line rises the voltage in the “+FIRE” and “-FIRE” lines simultaneously go
to +15 volts and -15volts respectively. This causes the output MOSFETS to

switch.



High Voltage Output Stage
+
-
Charging Detect
___—__»
o1 =
— To Anienna -
R12
RT3 R76
-Fire R77
Fi = R70 R74
D8 Ré6
-15 volts | l f
————— i @ pu
D9 Rl R7
Q19
-1000 yolts \;:X/L 4‘?; L
To enna
—
Firing Detect
+

Figure B.10: Transmitter high voltage output stage. When the “+FIRE” and
“-FIRE” lines go to +15 and -15 volts MOSFETs Q16-Q19 switch causing
an abrupt change in voltage to occur on the lines labeled “To Antenna”. See

section 3.4.2 for a more detail discussion.
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High Voltage Supply

Ti

L 2
+ From Power Supply

I

—- +1000 volts
®
Charge Pulse R78

Q19 Q0

- R79
@ - ® Com
From Power Supply

Figure B.11: Transmitter high voltage supply circuit. When the “charge
pulse” line is pulsed it causes MOSFETs Q19 and Q20 to momentarily
switch. This causes a current pulse to pass through transformer T1 which in
turn causes a high voltage pulse to be generated at the transformers output
side. This high voltage pulse is then sent to the output capacitors via the
rectifier bridge of diodes D12-D15 and the charging resistors R64 and R67.



Table of Resistor Values (all values are in Ohms)
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# Value # Value # Value # Value # Value
R1 1k R2 100 R3 2.2 R4 56k RS 47k
R6 105 R7 6.8k R8 5.6k RO 1k R10 | 2k
R11 | 1k R12 | 1k R13 | 5k R14 [ 12k1% | R15 | 12k

1%
R16 | 12k R17 | 12k RIS | 12k R19 | 39k R20 | 1k
1% 1%
R21 | 1.5SM R22 | 51k R23 | 1k R24 | 1k R25 | 10k
R26 | 20k R27 | 12k R28 | 6.8k R29 | 20k R30 | 20k
R31 5k R32 20k R33 1k R34 10k R35 12k
1%
R36 12k R37 12k R38 12k R39 27k R40 1k
1% 1% 1%
R4l | 10k R42 | 15k R43 | 15k R44 | 50k R45 | 50k
1% 1% 1% 1%
R46 M R47 10k R48 100k R49 9.1k R50 1k
R5! | 1k R52 | 1k R53 |15 R54 | 120 RS5 | 270
R56 | 270 R57 | 100 R58 | 270 R59 | 270 R60 | 47
R61 220 R62 220 R63 47 R64 1k R65 2.2k
Law Yow 25w Law
R66 | 2.2k R67 | 1k25 |R68 | 4.7M R69 | 4.7M R70 | 4.7M
Vaw w 2w 2w 2w
R71 [47M2 |R72 J1k25 {R73 |27 R74 |27 R75 | 1k
w w law Yow 25w
R76 33 R77 33 R78 100 R79 1k
Vow Law law Yow
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Table of Capacitor Values
# Value # Value # Value # Value # Value
C1 7500uf | C2 100pf | C3 Inf C4 Inf Cs 0.1uf
Cé6 10nf C7 330uf | C8 470pf | C9 Inf C10 | 82uf
Cil | 0.2uf Cl2 | 470pf |C13 | 470pf |[Cl14 | 1uf C15 | 1uf
C16 | 15uf C17 | 15uf C18 | 15uf C19 [033uf |C20 | 0.01uf
C21 | 5nf-2kv | C22 | 5nf-2kv
Table of Integrated Circuits, Transistors, Diodes etc.
# Value # Value # Value # Value # Value
ICt | MC- IC2 | LM339 [ IC3 | 4013 IC4 | MC- IC5 | LM211
14528 14528
IC6 | LM555 |ICT | TLO84 |IC8 | MC- IC9 |4013 IC10 | MC-
14528 14528
Q1 2N700 | Q2 2N700 | Q3 2N700 | Q4 2N700 | Q5 2N700
0 0 0 0 0
Q6 2N700 | Q7 2N700 | Q8 2N390 | Q9 2N390 | Q10 | MJE17
0 0 4 6 2
Qi1 | 2N390 |[QI2 |2N390 |QI3 |2N390 [Qi4 |MIEI8 | Q15 | MC780
4 6 4 2 5
Q16 | VNO35 | Q17 | VNO35 | Q18 | VP035- | Q19 | VP035S- | Q20 | IRFz40
-ON1 -ON1 ON1 ON1
Q21 | INF740 | D! SD41 D2 IN914 | D3 LED D4 LED
D5 MR856 | D6 MR856 | D7 MR856 | D8 MR856 | D9 ECG52
5
D10 | ECGS52 | D11 | HI6013 | D12 | HI6013 | D13 | HI6013 | D14 | HI6013
5




Table of Integrated Circuits, Transistors, Diodes etc.

161

# Value #
51 | momen |
Ti
tary

Value

custom

#

#

Value

Value

Value




Appendix C

Past Accumulation Rates From Ice Core and Borehole Data

In this appendix I present an analysis of Dyer Plateau’s past accumulation rate. The
analysis is made from dated layer depths and ice densities determined from an ice core,
surface horizontal strain-rates determined from survey pole relative motions and vertical
strain-rates determined from borehole marker relative motions. In this analysis it is
assumed that the information originates from a location where the ice layering is flat and
the ice flows vertically. The results of this analysis are discussed further in chapter 6.

C.1 - Theory of Analysis

If accumulation rates have varied only on time scales which are significantly shorter
than an ice sheet’s dynamic response time it is reasonable to assume that the vertical
velocity at any given depth is approximately time invariant. In this situation it should be
possible to accurately estimate the past accumulation rate, w, by the equation

w(T) = yo%, (C.1)
where w 0 is the time average accumulation rate, w is inverse of the vertical age gradient
as measured from an ice core at the depth z which corresponds to a given age T and w is
the vertical velocity at the depth where W is measured. If the assumption of steady-state
velocity is correct, w 0 will equal w, the vertical velocity at the surface; from here on I
will refer to w,, rather than w .

If equation C.1 is to be used to estimate accumulation rate it will be necessary to
have an estimate of the vertical velocity profile. In principle this could be achieved by
measuring vertical motions within a borehole that reaches bedrock. If the borehole does
not reach bedrock, it will typically be difficult to determine the absolute vertical motion of

the ice column!.

1. In some situations it maybe possible to over come this hurdle with GPS geodetic positioning
equipment,
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If borehole vertical motion measurements are unavailable then mass conservation
can be used to estimate the absolute vertical velocity. For ice layers that are significantly
shallower than the total ice thickness it is reasomable to assume that the horizontal
strain-rate is depth invariant. If (1) the vertical density profile does not vary in the horizon-
tal direction (or the ice flows only vertically), (2) the horizontal strain-rate does not vary
with depth and (3) the flow is steady-state, conservation of mass can be expressed by

(é +a—w)+w-a—p = (C2)
| P % 0z 0z '
where z is depth, p is density and éo is the horizontal component of strain-rate. Section

5.1 gives a more detailed discussion of this equation. Equation C.2 has the solution

pdz, (C3)

where p,, is the surface ice density. This solution can be derived from equation 5.6 and can
be verified by substitution into equation C.2. When equation C.3 is substituted into equa-

tion C.1 one finds

- £
0

From this it can be seen that estimates of accumulation rate are dependent on the ratio of
the horizontal strain-rate to the average accumulation rate. Typically, éo can be accurately
measured from the differential motions of survey poles. Because past accumulation rate
estimates are dependent on the ratio of horizontal strain-rate to vertical surface velocity,
they will be equally sensitive to proportional inaccuracies in either parameter.

The g,/ w, ratio will have a greater influence on estimates of accumulation rate of
the more distant than estimates of the more recent past. This is because the integral of the
density appearing in equation C.4 increases with increasing depth (age).

The problem of not knowing w,, when using equation C.4 to estimate accumulation
rates can be overcome by enforcing consistency between the average of the estimated

accumulation rates for all times analyzed and the value used for W
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N
Wy = %,2 wiwg)2 (C.5)
i=1
However, there is a danger in doing this because it adds a degree of circularity to how
accumulation rates are estimated.

If borehole vertical deformation measurements are available, but not to bedrock and
there is no way of absolutely determining Wy, equation C.3 can be used to estimate Wo
and éo. This is done by finding the values of these two parameters that give the best agree-
ment between measured relative vertical motions and those predicted by equation C.4.

The change 8n in separation distance between two borehole markers at depths zZ,

and z after a time interval will be

n-1
811 = (z’n—z'n-l) - (Zn—zn-—l) = (Zln—zn) - (Z'n—l-zn—l)’ (C.6)

where the primes indicate depths after the time interval. If the time interval, At, is short
this will be equal to

6, = [w(z,)) - w(z, _ )] At €

If equation C.3 is substituted for w(z) and equation C.7 is evaluated for each pair of verti-

cal markers then the system of equations
51 Po Po . 1 ¢z 1 ¢z
—_— = Y — > cr— —e — 1 dz—.__ 0 dZ)
Ar 0 (p(zl) p(zy) 0 (P(Zl) of p(zo)'[o P

8, Po Po 71 1 ¢z
R Ly
A~ "0 (p(zz) p@z,) O(P(zz) 0 P P(zl)Jop ¢ (C.8)

Sy Po Po (1 1 oz

Zow - —e5| — |¥pdz - -t dz)

At °(p<z,v> Plzy_ ) °(p(zN) 0P p(zN_ofo P

can be formed. This system of equations can be solved in a least squares sense for the two

parameters w,, and éo. Beneath the densification layer where the density is constant

2. This equation weights all ages equally.
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(p = p,,,) the terms multiplying w, in equation C.8 will be zero. Thus, when performing
the least squares inversion, all of the information about w, will come from the densifica-
tion layer. If the accumulation rate has varied on a time scale longer than the time required
to pass through the densification layer, the estimate of w, will be incorrect.

In general most difficulties associated with estimating past accurnulation rate will be
related to the non-steady-state nature of an ice sheet. If past accumulation rates have
undergone significant long term trends, determining past accumulation rates is not neces-
sarily a tractable probiem with these data alone.

If an absolute measure of the vertical surface velocity is available, comparing it to a
value of w), determined by one of the two methods discussed above may aid in determin-
ing whether an ice sheet is thickening or thinning. For example, if the actual surface verti-
cal velocity is greater than the vertical velocity found from the analysis presented above, it
would indicate that the ice sheet is thinning.

Differences between w, and w(z = 0), the vertical surface velocity, will indicate
longer term trends of an ice sheet’s mass balance then differences between w(T = 0), the
accumulation rate measured at the surface, and w(z = 0). This is because w, represents a
long term accumulation rate average whereas w(T = 0) represents a short term accumula-
tion rate average.

C.2 - Analysis of Dyer Plateau Data

Two 230 meter deep ice coresS were extracted from a local ice summit of the Dyer
Plateau. Ice chemistry was analyzed for annual layer variations and an age depth relation
was established for every year from 1989 to 1514 A.D. Figure C.1 shows the relation
found between age and depth. Because of the large scatter in annual layer thicknesses (fig-
ure C.1), layers spaced by ten years were used in all subsequent analysis.

Ice densities were also measured from the ice cores down to a depth of 100 meters.
Beyond 100 meters the ice cores were too fractured to allow densities to be accurately

measured. Figure C.2 shows a measured density depth relation. Because of the large scat-

3. Ice core analysis was carried out by Lonnie Thompson of the Byrd Polar Research Center, Ohio
State University and David Peel and Rob Mulvaney of the British Antarctic Survey.
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Figure C.1: Age and annual layer thickness measured from ice core
stratigraphy.

ter present in the density measurements, the solid hand fit piecewise linear curve was used
in all subsequent analysis.

After the cores were extracted, 14 metal bands were placed in one of the boreholes.
Their vertical positions were carefully measured by means of a metal detector attached to
a measuring tape tied to it. This arrangement allowed the bands to be repeatedly located to
an accuracy of ~4 millimeters. After twb years the drill site was revisited and the metal
band depths were remeasured. It was possible to relocate all of the metal bands except for
the very deepest one.

Survey marker poles were positioned on a 1/2km x 1/2km grid in the vicinity of

the drill site and were located by means of optical survey equipment to a relative* accu-
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Figure C.2: Measured ice density as a function of both depth (left
vertical axis) and age (right vertical axis) as found from ice core
measurements.The line represents the densities used in the analysis.

racy of approximately 20cm. After two years the survey poles were remeasured. From
these measurements I found that the horizontal strain-rate at the drill site is
(L7£0.1)x107yr .

Using the value of horizontal strain-rate €, = 1.7x10yr ', I found that
wy = 1.12m/yr satisfied equation C.5. The past values of accumulation rate found from
this ‘consistency’ analysis are shown as curve (a) in figure C.3.

I next generated the system of equations C.8 and performed a least squares analysis.
The least-squares analysis gave a horizontal strain-rate of éo = (1.54 £0.29) xlO-Byr_1

and the surface vertical velocity of w, = 1.09 £ 0.06. These values are in good agreement

4. There was no maker such a nunatak available to establish an absolute reference position.
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Figure C.3: Deduced past accumulation rate histories. Curve (a)
represents accumulation rate history deduced from a consistency
analysis, (b) represents the best fit accumulation rate history and (c)
and (d) represents the 95% confidence intervals associated with the
best fit.

with the consistency estimate performed above and the measured surface horizontal
strain-rate. Curves (b), (¢) and (d) in figure C.3 show the past accumulation deduced from
these values and equation C.4. Curve (b) is based on the best fit values and curves (c) and
(d) are the 95% confidence intervals indicated by this analysis. Because accumulation rate
estimates of the more distant past are influenced more by w, and éo than are estimates for
the more recent past, estimates of the more distant past are more poorly constrained than
estimates of the more recent past.

Figure C.4 shows the strain-rates measured from the borehole marker motions and
those predicted by the least squares analysis. There is good agreement between modelled

and measured finite strain-rates. The two measured strain-rates that significantly deviate
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Figure C.4: Measured and predicted vertical strain-rates.

from the modelled finite strain-rates are probably due to a marker which slipped some

time during the time

interval.



Appendix D

Details of the Evaluation of Streamline Parameterization

In this appendix I explain details of the application of equation 6.14 to actual RES
data. It is important that these details be worked out before actual data are analyzed. In
section D.1 I discuss how this equation can be applied to RES data when RES profiles do
not exactly follow flow-lines and in section D.2 I discuss how the width normalization
which appears as the inner integral of equation 6.14 can be numerically evaluated.

D.1 - Estimation of Streamlines Based on RES Profiles that do not

Exactly Follow Flow-Lines

Ideally, if layer information from a RES profile is to be used in calculating stream-
lines, the RES profile should follow flow-lines so that streamline parameters can be calcu-
lated by equation 6.14. To do this the surface topography of an ice sheet must be known
prior to radio echo sounding. Typically, the surface topography is found at the same time
that radio echo sounding is done. Either by chance or by a rough understanding of an ice
sheet’s geometry the person performing radio echo sounding is likely to record some RES
profiles that approximately follow surface gradients. This is illustrated in figure D.1which
depicts the appearance of a RES profile that roughly follows a flow-line.

If layer depths vary slowly in the direction normal to a RES profile, then depths
along a nearby stream-sheet which parallels a flow-line can be approximated by projecting
the RES profile depths onto the stream-sheet. If the RES profile is straight and the
stream-sheet is curved and x represents the distance along the RES profile, & represents
the horizontal distance along the stream-sheet and y represents the separation distance in
the direction normal to the RES profile, then a projection perpendicular to the profile,
from the RES profile onto the stream-sheet, will be given by

£ = J‘;JH (dy/dx)%dx' +&,. @.1)
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Ice Divide

Radar Profile \ /
/ 2\

Surface Contours

Figure D.1: This map view drawing illustrates the relationship between
a radar profile and a nearby flow-line. A flow-line is a curve which fol-
lows the horizontal velocity field on the surface of an ice sheet. The
flow-line depicted here follows surface altitude gradients.

The accuracy of the projection will be determined by the slope of layers normal to
the direction of the profile multiplied by the separation distance y. If there are other RES
profiles which cross the primary RES profile used, a projection could be made that
accounts for the slopes of layers in the cross direction. |

If it is impractical to find an appropriate flow-line because of having limited infor-
mation away from a RES profile, the dy/dx term could be substituted by the inverse of
the inner product of the direction of the horizontal velocity field, as measured along the
RES profile, relative to the RES profile,

V,
e
|Vh . D| dx
or the inverse of the inner product of the direction of the gradient of the surface altitude,
and the direction of the RES profile

vz 4
IVZSOB dx

where V), and Z_ represent the horizontal velocity of flow and surface altitude along the
RES profile and D represents the direction of the RES profile.
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These substitutions will be useful if all flow-lines which cross a RES profile are
approximately parallel. This will be untrue at some level if the radii of curvature along the
stream-sheets are not infinite.

D.2 - Calculation of Width Normalization

In section 6.1.4 I derived a streamline parameter width normalization based on the
radius of curvature of surface contours for stream-sheets which parallel flow-lines. This
normalization is expressed by equation 6.13 and appears in the inner integral of equation
6.14. In this section I will concentrate on the evaluation of this normalization:

7 = el @),

Wo

I start by considering the evaluation of this normalization for a stream-sheet that

originates on the summit of an elliptical ice dome (figure D.2). If a stream-sheet originates

a

- L

O

RES profile

\

Figure D.2: Map view of an elliptical ice dome with a RES pro-
file running along one of its major axes. On this ice dome the

surface contours all have the same major to minor axes ratios
R = a/b.

at the summit of an elliptical ice summit and it parallels a major axis of symmetry, the
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radius of curvature of surface contours along the stream-sheet will be given by
| R = RE, : D2)
where R is the major-minor axis ratio and & is the horizontal distance along the
stream-sheet. The width normalization will be
5o
Wo L&)
where & is the horizontal distance along the stream-sheet at the ice summit.
I now consider the evaluation of the width normalization when the radius of curva-
ture is specified as a piecewise linear function of horizontal distance along a stream-sheet.
Having R specified in this fashion will be convenient for computational purposes. When

this is done the radius of curvature will be given by
R=m&+b, E<E<E, .
In order to have continuity in R the terms should be related by
= (m-m )§-b,

However, if the radius of curvature changes sign, as is demonstrated in figure D.3, it will
be necessary to place one of the piecewise section joinis (i.e. a &;) at the location where R
changes sign and at that location R should not be made continuous.

If the horizontal position £ is in the in the piecewise interval § <€<€__ , then the

width normalization be given by

LA [ilo [m"é‘” J+ 2o (mléﬁb }+---+ Lo [———§+b H
Wo Y s mSo+by) m m&, +b m, ° §.+b

which reduces to
1/m,

1/m
méE+b -1 +b,

LA B H S . D.4)

W, m& +b m& +b,

In piecewise sections where the horizontal rate of change of the radius of curvature

4 « 1, the linearization
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Figure D.3: (a) A map view drawing of a pair of diverging and then
converging flow lines and (b) the corresponding radii of curvature of
the surface contours which they cross.

1/m,

mx+ bi x—x; x-x xz—x,.2
= - . J«l
—yy exp b, exp b " m;  |m]«

should be made when evaluating equation D.4 in order to avoid the singularity in the

exponent when m; = 0. The derivation of this linearization is tedious and is omitted here.



Appendix E
Atlas of Radio-Eche Sounding Profiles

This appendix displays most of the RES profiles collected from the Dyer Plateau.
Figures E.2and E.3 show the paths of the RES profiles in relation to the surface and bed
topography. All of the profiles have the same vertical scale. All of the profiles have the
same horizontal scale except the longest three (figures E.6, E.7 and E.8). The horizontal
and vertical scales are shown below. The vertical exaggeration is

11.4 for the longest three profiles and is 4.7 for the remainder. ’ —
5 MHz antennas were used for all of the profiles except the 1—— 100
one shonw in figure E.16 which was collected with 2 MHz anten- 2 :: 200
nas. This profile can be compared with figure E.15. —_
When this atlas was produced, polarity correction was acci- 3 300
dentally disabled (page 53). Consequently there are occasional 4 :—
polarity changes (e.g. figure E.4.) —— 400
I'hope these images stir the imagination! 5 :_ 00

(a) horizontal distance, kilometers
I I I I I I [ I I I I

I
s13u ‘ypdap

two—way travel time, microseconds
X
I

0 2 4 6 8 10 8 700
(b) horizontal distance, kilometers 9 __
— 800
I I I I I I I I I .
0 1 2 3 4 10—
—— %00
Figure E.1: Horizontal and vertical scales of the RES 11—
profiles shown in this appendix. Horizontal scale (a)
applies to figures E.6, E.7 and E.8. Horizontal scale —T 1000
(b) applies to the rest of the profiles. -
“|-1100
13

14—— 1200
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Figure E.2: Map view diagram of surface topography. The gray lines indicate RES
profiles shown in this appendix. The contour interval is 5 meters. North as indicated is
8.3 deerees east of true north.
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Figure E.3: Map view diagram of bed topography. The gray lines
indicate RES profiles shown in this appendix. The contour interval
is 50 meters. Shaded regions indicate local depressions.
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Figure E.8: RES profile running
wide and 11 psec deep.
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