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University of Washington

Abstract

The Flow History of Siple Dome and
Ice Streams C and D, West Antarctica:

Inferences from Geophysical Measurements

and Ice Flow Models

by Nadine A. Nereson

Chairperson of Supervisory Committee
Professor Charles F. Raymond

Geophysics Program

Siple Dome (81.65° S, 148.81° W) is an ice ridge between Ice Streams C and D on |
the Siple Coast of West Antarctica. Its location near the coast and between two ice
streams makes it a favorable place for the study of paleo-climate and paleo-ice-stream
activity. The analyses presented in this dissertation are based on geophysical mea-
surements made at Siple Dome in 1994 and 1996 as part of a collaborative project
among the University of Washington. St. Olaf College, and the University of Col-
orado. The measurements were made to characterize the the geometry of the dome.
investigate its stability. infer possible changes in the ice stream configuration, and
support an ice core paleo-climate project at the Siple Dome summit.

In this dissertation, geophysical measurements are used with quasi-time-dependent

ice flow models and inverse methods to infer the history of ice flow at Siple Dome and



place limits on the past activity of adjacent ice streams C and D. Information about
past ice flow is inferred primarily from the shapes of internal layers detected across
Siple Dome from radio-echo sounding measurements. The continuity of the internal
layers and the shape of a warp feature in the layer pattern at the divide suggest
that Siple dome has not been over-run by ice streams over the past 10* years and
that the divide position has been slowly migrating northward toward Ice Stream D
for the past few thousand years. Gradual thinning of the boundary between Siple
Dome and a relict piece of Ice Stream C prior to its stagnation may be responsible for
the divide migration. The pattern of ice thickness change across the south flank of
Siple Dome. calculated from measurements of ice flow and an inferred accumulation
pattern. is interpreted as a response to recent (< 500 a) stagnation of a piece of Ice
Stream C adjacent to Siple Dome. The topography of surface lineations on the Ice
Stream D-side of Siple Dome indicates recent (< 500 a) stagnation of another relict
ice stream. These recent stagnation events may represent a major reorganization of
the ice stream system around Siple Dome after a relatively stable period which lasted

several thousand vears.
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Chapter 1

INTRODUCTION

1.1 Background

The West Antarctic Ice Sheet (WAIS) may be unstable because it is grounded below
sea level. It has been hypothesized that relatively small changes in sea-level could de-
couple the ice from its bed, leading to rapid ice drainage and eventual disintegration
of the ice sheet (Hughes, 1973). Collapse of WAIS would correspond to a 6-meter
increase in sea-level (Alley and Whillans, 1991). The present flow of ice from WAIS
to the ocean is dominated by several coastal “streams” of very fast ice (102—10° m a~!)
flowing through slow ice (1-10 m a=!; Fig. 1.1; Bentley, 1987). Since ice streams carry
about 60% of all the ice flowing from West Antarctica, the stability of WAIS may
hinge on the stability of the ice stream system (Hughes, 1977; Van der Veen, 1987).
Not much is known about the stability of WAIS ice streams, their past behavior, or
the mechanisms which control their motion. Understanding the history of these ice

streams would lead to better understanding of their present and future stability.

The WALIS ice stream system has experienced significant changes in recent history.
Radio-echo sounding (RES) of buried crevasses has shown that the lower part of
Ice Stream C essentially stopped flowing as recently as 130 years ago (Retzlaff and
Bentley, 1993). RES has also been used to determine recent migration of the margin
of Ice Stream B (Clarke and Bentley. 1995). Satellite images show that the lower
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Figure 1.1: Map of WAIS showing the Siple Dome and the Siple Coast Ice Streams.

part of Ice Stream B has widened by 4 km and slowed by 50% over the past 35
vears (Bindschadler and Vornberger. 1998), while the upper part of Ice Stream B is
thinning (Alley and Whillans, 1991). Other satellite images of the ice stream region
show linear topographic features located outside present ice streams, some of which
may be flow features or former ice stream margins. This has been verified in one case
by RES studies (Jacobel et al., 1996). These and similar studies of the near-surface
give information about the recent history of specific ice streams. Evidence for older
changes (> 10° a BP) must be sought in the structure of the internal stratigraphy at
depth.



1.2 Motivation and Goals

Siple Dome is a ridge of ice flowing slowly (~ 10~! — 10! m a~!) into Ice Streams C
and D (Fig. 1.2). Because of its location between two ice streams, Siple Dome ice flow
may have been affected in the past by changes in the activity of these ice streams.
In fact, a long history of ice stream activity may be recorded in Siple Dome because
the residence time of ice is long (~ 10* a) due to slow flow. Siple Dome is therefore
an appropriate place to look for evidence of past changes in the configuration and
activity of these ice streams.

Siple Dome may also contain a high-resolution record of southern hemisphere
climate. A deep ice core was started near the summit in 1996. Once complete, it will
be examined for its climate record. Detection of past changes in the configuration
and flow of Siple Dome will aid interpretation of physical and chemical stratigraphic
variations in the ice core. QOur field work and preliminary analysis have been used to
aid in selection of the core site.

Information about the dynamic history of Siple Dome is recorded in the present
geometry of both the surface and stratigraphic layers in the ice (Fig 1.3). The ice
sheet surface shape responds gradually to changes in climate and to changes at its
boundaries. The present surface geometry thus contains some “memory” of past
events that cause the ice sheet to change shape. As this surface is buried in the ice, it
becomes a marker of constant age (isochrone) that is gradually deformed by ice flow.
Internal stratigraphic layers that represent isochrones therefore also contain a record
of past ice flow regimes.

The goal of this dissertation is to (1) extract information of past ice flow at Siple
Dome from measurements of the present flow and geometry of the ice surface and
from the geometry of internal layers in the ice, and (2) to infer from this flow history

information about the past activity of the bounding ice streams.
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Figure 1.2: Advanced Very High Resolution Radiometer (AVHRR) image showing
Siple Dome, Ice Streams C and D, and relict flow features named Siple Ice Stream
and Duck’s Foot on the north and south flanks of Siple Dome. Field measurements
were collected in 1994 and 1996 along the white lines. Image courtesy of Ted Scambos.
National Snow and Ice Data center. University of Colorado.

1.3 Measurements and Analysis Methods

Field measurements were made in 1994 and 1996 as part of a collaborative project
among the University of Washington. St. Olaf College, and the University of Col-
orado. The internal layers were mapped using radio-echo sounding ( RES) of reflect-
ing horizons in the ice (Fig. 1.3). These reflecting horizons are assumed to represent
isochrones: former ice-sheet surfaces that have been buried and deformed by ice flow

(Hammer. 1980: Paren and Robin. 1975). All of the radar data presented in this dis-
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sertation were collected by Anthony Gades (University of Washington) and Robert
Jacobel (St. Olaf College). Many of the software packages I have used to analyze the
radar data were written by Anthony Gades. Charlie Raymond and Howard Conway
(both University of Washington) set out survey poles, made optical survey measure-
ments, measured density profiles in snow pits, collected wind and temperature data,
and helped collect radar data. Ted Scambos (University of Colorado) and I mea-
sured the position of survey poles in 1994 and 1996 with Global Positioning System
(GPS) receivers. Bjorn Johns (UNAVCO) and Xin Chinn (NASA) and Chris Shu-
man (NASA) made GPS measurements of survey poles along the south flank of Siple
Dome in 1997. All AVHRR images presented in this dissertation were compiled by
Ted Scambos. Researchers at University of New Hampshire obtained a 160-meter core
near the Siple Dome summit in 1994, made measurements on the core, and provided

us with the data.

These measurements show that Siple Dome is a ridge about 100 km wide and
200 km long overlying a bedrock plateau. Ice thickness at the summit as determined
from radar measurements is 1009 + 7 m (Raymond et al., 1995). The accumulation
rate at the summit (1000-year average) is about 0.11 m a~! ice equivalent (Mayewsk:
et al., 1995). Flow in the vicinity of the summit is primarily two-dimensional in a
vertical plane perpendicular to the ridge. Figure 1.3 shows the pattern of internal
stratigraphy. Internal layers are continuous across the full width of the dome and are
detected to about 70% depth. The layers are disrupted where the profile crosses the
linear topographic features apparent in the satellite image (Fig. 1.2; Jacobel et al.,
1996). The layers are asymmetric about the divide with layers on the Ice Stream
D-side (north) of the divide appearing deeper than the same layers on the Ice Stream
C-side (south). At the divide, there is a distinct convex-up warp feature in the internal

layer shapes.
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Inferring past ice flow from the shapes of these internal layers using ice flow mod-
els and inverse methods is a central part of my dissertation. I develop quasi-time-
dependent ice flow models to simulate the deformation of isochrones in the vicinity
of the Siple Dome ice divide and on the flank. The simulated isochrone shapes -are
compared to the measurements of internal layers to determine the history of ice flow
required to explain the data. I also develop inverse methods to quantitatively dis-
tinguish among different models. I model the effects of changing conditions at the
boundaries of Siple Dome with a time-dependent continuity model and perturbation
methods. These continuity and perturbation models simulate the evolution of the
dome surface and are used to determine the evolving boundary conditions required
by the inverse analysis, the present surface geometry, and the modern flow field. Be-
cause the internal layers detected by RES are a discrete set, sampling only certain
depths and certain time periods, there are inherent limitations to using RES layer
shapes to determine the flow history of an ice sheet. I develop simple sensitivity tests
to quantify the general limitations for using RES data to detect ice flow changes in

the context of Siple Dome data.

1.4 Synopsis

Each chapter has been written as a stand-alone manuscript. Chapters 2, 4, and 5 have
been published (or are in press) in their present form in various journals. Chapters 6
and 7 are manuscripts in preparation for publication. Some figures and descriptions
of the measurements are therefore repeated in different chapters. Descriptions of the
measurement techniques and data analysis methods are presented in each chapter as
needed: there is not a separate chapter describing the measurements.

Chapter 2 (Nereson et al., 1996) describes a finite-element model calculation of

the age versus depth profile for Siple Dome based on 1994 field measurements. This



age-depth relationship is used in subsequent chapters to place approximate ages on in-
ternal layers. Chapter 3 describes GPS data collection and analysis and describes the
present velocity field at Siple Dome. These measurements are compared to the spa-
tial accumulation pattern inferred from RES measurements in Chapter 6 to determine
the present distribution of thickening and thinning across Siple Dome. In Chapter 4
(Nereson et al., 1998b), I use the shape of the internal layers near the divide to de-
termine that the Siple Dome divide has been migrating toward Ice Stream D for the
past several thousand years. Chapter 5 (Nereson et al., 1998a) was developed in
collaboration with Richard Hindmarsh of the British Antarctic Survey. Perturbation
methods are used to determine whether changes in accumulation distribution over the
dome or changes in elevation at its boundaries could cause the divide to migrate at
the rate determined in Chapter 4. In Chapter 6 (Nereson et al., 1997), I analyze the
shapes of the internal layers across the full width of the dome to infer the long-term
accurnulation pattern at Siple Dome and determine whether there is evidence for past
changes in the pattern, such as those required to move the ice divide. In Chapter 7, I
present a model of the evolution of a dome which is flanked by stagnated ice streams.
The model shows that the present elevation of the flow features marking the Siple Ice
Stream and the Duck’s Foot (Fig. 1.2) is consistent with a shut-down age of less than
500 years ago. This recent shut-down age eliminates the hypothesis that thickening
associated with the shut down of the Siple Ice Stream is responsible for the Siple Dome
divide migration. Chapter 8 ties together the conclusions presented in each previous
chapter to show that Siple Dome and the configuration of its bounding ice streams
have likely been stable for the 5 — 10 ka prior to recent (< 500 a BP) stagnation of

both relict ice streams flanking Siple Dome.



Chapter 2

PREDICTED AGE-DEPTH SCALES FOR SIPLE DOME
AND INLAND WAIS ICE CORES IN WEST
ANTARCTICA

This chapter was published under the same title in Geophysical Research Letters 23(22): 3163-
3166, 1996, with co-authors E. D. Waddington, C. F. Raymond, and H. P. Jacobson, all at Geophysics
Program, University of Washington. Helpful review comments were provided by J. Bolzan and R.
Hindmarsh.

2.1 Summary

Geophysical data are used with ice flow models and generalized accumulation histories
to estimate age and annual layer thickness versus depth for two anticipated ice core
sites in West Antarctica: Siple Dome (81.65° S, 148.81° W) and an inland site on
the West Antarctic Ice Sheet (WAIS). This modeling experiment predicts that 104
vear-old ice is at ~ 50% depth and 10° year-old ice is at ~ 90% depth at both sites.
Both of these cores could contain climate information through the last glacial cycle
with annual resolution through the Holocene. The predicted similarity in resolution
and record length between the two cores suggests that they could be compared in
detail to obtain both spatial and temporal information about the paleo-climate and

history of the West Antarctic ice sheet.



10

2.2 Introduction

Ice cores located on the interior of the West Antarctic Ice Sheet (WAIS) and on the
inter-ice stream ridges near its edges contain records of southern hemisphere paleo-
climate and information about the past behavior and stability of the ice sheet. We
estimate age.and thickness of annual layers versus depth for two anticipated ice core
sites that have been selected for their potential to provide such information: the sum-
mit vicinity of Siple Dome (81.65° S, 148.81° W) between Ice Streams C and D, and
a site near the WAIS divide which has yet to be determined (Bindschadler, 1995)
(Fig. 2.1). Our results show the potential extent of annual resolution of stratigraphic
variations and total record length for each core site. Prior to drilling, these estimates
can help determine appropriate ice-sampling strategies for physical and chemical anal-
yses and the potential for inter-ice core comparisons. After drilling, our estimates can
be used as a reference against which measurements of age and layer thicknesses can
be compared to help detect past changes in ice sheet configuration and to improve
paleo-accumulation rate estimates.

The calculations are based on available geophysical data. reasonable generalized
accumulation histories, and ice flow models. For Siple Dome calculations, we use a 2-d
finite element ice flow model because the necessary data for model input parameters
are available. Since a specific core site on inland WAIS has not been determined,
we use a 1-d ice flow model appropriate to general conditions in the targeted inland

WALIS region.

2.3 Age Field Calculation Method

The age A(z,z.t) of ice at a given position (z,z) at a given time t is found by

integrating the vertical velocity w from its origin elevation H at time t = (t, — A) to
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Figure 2.1: Map of Ross drainage showing the general location of Siple Dome and
inland WALIS ice core sites.

its elevation z at time ¢, along its flow path (z'(t'), z'(¢)):

z 1 ,
Az, z,10) = /H R (2.1)

Vertical velocity w is a function of position and time. Following Schgtt et al. (1992),
we assume that the ice sheet and flow geometry are time-independent, and temporal
changes in accumulation rate b(t) scale the flow rates instantaneously, so that

b(t)

w(z, z,t) = dr(x,z)-.—o— (2.2)

where by is a reference value taken to be 6(to).
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2.4 Ice Flow Calculation for Siple Dome

To calculate w(z,z), we use a two-dimensional, time-independent, finite element

model (FEM) of ice flow developed by Raymond (1983). The FEM calculations are

based on the following assumptions:

o

=W

[¢1]

. The ice sheet geometry is steady-state.

The ice deforms in plane strain, consistent with the present approximate 2-dimensional

ridge geometry of both the surface and bed of Siple Dome (Chapter. 3; Scambos
and Nereson, 1995; Fisher et al., 1995)).

The bottom of the ice sheet is frozen to its bed.

. The ice surface is stress-free.

Velocities corresponding to laminar flow are prescribed at the edges of the flow
domain such that the total ice volume in the domain is constant.

. . . 3 . .
Ice deforms according to Glen’s flow law, & = (%) , which relates the effective

shear strain rate, £, to the effective shear stress, r.

. The parameter B in the flow law is a function of temperature T

BT) = Buez (- = (23)

where T" = 3155 K, T, = 273.39 K, C = 0.16612 K*. k = 1.17 (Hooke, 1981). By
is an adjustable reference value. We do not account for the effects of ice fabric,
impurities, or other factors on the flow law.

The accumulation rate is 10 cma™! ice-equivalent (Mayewski et al., 1995). A
possible small spatial variation (/. Whillans, pers. comm.) is ignored.

The temperature profile is steady state as determined from the current measured
surface temperature (—26° C), accumulation rate, an assumed geothermal heat

flux of 65.5mW m~? (Alley and Bentley, 1988), and a simple, 1-dimensional heat
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flow model.
10. Ice sheet thickness (1009 +£7 m at the summit ( Raymond et al., 1995), is reduced
by 17.3 m to ice-equivalent thickness based on snow and firn density measurements

(M. Twickler, pers. comm.).

The 2-d (66 x 20) finite element grid, extends 80 km along a line perpendicular to
the ridge and centered at the summit. The bedrock topography is determined from
surface-based radio-echo sounding (RES) and GPS measurements for the northern 55
km of this line (Raymond et al., 1995; Scambos and Nereson, 1995) and extended to
the south using one measurement of ice thickness from airborne RES near the margin
of Ice Stream C (D. Blankenship, pers. comm.). With this grid geometry, errors
from the side boundary conditions will not be significant within 20 km of the summit

(Raymond, 1983; Waddington et al., 1986).

<—-—— [ce Stream C Ice Stream D

Figure 2.2: Grid representation of the flow-line used for finite element model calcula-
tions and selected calculated ice particle paths. Bed topography is derived from RES
measurements.
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The initial FEM calculation shows that the measured surface geometry is not
consistent with the prescribed accumulation rate, which contradicts assumption (1).
Therefore, the ice sheet surface and corresponding velocity field are allowed to evolve
until they reach a steady-state configuration. We “tune” the model so that the cal-
culated steady-state geometry best matches the measured geometry by adjusting the
viscosity parameter By (Eq. 2.3). We then put a vertical velocity profile from 3 km
away from the divide into a simple 1-dimensional heat flow model following Firestone
et al. (1990) to determine a new temperature profile. This new temperature profile
is scaled to the ice thickness at each position z, and a new velocity field is predicted
using the FEM. This iterative process is repeated until these velocity and temperature
profiles are self-consistent.

The resulting value for By (1.35 x 1075 bar al/3) is largely consistent with ex-
perimental results, since it is about 40% larger (stiffer) than Hooke's recommended
value (Hooke. 1981). and only about 5% stiffer than Paterson’s recommended value
(Paterson. 1994, page 97). The modeled surface differs from the measured surface by
a maximum of 8 m (< 1% of ice thickness) within 20 km of the divide, and by less
than 4 m within 10 km of the divide. The final basal temperatures range from —8°

to —2° C.

2.5 Age Calculation for Siple Dome

To calculate the age field A(z, 2,tp) from Equation 2.1, we construct w(z, z,t) from
Equation 2.2 using two alternative accumulation rate scenarios (Fig. 2.3) which as-
sume 5(t) was substantially lower during glacial times than interglacial times ( Robin,
1977; Lorius et al., 1984). Vertical velocity w(z, z,t) is dependent on position z be-
cause of special flow conditions spanning a few ice thicknesses near a flow divide

(Raymond. 1983: Hvidberg. 1996). To avoid this complication in the integration of



Equation 2.1, we limit calculations to positions at the divide (z = 0) where the ice

trajectory is vertical, and to positions greater than 3 ice thicknesses from the divide

(Iz| > 3H).

Normalized Accumulation Rate

o 20 40 60 80 100
Time Before Present (ka BP)

Figure 2.3: Accumulation rate histories used for depth-age calculations in Figures 2.4
and 2.5. The vertical axis is presented in units of b(t)/by where by is the present
accumulation rate.

Figure 2.4a shows the predicted depth-age relationship assuming accumulation
rate histories shown in Figure 2.3 for both flank and divide positions. Our calculations
predict ice from 10 a BP is located at about 550-650 m (55-65%) depth, and ice from
10° a BP is located at about 850-950 m (85-95%) depth. Figure 2.4b shows the
annual layer thicknesses predicted for each case. Annual layers reach sub-centimeter
thicknesses at about 60-70% depth. If annual stratigraphic or chemical signals exist
and have been preserved in the ice, they may be resolved throughout the Holocene

(Alley et al., 1997).
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Figure 2.4: (a) Age-depth relationships derived from FEM calculations for Siple
Dome. (1) Divide, b(t) given by solid line in Figure 2.3. (2) Flank, b(t) same as
(1). (3) Flank, & (¢) given by dashed line in Figure 2.3. (4) Flank. b( ) same as (1)
with basal melt rate of 2 mma~'. (b) Annual layer thicknesses for cases shown in
(a). Cases 2 and 3 are indistinguishable at the plotting scale.

We must consider the effects of our assumptions on our results. We do not expect
that Siple Dome is in steady-state given the dynamic nature of WAIS ice streams
(assumption 1). A comparison between our estimates and ice core measurements
could be used to test this assumption and detect evidence for past changes in the

configuration of Siple Dome.

Analysis of the internal layer pattern from RES measurements suggests that the
flow divide has moved a few kilometers in the last 10% years (Chapter {; Nereson
et al.. 1998b). Therefore. ice within a few ice thicknesses of the summit may have

experienced flow regimes associated with both flank and divide positions. In that



17

case, the predicted depth-age scale would lie between the curves for flank and divide
locations shown in Figure 2.4a.

It is possible that the bed of Siple Dome is currently near melting and/or has
experienced melting conditions in the past, since the bed of nearby Ice Stream B is
not frozen (Engelhardt et al., 1990).! A simple model developed by Firestone et al.
(1990) was used to test the sensitivity of the depth-age scale to basal meiting. Melting
removes the oldest ice and shortens the age record. However, the predicted age-depth
relationship through most of the last glacial cycle is virtually unchanged with a basal
melt rate of 2 mm a~! (Fig. 2.4a).

Surface temperature variations over time (e.g., from glacial-interglacial transi-
tions) change the internal ice temperature and thereby affect the ice viscosity and
the corresponding predicted flow field. To test the sensitivity of our results to tem-
perature, we ran the FEM with a different steady-state temperature profile having
temperatures about 5° C colder at the bed. The predicted ages for a given depth
differ from those shown in Figure 2.4a by less than 10% for the deepest ice and less

than 5% for the upper half of the ice sheet.

2.6 Age Calculation for Inland WAIS

To estimate an age-depth scale for a generic site in the targeted WAIS ice core region
(Fig. 2.1), we use a 1-d flow model developed by Dansgaard and Johnsen (1969). The
model assumes that vertical velocity @ is independent of z and is determined from
a vertical strain rate which is constant above some depth (H — h) then decreases

linearly to zero at the bed, so that

A frozen bed beneath Siple Dome has been independently inferred from RES reflectivity analysis
of the bed (Gades, 1998) and from borehole temperature measurements (H. Englehardt, pers.
comm.).
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bo(z — h/2
w(z, z) _—b(of([z— h//‘;)) , H>z2>h,
- _ i)ozz ,
w(a:,z) = m/—z) s hZ.. ZO (24)

We use the 2-D FEM calculation for Siple Dome to help determine the parameter
h appropriate for a WAIS site. The 1-d model matches the age vs. depth prediction
given by the 2-d FEM model for a Siple Dome flank site to within 103 vears at 90%
depth when A = 21.7% of the total thickness. A comparison between this value for A
for a Siple Dome flank site and the values for h used to date two Greenland ice cores,
Camp Century (Dansgaard and Johnsen, 1969) and Summit (GISP2/GRIP) (Dahl-
Jensen et al., 1993; Dahl-Jensen, pers. com. to EDW), shows a linear relationship

between & and ice thickness H such that

h =049H — 268 m. (

o
(S]]
~

We assume Equation 2.5 is valid for H much greater than 268 m.

Equations 2.1, 2.4. and 2.5 provide an estimate of a flank depth-age scale for a
steady-state ice sheet of a given thickness and accumulation rate. WAIS ice thickness
is about 2500 m (Drewery, 1983) and the present accumulation rate is by ~ 20 cm a~!
ice-equivalent ( Giovinetto and Bull, 1987). With the accumulation history shown by
the solid line in Figure 2.3, Equation 2.4 predicts that ice from 10* a BP is at about
1300 meters (~ 50%) depth and ice from 10° a BP is at about 2250 meters (~ 90%)
depth (Fig. 2.5a). The corresponding layer thickness profile predicts annual layers
greater than 2 cm thick to 1800 meters depth, or through the Holocene and part
of the last glacial period (Fig. 2.5b). Figure 2.5 also shows the depth-age and layer

thickness predictions for a plausible range of values for A.
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Figure 2.5: (a) Age-Depth relationships calculated from the Dansgaard-Johnsen
model for a flank WAIS site. For all cases, b(¢) is given by the solid line in Fig-
ure 2.3. The middle curve corresponds to h/H = 0.38 (Eq. 2.5). The upper and lower
curves correspond to h/H = 0.48 and h/H = 0.28, respectively. (b) Annual layer
thicknesses for cases shown in (a).

2.7 Conclusions

Figures 2.4 and 2.5 show that both Siple Dome and WAIS cores may give climate
records of similar total duration. This result is not surprising since the characteristic
timescales for these ice sheets are comparable (x H/b & 10%a). The predicted depth-
age scales for both ice core sites place the transition to the Holocene (~ 10* years
BP) at about 50% depth and the previous interglacial period (~ 10° years BP) at
about 90% depth given a reasonable assumption about the accumulation rate history.
Modest basal melting leads to a shorter geochemical record, but the depth-age scale

through most of the last glacial period is similar to predictions with no basai melting.
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In addition, the layer thickness predictions show that both cores could provide annual
resolution of detectable stratigraphic variations at least through the Holocene. These
similarities suggest that detailed comparisons between ice core records from these
sites could be valuable in determining spatial and temporal relationships between

past coastal and inland climate changes.



Chapter 3

ICE VELOCITY AND MASS BALANCE OF SIPLE DOME

3.1 Summary

Global Positioning System (GPS) measurements of survey poles at Siple Dome in
1994, 1996, and 1997 are used to determine the present ice flow near the summit
and along the flanks perpendicular to the ridge. The measurements show that ice
flow is mostly parallel to a line of survey poles crossing Siple Dome perpendicular to
the ridge and is 2-dimensional in the vicinity of the summit. The measured strain
rate and corresponding horizontal flux divergence near the summit are slightly larger
than the accumulation rate, possibly indicating thinning of 0.02 m a~!. However, the
uncertainty in the measurements also allows the possibility that the summit region
of Siple Dome is in steady state. The relict ice streams at either margin of Siple
Dome are moving less than 0.30 m a~!. Flow from the north flank of Siple Dome is
channeled along a trough which defines the Siple Ice Stream margin. The velocity
gradient across the margin yields a shear rate of 0.002 a~!. The velocity pattern
north of the summit is generally consistent with the long-term accumulation pattern
inferred from the shape of internal layers, suggesting that the north flank is in a steady
configuration. However, there is evidence for significant thickening of the south flank.
The predicted thickening is especially pronounced in a zone 40 to 70 km south of
the divide near the Duck’s Foot where the calculated horizontal flux divergence is

negative.



22

3.2 Introduction

The magnitude and spatial pattern of modern thickening and thinning across Siple
Dome can be determined from measurements of the present flow field and an inferred
accumulation pattern (Chapter 6). The flow field is determined from the displacement
of survey poles over a 1- or 2-year period as measured by Global Positioning System
(GPS) survey techniques. The goals of this chapter are three-fold: (1) to outline the
GPS data collection and data analysis techniques used for this study, (2) to use these
measurements to describe the modern flow field across Siple Dome and over the relict
flow features on its flanks, and (3) to infer from this flow field (with measurements
of dome geometry and an inferred accumulation pattern) the spatial pattern of mass

balance across Siple Dome.

3.3 GPS Data Collection

Ninety steel survey poles were placed in the firn at Siple Dome in 1994 to a depth
of about 1.5 meters in a 10 km square grid surrounding the summit, along a line
traversing the north flank of the summit. and in a smaller grid configuration over the
relict flow feature. The position of each pole was measured using Global Positioning
System (GPS) and optical survey techniques. In November and December 1996, their
positions was re-measured and 35 additional poles were placed in the firn along the
south flank of Siple Dome, across several scar features near Ice Stream C, and near
the original summit grid. The line of poles extending along the south flank of Siple
Dome were re-surveyed in December 1997 by Bjorn Johns (UNAVCO) and Xin Chen
(NASA).

Figure 3.1 shows the GPS pole lines relative to the Siple Dome ridge and topo-

graphic “scar” features at the boundaries of Siple Dome. Figures 3.2 and 3.3 show
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Figure 3.1: AVHRR image of Siple Dome and Ice Streams C and D. The relict Siple
Ice Stream and Duck’s Foot are evident as linear topographic features on the north
and south flank of Siple Dome.

the configuration of the survey poles, the pole labeling convention, and the local co-
ordinate system adopted for this study. We choose the local z coordinate to run
approximately west-east along the divide ridge with the origin at the summit. The
local y coordinate is perpendicular to the ridge, originating at the summit, and bear-
ing 16.4 degrees east from true geographic north. We refer to the “north” flank of
Siple Dome as the side of the ridge with positive y values and closest to Ice Stream D.
Similarly, the “south” flank is the side of the ridge with negative y values and closest

to Ice Stream C.

GPS data were collected with TRIMBLE 4000 SSE dual frequency receivers and
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Poles established in 1994 were re-surveyed in 1996. Poles south of -15 km were re-
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summit and continues 30 km across the Siple Ice Stream margin.
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Figure 3.3: Detailed map of the summit area showing survey poles, radar profile lines,
snow pit and ice core sites, and camp locations.



L1/L2 Geodetic Antennas using a combination of kinematic and fast static techniques
(e.g.. Dizon, 1991; Hulbe and Whillans, 1993, 1994). Kinematic techniques were used
where the pole spacing was small, or in places where detailed topography was desired.
Fast static techniques were used in sparse sections of the grid where survey time was
limited by pole-to-pole transit time and where correcting for possible "loss of lock”

to the satellites would have been excessively time consuming.

The kinematic technique was used to survey the grid within 2 km of the summit.
Two base station receivers were positioned at poles S35 and E35. Two roving receivers
mounted on snow machines were used to occupy all points in the 2 km grid. This
process was repeated for base stations at W20 and N20. Each point in the 2 km grid
was measured at least once from each of the 4 base station locations. All poles within

2 km of the summit were measured relative to 4 different base stations at least once.

Fast static techniques were used to survey the outer part of the summit grid. Each
quadrant (a2 5 km square area with a corner at the summit) was surveyed separately
with base stations at 2 of the base points (e.g., N20 and E20 for the NE quadrant).
The two roving receivers were used to survey the perimeter of the quadrant in a leap-
frog fashion. We timed our roving sessions to overlap over certain segments so that
we could obtain the rover-rover measurement as well as the two rover-base station
measurements. With this technique, each pole on the outer grid is associated with
three or four independent measurements. A similar technique was used to survey the
poles positioned at 7 and 9 km east and west of the divide along the ridge. Figure 3.4

shows the configuration of baselines obtained in the vicinity of the summit.

The lines of survey poles extending south and north from the summit were sur-
veved using a combination of continuous (15 second) kinematic and fast static tech-
niques. Two roving receivers were operated in a leap-frog fashion along the line and

each pole was occupied long enough to be processed as fast-static occupation relative
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Figure 3.4: Configuration of GPS baselines collected near the Siple Dome summit in
1994 and 1996.

to the other roving receiver. These measurements were used to initialize the continu-
ous kinematic segments. This technique enabled the continuous kinematic profile to
consist of short base-lines between the survey poles. This technique was continued

over the scar features about 50-70 km from the summit.

The grid on the margin of the Siple Ice Stream was also surveyed using a combi-
nation of kinematic and fast static techniques. Two base stations were located 1.5 km
off the main “Y” line. One roving receiver occupied each pole along the main line for
about 10 minutes in continuous kinematic mode. After half of the grid was complete,
base stations were moved to two other locations and the remaining line was measured

with the roving receiver. During these measurements, a fourth receiver was collecting
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data at the summit. This enabled the Siple Ice Stream grid to be linked to the main
survey grid at the summit.

In 1996, two additional sub-grids were established near the summit in anticipation
of a vertical strain experiment. These sub-grids are 4 km square grids centered at N70
and S70. These grids were surveyed using the kinematic technique with base stations
at N70W20 and N70E20 and with overlapping roving occupations. The line extending
along the south flank of Siple Dome was measured in the same fast static/continuous
kinematic fashion as described for the north flank. In 1996 and 1997, only the fast

static technique was used along the long northern and southern lines.

3.4 GPS Data Processing

GPS data were processed using the TRIMBLE GPSurvey 2.20 software package.
Satellite position information was obtained from the broadcast ephemeris data file.
All baselines were processed with an elevation mask of 10 degrees, and an ionosphere
correction was applied to all baselines longer than 5 km. The software allows a wide
range of solution types depending on the quality and type of data collected. The op-
timum solution type (iono-free-fixed) was obtained for all Siple Dome baselines. This
means that all baseline solutions contain no ionospheric biases, with a calculated error
typically less than 1 mm. The actual measurement uncertainty is greater (5-10 mm)
because the error reported by GPSurvey is a measure of the scatter of the calculated
solution, and does not reflect systematic errors arising from imprecise ephemeris data
or imprecise coordinates of the reference station. Two baselines were measured with
both GPS and optical survey techniques. Over a 1.5 km distance, the unadjusted
baseline GPS and EDM distances agree to within 0.02 m. After separate adjustment
of GPS and optical data, the agreement improves to within 0.01 cm.

The network of over 300 baselines is used to calculate the optimal position of



each survey pole relative to other poles in the survey. Closure discrepancies are
calculated for sets of geometric figures in the grid. The positions of the poles in
the network are then adjusted to minimize the closure discrepancies. This process
is called “network adjustment.” The GPSurvey Network Adjustment Module was
used to adjust the Siple Dome network. All Siple Dome survey grids were adjusted
according to a "minimally constrained adjustment” where one fixed point is specified,
and the network is adjusted around this fixed point using inner constraints. An 8-
hour occupation of the summit in 1994 established a baseline between Siple Dome
Summit and McMurdo Station, giving a summit position (to the top of the survey
pole) of 81.65434° S, 148.8081° W and an elevation of 622.114 m relative to the WGS84
ellipsoid, with horizontal and vertical errors of 0.05 m and 0.1 m respectively. The

summit is held fixed at these coordinates for the network adjustment of 1994 data.

For 1996 data, we assume Siple Dome is in steady state and use the same horizontal
coordinates and fix the summit pole height at 623.23 meters to account for the addition
of a 1.53-meter pole extender and estimated vertical motion of the pole over the 2-year
period. The vertical motion was estimated assuming firn density at the base of the
pole of 400 kg m~2 and an accumulation rate of 0.10 m a~! (Appendiz B). However,
the actual firn density at the base of the pole is closer to 340 kg m™ and the modern
accumulation rate is 0.13 m a™! (Mayewsk: et al., 1995). This difference means that
the fixed pole height is probably an over estimate by 0.10 meters. The effect of this
possible error on the network adjustment results is negligible. For 1997 data, the
same horizontal coordinates for the summit were used and the summit pole height
was fixed at 622.45 m. Because of the steady-state assumption and forced match at
the summit from yvear-to-year, information about the absolute vertical motions cannot
be obtained from the GPS data. Only measurements of vertical motion relative to

the divide are possible.
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The adjustment results give relative pole positions within the summit grid with
residuals less than 0.01 m. Residuals for poles along the north flank and in the Siple
Ice Stream grid were larger (0.1 to 0.2 m) since this grid did not have "strength of
figure” and did not contain redundant measurements. Residuals along the south flank
of Siple Dome were about 0.02 m in 1996 and 0.03 m in 1997. Vertical positions are
generally less well-determined where few baselines were measured. Vertical residuals
are about 0.01 m for the summit grid (1994 and 1996); 0.05 m for the north flank and
Siple Ice Stream grid (1994 and 1996); and 0.02 m (1996) and 0.10 m (1997) for the
south flank and Duck’s Foot.

For display purposes, the adjusted WGS84 coordinates are projected to a Lambert
Conformal map with the intersecting lines of latitude at 81 and 82 degrees south. The
projected coordinates are then rotated so that the 1994 position of pole N20 is locally

“north”™ of the summit pole.

3.5 Siple Dome Velocity Patterns

3.59.1 Velocity and Mass Balance of the Summit Area

Figure 3.5 shows the calculated annual velocity of each pole in the summit region. The
velocity pattern is generally 2-dimensional and perpendicular to the surface contour
lines. The horizontal strain rate and divergence of horizontal surface velocity is shown
in figure 3.6. The values were calculated from a least-squares strain-rate fit to polygons
in the grid (Appendiz A).

These measurements can be used to determine whether the summit is thinning or
thickening. Let (u,v,w) denote the (z,y,z) components of surface velocity. Continu-

ity of ice mass requires

Oth = —(0:q: + 0yq,) + b (3.1)
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Figure 3.5: Velocity vectors and surface elevation contours for the summit area.

where h is the ice thickness, b is the accumnulation rate, and (g:, ¢,) are components
of horizontal ice flux. Assuming ice thickness & does not vary significantly within 2
km of the summit, the horizontal flux divergence can be expressed in terms of the

horizontal velocity divergence:
0:qz + Oyqy = Yh(Orus + dyv,) (3.2)

where 7 = fi/u, is the ratio of the average horizontal velocity of the ice column @ to
the surface velocity us.

Based on chemical analysis of snow pits and shallow cores by colleagues at the
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University of New Hampshire, the average accumulation rate over the past 1000 years
at 1.5 km north of the summit has been about 0.11 m a~! ice equivalent, with slightly
higher rates over the most recent 30 years of about 0.13 m a~!(Mayewski et al.,
1995). We assume that this accumulation rate is spatially constant in the immediate
vicinity of the summit. Ice thickness h measured 400 meters south of the summit is
1004 £ 4 meters (H. Englehardt, pers. comm.). This value is reduced by 17.3 meters
to account for the density variation in the firn column (Mayewski et al., 1995) so that
h =987 £4 m in ice eqﬁiva.lent units. The right-hand side of Equation (3.1) can be

calculated from these measurements:

v h(Ozus + 0yv,) = (987 £4)((1.75£0.10) x 10™%) = 0.14 +.05ma"!,

b = 0.11t00.13 ma"l.

The factor v is assumed to range from 0.80 (isothermal, laminar flow, with flow-law
power n = 3) to 0.85 (determined from a finite element model of ice flow (Chapter 2;
Nereson et al.. 1996). The uncertainty in the horizontal velocity divergence is deter-
mined from the range of results obtained when various pele configurations are used
to calculate the velocity divergence at the summit. Although the flux divergence is
slightly higher than the long-term accumulation rate, suggesting slight thinning at the
summit. the measurement error allows the possibility that the Siple Dome summit is

in steady state.

3.5.2 North Flank and Siple Ice Stream

Figure 3.7 shows the velocity field along the north line and across the topographic scar
feature. Flow is parallel to the survey pole line until about 20 km from the summit,
where ice begins to flow westward toward the Ross Ice Shelf. Velocities are largest

(12 ma™!') at 44 km north of the divide. Flow is channeled along the length of the
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Figure 3.7: Velocity vectors for the northern flank of Siple Dome.
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Figure 3.8: (a) Velocity vectors for the northern scar area. Circles at the end of
the velocity vectors denote errors. (b) Topography of the scar feature relative to the
WGS84 ellipsoid. Fastest velocities occur in the trough of the scar feature. Siple Ice
Stream on the right (> 20 km) is nearly stagnant.
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trough of the topographic feature defining the Siple Ice Stream margin. Velocities
in the trough are large. There is little detectable motion (< 0.10 m a~!) on the
relict ice stream itself (Fig. 3.8) showing complete stagnation with no remnant flow
at reduced velocities as observed for the upper part of Ice Stream C ( Whillans and
van der Veen, 1993; Anandakrishnan and Alley, 1997). The present shear is in the
opposite sense to what one would expect for an active ice stream margin. The present
shear rate across the margin is about 0.002 a~!. Strain rates in the trough show that
the trough area is extending along its length. The extensional strain rate along the
trough is (8.6 £ 0.6) x 10~* a~!, while the compressional strain rate perpendicular
to the trough is (7.1 £0.2) x 10~ a~!. The net horizontal velocity divergence may

contribute to the persistence of the trough topography through time.

3.5.3 South Flank and Duck’s Foot

Figure 3.9 shows the velocity vectors along the south flank of Siple Dome and across
topographic features near Ice Stream C, called the “Duck’s Foot”. Figure 3.10 shows
the velocity vectors and surface profile for the Duck’s Foot area. In general, flow along
the south flank is slower than to the north; a maximum velocity of 2 m a~! is reached
about 45 km south of the summit. The velocity vectors on the south flank are parallel
to the pole-line for its entire length, indicating that the radar profiles collected along
this line coincide with an ice-flow line. Ice flow slows to about 0.30 m a~! as the
Duck’s Foot area is approached. The present flow direction and magnitude is not
correlated with the small-scale topography of the Duck’s Foot. The flow direction
and magnitude in this area is very uniform, angling slightly to the west toward the

Ross Ice Shelf.
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3.5.4 The Cross-Dome Velocity Profile

For 2-dimensional, isothermal, laminar flow, the pattern of horizontal velocity v,
assuming Glen’s ice flow law with n = 3 is given by
2A

vs(z) = m(ﬁg)naysn A+, (3.3)

where S(y) is the surface elevation profile determined from GPS measurements, ice
density p = 917 kg m~3, gravity ¢ = 9.8 m s72, and A is an effective depth-averaged
flow parameter (Paterson, 1994). Given RES measurements of ice thickness from
across Siple Dome, this equation can be used to predict velocity versus distance
from the divide. Figure 3.11 shows the component of measured velocity along the
GPS pole line and the calculated velocity from equation (3.3). The calculated and
measured velocities show good agreement when we choose A = 2.5 x 10~!7 Pa=3 a-!
(corresponding to a weighted average ice temperature of about -8 C; Paterson, 1994),
except where the flow deviates from the pole line at 20 km north and 60 km south of
the summit. The measured flow in this -60 km to 20 km region is generally consistent

with 2-d laminar flow.

3.6 Mass Balance Across Siple Dome

3.6.1 Calculation of Flur Divergence

Continuity of ice mass averaged over the ice column requires
3th = —ng + b. (3.4)

where the horizontal flux divergence V2q = (39:9- + 8,9,). The horizontal flux diver-
gence Vg can be calculated from measurements of either vertical velocity pattern
(emergence velocity) or the horizontal velocity pattern. Traditionally, Vaq is cal-

culated from measurements of horizontal velocity because measurements of vertical
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Figure 3.11: The northward component of surface velocity along the pole line (solid
curve). The velocity component calculated from equation (3.3) is also shown assuming
flow parameter values 4 = 2.5x 1017 Pa~2 a~! (dashed) and 4 = 1.5x10~!7 Pa~3 a-1
(dot-dash, lower velocities),and 4 = 3.5x10~17 Pa~3 3-! (dot-dash. higher velocities).

motion on a glacier are not sufficiently reliable. However. high precision GPS survey
techniques may enable vertical motion to be measured with sufficient resolution to
directly calculate ice flux. Here. we compare V,q calculated from GPS measurements
of horizontal velocity and from independent GPS measurements of vertical motion at

Siple Dome.

Calculated From Horizontal Velocity Measurements

We assume that the flow line is parallel to the local y coordinate at z = 0, ice velocity

perpendicular to y is zero (¢ = 0), the variation of ice thickness along z is zero
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(0zh = 0), and @ = yu,. With these assumptions, the 2-d horizontal flux divergence

written in terms of horizontal velocity pattern is

Vag = 1(8,(v:h) + hdsu], (3.5)

where u, and v, are determined from GPS measurements of surface velocity in the z
and y directions and h is given by RES measurements of ice thickness. We assume
7 = 0.85 as predicted by a finite element model of Siple Dome flow (Chapter 2
Nereson et al., 1996) and the variation of u, along z is related to the spacing between

adjacent flow lines W (y) (Paterson, 1994),

Bptty = ”—I;,ayvv. (3.6)

The Siple Dome ridge is nearly two dimensional near the summit and the radius
of curvature of surface elevation contours here is near infinity. Far from the divide
(r >> L, where L is some transitional length scale), we expect flow to be more
divergent according to the radius of curvature, R, of the surface elevation contours
there. We choose a parabolic function to represent W (y) so that near the divide,
W (y) is constant and away from the divide, W (y) diverges:

%% = (%)2 +1. (3.7)

When y = L, adjacent flow lines are twice as far apart as at y = 0. The length scale
L is chosen to be the radius of curvature at the boundary of Siple Dome R minus the
half-width of the dome Y: L = R —Y =~ 50 km. We use L = 35 km to account for
errors in L.

The satellite images of Siple Dome (Fig. 3.1) suggest that the surface elevation
contours may be slightly concave-outward north of the divide, indicating that W(y)

may decrease with distance from the divide. Therefore, we also consider a W(y)
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Figure 3.12: A scaled functions of distance variation between adjacent flowlines
W(y)/W(0) used to calculate the horizontal flux divergence (Fig. 3.13). The range
between these two curves includes flow-line divergence (solid curve, Eq. 3.7) and slight
flow-line convergence (dashed curve, Eq. 3.8).

function that allows for a zone of slightly converging flow near the divide and no

convergence or divergence away from the divide (y >> D):

Wi(y) A
W(0) ~ 1+ (y/D)?

+ B. (3.8)

The length scale D = 20 km defines the zone of convergence and is arbitrarily chosen
to be about Y/2. The constants A = 0.5 and B = 0.5 define the magnitude of
the convergence and are chosen such that A + B = 1. Figure 3.12 shows two W(y)

functions which bracket the expected range of flow-line separation functions.
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Figure 3.13: Siple Dome flux divergence calculated from the pattern of horizontal
velocity (Eq. 3.5, gray) and from the pattern of vertical velocity (Eq. 3.10, dots).

Calculated From Vertical Velocity Measurements

The horizontal flux divergence calculated from measurements of vertical motion w,
i1s called the emergence velocity (submergence velocity in an accumulation area). For
2-d flow assuming the ice is frozen to its bed (Nereson et al., 1996;: Gades, 1998), the

horizontal flux gradient is (Paterson. 1994)

S

Vi = 6,,/8 vdz (3.9)
S

= v,8,5+ /B a,v, dz, (3.10)

where B is the bed elevation, S is the surface elevation (from continuous GPS mea-



surements), and v, is the velocity along y at the ice surface. Assuming the transverse

strain rate is zero, then d,v = —@,w and

V2q=1,8,5 — w,. (3.11)

The surface slope 3,5 is negative, and the GPS-measured vertical velocity w, is
negative and in ice-equivalent units. Assuming the density profile in the firn is not
changing in time, the vertical motion of the surface firn can be corrected to reflect
vertical motion of the ice by the relation (Appendiz B)

Wice = 'wj",.ng‘.ﬁ. (3.12)

1

Based on measurements from snow pits. we choose ps = 340 kg m~3. Although
variation among snow pits and cores from Siple Dome shows that this value can range
from 300 to 400 kg m=3 (H. Conway, pers. comm.), our results are not sensitive to

this range.

Comparison of Fluz Divergence Calculations

The horizontal flux divergence calculated from either the horizontal velocity pattern
(Eq. 3.5) or the vertical velocity pattern (Eq. 3.10) should be equivalent. Figure (3.13)
shows the flux divergence calculated from both methods. Emergence velocity errors
are larger south of the divide primarily because measurements there were made over
a l-year period while measurements to the north span a 2-year period. Both methods
agree for values north of the divide (1994 and 1996 data). South of the divide (1996
and 1997 data). the shape of the pattern is the same, but there appears to be a
systematic disagreement between the two flux ciivergence calculations. Because the
horizontal positions of the survey poles are well-determined and because the horizontal

motions are large compared to the measurement error, the flux divergence calculated
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from these measurements (Eq. 3.5) is more reliable than the calculation from vertical

motion.

The 1996-1997 submergence velocity appears to be too high relative to the calcu-
lated horizontal flux divergence. The discrepancy could be caused by systematic errors
associated with reduction of GPS measurements, from anomalous upward motion of
the summit pole between 1996 and 1997, or from anomalous downward motion of all
poles established in 1996 along the south flank. However, the results are not sensitive
to the parameters used in the network adjustment process (Sec. 3.4). If the summit
pole was anomalously high (or the rest of the poles anomalously low). the poles along
the flank would be interpreted as having anomalously high vertical motion relative to
the summit pole. The observed discrepancy would require a downward shift of poles
along the south flank by about 0.15 m. Figure 3.14 shows the improved agreement

that results after this correction.

Anomalous motion of the summit survey pole could occur if the base of the pole did
not always move vertically with the firn. In this case, some of the approximately 0.3
meters of expected annual vertical motion from ice flow (assuming = 0.10 m a~! and
ps = 350 kg m~?) would not occur and the summit pole would appear artificially high.
Differential settlement of the survey poles could also contribute to erroneous inferred
vertical motion. In 1996, the base of the summit pole was about 2 meters below the
surface while the newly established south flank poles reached a depth of about 1 meter.
Differential settlement of 0.15 m over one meter could occur if the density at the base
of the summit pole is 15% greater than the density at the base of poles along the
south flank. This difference is plausible given available density-depth measurements
and qualitative evidence of low density firn along the south flank (C. Raymond, pers.

comm.)
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3.6.2 Spatial Pattern of Mass Balance

Assuming the flux divergence pattern calculated from measurements of horizontal
velocity, the pattern of thickening or thinning across the dome can be calculated from

the continuity equation,

O0th = —v[0,(vsh) + hOzu,] + b. (3.13)

The accumulation pattern b(y) is taken to be the steady-state pattern inferred from
the RES layer shapes (Chapter 6). The horizontal velocity components v, and u, are
from GPS measurements, and ice thickness A is determined .from RES measurements
across the dome (Chapter 6). Figure 3.15a (upper panel) shows the calculated flux
divergence from equation (3.5) for the range of width functions W (y) shown in Fig-
ure 3.12 and the range of accumulation patterns inferred from RES measurements
at the 20 confidence level (Chapter 6). Their difference, the inferred rate of thick-
ening, is shown in the lower panel. No thickening or thinning is predicted at the
summit. Although the accumulation rate at the summit is fixed at the 1000-year
average from ice core measurements (Mayewski et al., 1995), the regional flux diver-
gence is a completely independent measurement. The agreement is consistent with
the detailed measurements of the 2-d flux divergence in the summit grid. Along the
north flank, the flux divergence and accurnulation rate are of similar magnitude, sug-
gesting little thickening or thinning is occurring there. The flux divergence increases
sharply at 20 km north of the summit where there is a step in bedrock topography
and an increase in ice thickness gradient. This small-scale feature is not allowed by
the function used to describe the accumulation pattern (Chapter 6). Estimates of ice
thickness change beyond 20 km north of the summit are not shown because ice flow
there deviates significantly from the pole line. South of the divide, the flux diver-

gence is much less than the accumulation rate and becomes negative at about 40 km
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Figure 3.15: (a) Flux divergence inferred from measurements of ice velocity and ice
thickness for the south flank of Siple Dome (black) and the inferred accumulation
pattern from analysis of RES internal layer shapes (gray). (b) The inferred pattern
of thickening and thinning rates across the dome (gray), and the thickening rates
calculated from a model of Siple Dome evolution for 100, 200, 300, 400 and 500 years
since stagnation of the Duck’s Foot and Siple Ice Stream (dashed). Positive ordinate
denotes positions north of the divide.
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from the summit. This difference suggests that the south flank is thickening with a
maximum rate of 0.10~0.13 m a™! at about 57 km south of the summit. This region
of maximum predicted thickening is just north of the innermost topographic “scar”

feature of the Duck’s Foot.

The pattern of thickening and thinning is somewhat sensitive to a reasonable choice
of W(y). Increasing (decreasing) 8,W increases (decreases) the flux divergence and
predicts slightly less (more) thickening to the south and more (less) thinning to the
north, but the general pattern is unchanged. At 40 km south of the divide, the
flux divergence becomes negative. Errors in the inferred accumulation pattern would
not change the sign of the predicted thickening here. Even if the accumulation rate
approached zero at the Duck’s Foot, thickening of about 0.07 m a~! would still be

predicted at about -37 km.
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Figure 3.16: Surface profiles from a finite difference model of Siple Dome evolution
described in Chapter 7. Profiles shown are at 0, 200, 400, and 600 years since syn-
chronous stagnation of the ice streams on both flanks.



If the Duck’s Foot represents a former region of fast flow which has recently stag-
nated, its evolution may be described by the continuity evolution model discussed
in Chapter 7. The model uses the smoothed Siple Dome bed topography deter-
mined from RES measurements ( Chapter 6), the accumulation pattern shown in Fig-
ure (3.15a), and a parabolic increase in distance between adjacent flow lines according
to equation 3.7 with L = 50 km. The model is first used to calculate a steady state
dome profile that is consistent with the accumulation pattern assuming laminar ice
flow according to Glen’s flow law. For the second model run, flat ice stream sections
are added to the boundaries of the dome and the dome is allowed to evolve while
the far margins of the ice streams are held at their initial elevations. Figure 3.16
shows the initial dome/stream profile before evolution begins and subsequent profile
evolution. Figure 3.15b (lower panel) shows the thickening predicted by the model
for 100, 200, 300, 400, and 500 vears since synchronous stagnation of the Duck’s Foot
and the Siple Ice Stream. The character of the predicted thickening is similar to the
thickening inferred from the velocity measurements with the maximum thickening
occurring at the former junction of the dome and ice stream. The agreement is best

when the time since stagnation in the model is about 300-400 years.

3.7 Conclusions

The positions of 125 survey poles relative to the divide were determined from GPS
measurements to within 0.01 m in the summit region and to within 0.10 m in the
vicinity of the northern and southern scar features. Measurements over 1- and 9-
vear periods give the velocity field relative to the divide. Ice flow is primarily two-
dimensional near the summit. Ice flow is parallel to the pole line across the dome
between 60 km south and about 20 km north of the divide. Outside of this region,

flow turns westward to the Ross Ice Shelf. Velocities along the pole line increase away



from the divide and reach a maximum value of about 12 m a~! at 44 km north. At
the Siple Ice Stream margin, ice flow channels into the topographic trough and flows
toward the Ross Icé shelf. On the relict Siple Ice Stream, the velocities are less than
0.10 m a™!. South of the divide velocities increase to about 2 m a~! at 40 km south
and then decrease to less than 0.30 m a=! across the Duck’s Foot.

These measurements are used to determine the flux divergence in the summit area
and across the dome. When compared to the accumulation rate, the rate of thickening
and thinning at the Siple Dome summit and along its flanks can be inferred. At the
summit, the flux divergence is slightly higher than the accumulation rate, suggesting
slight thinning of about 0.02 m a~!. However, measurement errors allow the possibility
that Siple Dome is in steady state.

The horizontal flux divergence calculated from measurements of horizontal velocity
or from measurements of the vertical velocity can be compared to the accumulation
pattern to determine whether there are areas of thickening or thinning across the
dome, relative to the divide. The horizontal flux divergence and emergence velocity
calculated from GPS measurements do not agree. We suspect errors in vertical motion
measurements are responsible for the discrepancy. Calculations of flux divergence
from the horizontal velocity measurements suggest that the north flank is generally in
balance (or perhaps thinning) while the south flank is likely thickening. Thickening is
especially pronounced at about 57 km south of the summit, approximately coincident
with the northern-most topographic feature defining the Duck’s Foot. The character
of the predicted thickening south of the divide is consistent with the model of dome
evolutior described in Chapter 7. The magnitude of the thickening is consistent with
the dome evolution model assuming the Duck’s Foot is a former streaming region

which stagnated 300-500 years ago.



Chapter 4

MIGRATION OF THE SIPLE DOME ICE DIVIDE, WEST
ANTARCTICA

This chapter is in press under the same title for the Journal of Glaciology with co-authors C.
F. Raymond (University of Washington), E. D. Waddington (University of Washington) and R. W.
Jacobel (St. Olaf College). D. Dahl-Jensen and R. Hindmarsh provided helpful review comments
which led to significant improvements to the paper.

4.1 Summary

The non-linearity of the ice flow law or a local accumulation low over an ice divide
can cause isochrones (internal layers) to be shallower under the divide relative to the
flanks, forming a “divide bump” in the internal layer pattern. This divide signature is
analyzed using ice flow models and inverse techniques to detect and quantify motion
of the Siple Dome ice divide in West Antarctica. The principal feature indicating that
migration has occurred is a distinct tilt of the axis of the peaks of the warped internal
layers beneath the divide. The calculated migration rate is 0.05 — 0.50 m a~! toward
Ice Stream D and depends slightly on whether the divide bump is caused by the non-
linearity of ice flow or by a local accumulation low. Our calculations also suggest a
strong south-north accumulation gradient of (5—10) x 10~ a~! in a narrow zone north
of the divide. A consequence of divide migration is that pre-Holocene ice is thickest
about 0.5 km south of the present divide position. Divide motion indicates that non-
steady processes, possibly associated with activity of the bounding ice streams, are
affecting the geometry of Siple Dome. The migration rate is sufficiently slow that

the divide bump is maintained in the internal layer pattern at all observable depths.
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This suggests that major asynchronous changes in the elevation or position of the

bounding ice streams are unlikely over at least the past 10% to 10* years.

4.2 Introduction

The stability of the West Antarctic Ice Sheet (WAIS) has been in question since the
early 1970s when Weertman (1974) made the argument that ice sheets grounded below
sea level are unstable and could collapse catastrophically in response to a modest
increase in sea level. Characterizing the present and future stability of the WAIS is
complicated by the presence of several ice streams. Their capacity to transport mass
rapidly from the interior to the sea possibly increases the potential for rapid collapse
of the WAIS. Understanding the past behavior of these ice streams should provide
important clues to their role in WAIS stability.

Inter-ice stream ridges are good places to look for evidence of past ice stream
activity because a record of changes in ice flow at the edges of these ridges may be
recorded in their geometry and internal stratigraphy. Siple Dome is the ridge between
Ice Streams C and D in West Antarctica (Fig 4.1). There is evidence for recent change
at its boundaries. Retzlaff and Bentley (1993) used ice penetrating radar to detect
buried crevasses of the former shear margin and date the shut-down of Ice Stream C
at about 130 years ago. Jacobel et al. (1996) showed that internal layers are truncated
beneath a linear feature on the NE flank of Siple Dome and suggested that this feature
is a formerly active margin. It is possible that these or other past events have altered
the ice flow at Siple Dome and have left a signal in the pattern of internal layers.

In this paper, we present evidence for migration of the Siple Dome divide over
the past several thousand years at a rate of 0.05 — 0.50 m a~! northward toward Ice
Stream D. Our results are based on analysis of the shape of internal layers obtained

from radar measurements in the vicinity of the divide. Ice low models and inverse



Table 4.1: Notation

Variable Meaning
b(z) accumulation rate
4,8, length scales for partitioning function ¢(z)
m divide migration rate
P one less than number of free parameters
u(z, 2) horizontal velocity
w(z, 2) vertical velocity
z distance along flow from divide
z scaled distance z/H
z height above bed
A(z) scaled amplitude of cosine curve
B(z) integral over distance z of accumulation rate b
Gs,.Gn scaled accumulation gradient south and north of divide
H ice thickness
J mismatch parameter
L number of observed layers
M scaled divide migration rate m/b(0)
N number of points along a layer
S(z. 2) shape of a layer with average height 3
T total number of sample points
€ expected combined error in layer shapes
A wavelength of cosine curve
é(z) divide/flank flow partitioning function
w residual weighting function
&(z. 2) horizontal velocity shape function
Caiv(z), €s(2) | divide and flank shape functions
=(=x) integral over ice thickness H of shape function ¢
Sup/Subscript | Meaning .
* in moving-divide reference frame
m model value

d

observed value
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Figure 4.1: AVHRR image of Siple Dome and Ice Streams C and D. Radio-echo
sounding profiles measured in 1994 and 1996 are shown by the white lines. Courtesy
of T. Scambos, National Snow and Ice Data Center, University of Colorado.



Table 4.2: Summary of RES measurements.

Center Frequency (Mhz) Wavelength in Ice (m) Horizontal Spacing (m)

2 80 20
2 80 100
3 35 20
7 25 20

techniques are used to estimate the rate of divide motion and its sensitivity to the
pattern of accumulation near the divide. We do not attempt to identify the specific
cause of divide migration in this analysis. Nereson et al. (1998a) (Chapter 5) found
that this divide migration could be caused by either an increase (decrease) in elevation
of the Ice Stream D (Ice Stream C) - side boundary of Siple Dome by less than 100
meters, or by a modest change in the accumulation pattern over the past several

thousand years.

4.3 Measurements

Measurements of the surface, bed, and internal layer geometry in the vicinity of the
Siple Dome summit were obtained using Global Positioning System (GPS) surveys and
radio-echo sounding (RES) measurements in 1994 and 1996 as part of a collaborative
project among the University of Washington, St. Olaf College, and the University
of Colorado. Detailed RES measurements were made every 20 — 100 m along a 4
km profile across the summit at several frequencies (wavelength 25 — 80 m in ice,
Table 4.2). Low frequencies were chosen to reveal deep internal layers while higher
frequencies were chosen to reveal shallower layers. Each RES measurement is a voltage
time series that is filtered with a zero-phase, 4th-order Butterworth filter at 1— 10 Mhz
to reduce high frequency noise and low frequency coupling within the radar system.

The signal voltage is mapped to color. Sequential, equally-spaced measurements of



a profile are plotted together to reveal the shape of the bedrock and internal layer
pattern. The internal layers are caused by variations of electrical properties in the
ice (Harrison, 1973; Moore et al., 1992). They are assumed to be isochrones, that is,
former ice sheet surfaces which have been buried and deformed over time by ice flow

(Hammer, 1980).

The measurements show that Siple Dome is a two-dimensional ridge overlying flat
bedrock with ice thickness 1009 £ 7 m at the sumﬁt (Raymond et al., 1995; Scambos
and Nereson, 1995; Jacobel et al., in press). Figure 4.2a shows a 10 km cross section
of Siple Dome obtained from RES measurements with a wavelength of ~ 80 m in ice.
A detailed 4 km profile measured using a shorter wavelength (=~ 35 m) is shown in
Figure 4.2b. The internal layers are digitized for shape analysis by selecting the signal
travel-time associated with the maximum or minimum reflection amplitude in a hand-
prescribed time window. Each digitized internal layer is then smoothed horizontally
with either a 100-meter box-car filter (for profiles with 20 m measurement spacing)
or a zero-phase low-pass filter routine with cutoff frequency at 5 x 10~* m~! (for long
profiles with 100 m measurement spacing). Travel-time is converted to depth using a
ray-tracing program that includes a correction for the variation of density with depth
(Weertman, 1993). Firn density is based on measurements of a 160 meter core taken

near the divide in 1994 (Mayewski et al., 1995).

Figure 4.2 shows that the internal layers have a shape that varies with depth,
with no relation to surface or bed topography. The layers are warped convex-up in
a = 2 km-wide zone beneath the divide with a maximum upward displacement of
about 50 meters (Nereson and Raymond, in press). The pattern is asymmetric. The
depth to a given layer on the north flank of Siple Dome is greater than its depth to
the south. Figure 4.3 shows that variation in shape is small along the divide ridge,

so that the layer shapes are largely 2-dimensional in a vertical plane perpendicular to
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Figure 4.2: (a) A 10 km radar profile of Siple Dome measured perpendicular to the
divide at the summit. Measurements were made every 100 meters with a center
frequency of 2 Mhz. (b) Shallow part of a detailed radar profile where measurements
were made every 20 meters with a center frequency of 5 Mhz. The data in both
panels have been corrected for GPS-determined topography and bandpass filtered at
1 — 10 Mhz. The black band over the top 80 — 100 meters of the profiles denotes
the portion of the returned RES signal obscured by the direct airwave. The apex of
selected internal layers are marked with black dots in the lower panel. The solid line
shows the trend of the apex axis.
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Figure 4.3: 3-D representation of a 10 x 10 x 1 km cube centered at the Siple Dome
summit showing surface elevation contours, bed topography, and the shape of one
prominent internal layer identified from RES measurements. Horizontal coordinates
are in kilometers and denote distance “north” and “east” of the summit relative to
the east-west trending divide ridge. True geographic north is 16.4 degrees west of
local “north”. Vertical coordinates are in meters above the WGS84 ellipsoid.
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the ridge (Jacobel et al., in press). The positions of the apex of each curved layer are
not vertically aligned; the axis is tilted toward the north side of Siple Dome by about
60° from vertical (Fig. 4.2b; Nereson and Raymond, in press).

Regardless of the cause of the local warping of the internal layers, the warping is
likely a feature associated with the presence of the divide. Therefore we interpret the
tilt of the apex axis as direct evidence for divide migration. However, inferring the
rate of migration is not direct. An ice flow model predicts that a layer at 60% depth
is about 10" a old (Chapter 2; Nereson et al., 1996). The horizontal displacement of
its apex from the present divide position is about 700 meters, which might suggest
a migration rate of 0.07 m a~!. However, this simple analysis fails to include the

integrated effect of ice flow on the shapes of isochrones over time.

4.4 Flow Models

Our goal is to determine the rate of divide migration and its sensitivity to unknown
parameters. This goal requires a forward model that predicts the shape of an isochrone
layer resulting from its deformation since deposition and includes a near-divide de-
formation process which produces up-warped isochrone layers.

Raymond (1983) showed that the non-linear creep of polar ice leads to an anoma-
lous flow pattern spanning a few ice thicknesses beneath an ice divide. Deep ice is
relatively ’stiff’ due to low deviatoric stress, so that downward-moving isochrones
are predicted to drape over this stiff zone and become warped convex-up. A two-
dimensional, steady-state, finite element model (FEM) of this description of ice flow
is used as a reference model against which the observed layer shapes are initially
compared. We do not attempt to account for effects such as the linear behavior of ice
under low shear stress (Mellor and Testa, 1969; Doake and Wolff , 1985; Alley, 1992;
Waddington et al., 1996) or the development of crystal fabrics on the deformation
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of isochrones. Rather, we consider the special divide flow regime predicted by an
isotropic, non-linear flow law as one possible cause of warped isochrones.

Up-warped isochrones can also be caused by slow burial and low vertical velocities
associated with a local minimum in the spatial accumulation pattern over the divide
(as found by Fisher et al. (1983) at Agassiz Ice Cap). This is a second possible process
leading to up-warped isochrones.

The actual deformation of isochrones near ice divides may be caused by some
combination of anomalous flow from non-linear ice deformation and from the spatial
accumulation pattern. We estimate divide migration rate at Siple Dome separately
for each deformation process. The range of the results is assumed to be indicative
of the uncertainty which arises from our lack of knowledge about the exact nature of
deformation near the Siple Dome ice divide.

The FEM model provides the basis for constructing a kinematic low model which
is used to model the evolution of isochrone shapes for each case. The flow field in the
kinematic model is shifted to simulate divide migration and adjusted to account for
spatial variations in accumulation rate. The evolution of isochrone shapes is found
by tracking particles in the resulting time-dependent flow field. The divide migration
rate is then determined by the shift of the modeled flow field required to match the

shape of internal layers observed at Siple Dome.

4.4.1 Steady-State Reference Model

The reference finite element model (FEM) incorporates the following assumptions

(Chapter 2; Nereson et al., 1996):

1. The ice sheet geometry is two-dimensional and steady-state.

2. The bottom of the ice sheet is frozen to its bed.
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3. Ice deforms according to Glen's non-linear flow law, é = 7/(2B)", which relates
the effective shear strain rate, ¢, to the effective shear stress T with the degree of
non-linearity described by n = 3.

4. The parameter B in the flow law is a function of temperature T following Hooke
(1981).

5. The temperature field is steady state as determined from the current measured
surface temperature (—26 °C), accumulation rate, an assumed geothermal heat
flux of 65.5mW m~? (Alley and Bentley, 1988), and a simple, 1-D heat flow model
(Firestone et al., 1990, eq. 4). This model predicts basal temperatures ranging
from -2 to -8 °C.

6. The accumulation rate is assumned to be 0.10 m a™! jce-equivalent (Mayewski et al..

1995).

Figure 4.4a shows the isochrone shapes predicted for this steady state case and
the shape of observed internal layers from the radar measurements. The modeled
and observed layers for each pair shown have the same average depth. Figure 4.4b
shows the difference between the model and the data; dark colors show areas of large
discrepancy. This standard, steady-state description of ice flow predicts significantly

more warping (maximum amplitude =~ 100 m) than we observe (= 50 m).

4{.4.2 Kinematic Representation of Flow Field

The FEM is computationally intensive and does not allow for time-dependent effects
such as migration of the divide flow field. A kinematic model is constructed to match
the spatial variation of the flow field from the finite element model calculation. This
kinematic flow model is computationally efficient and allows simulation of divide
migration. It is time-dependent in the sense that it calculates the effect of a migrating

divide on isochrone deformation. The model does not allow for varying rates of divide
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Figure 4.4: Comparison between isochrone shapes predicted by a steady-state ice
flow model with a non-linear flow law and the shapes of internal layers observed using
RES. (a) Modeled layers in gray and observed layers in black. (b) Model and data
discrepancy plotted according to the grayscale to show the spatial pattern of the

mismatch.
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migration. The migration rate and accumulation pattern are assumed constant for
all time. Therefore, the initial divide position is outside the model domain.

We assume that the ice thickness H is constant in the +4 km region around
the divide since radar measurements show that the ice thickness there varies by less
than 2%. We also assume that H has not changed over time. The depth-averaged
horizontal velocity #(z), the mass balance b(z), and the distance along flow from the

divide r are related by

a(z)H = /oz b(z)dz. (4.1)

The depth variation of horizontal velocity can be written in terms of a shape function

§ that varies with position z and height above the bed z in the vicinity of the summit,

u(z, z) = us(z)é(z, 2), (4.2)

where u, is the horizontal velocity at the ice surface z = H, £(z,0) =0,and é(z, H) =
1. We construct £(z, z) as a linear combination of a shape function typical of near-

divide flow (4;.(z) and a shape function typical of flank flow Cr(2),

§(z. 2) = &(z)(uin(2) + [1 — ¢(2)]¢s(2), (4.3)

where 0 < ¢(z) < 1 describes the partitioning between flank and divide flow regimes.

Combining equations (4.2) and (4.3) and integrating over depth gives

H
ae) = 22 [Tez 2,
(4.4)

- w2 {¢>(z) [ Gantardz + (1= e [ cf(z)dz} -

Equations (4.1) and (4.2) then require
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u(z,z) = S8 gy, (4.5)

=(z)
where =(z) = [ €(z,2)dz and B(z) = [Zb(z)dz. The vertical velocity field w(z, z)

is found from incompressibility,

O:u = —0,w, (4.6)

which gives

w(z,z) = —@/oz £(z, 2)dz — g/: 0-6dz + 5836,5/02 £(z, 2)dz. (4.7)

Equations (4.5) and (4.7) describe a continuous 2-D flow field which includes a special
near-divide flow regime. Tracking the motion of ice particles in this flow field through
time predicts the shape of isochrone horizons. In the simplest case, £(z,2) = 1,
b(z) = bo, and equations (4.5) and (4.7) reduce to familiar expressions used to derive
the “Nye” time-scale (e.g., Paterson, 1994, p. 277): u(z, z) = (by/H) z and w(z,z) =
—(bo/H) =.

To simulate divide migration, the flow field is moved in the same reference frame
as the divide, so that the horizontal velocity in the divide reference frame u*(z*, z*)

is

u™(z",z%) = u(z", z7) — Mb(0), (4.8)

where M = m/b(0) is a constant divide migration rate m scaled to a reference accu-
mulation rate (0) which is taken to be 0.10 — 0.15 m a™! ice equivalent representing
a range about the modern rate of 0.13 m a~! (K. Areutz, pers. comm.), % = T — T4y,
and z* = z. With this construction, z= = 0 is always the divide position. The expres-

sion for vertical velocity w(z, z) is unchanged so that w*(z", z*) = w(z", z*). We drop
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the asterisks from now on, assuming we are always in the moving divide reference

frame and z = 0 is the divide position.

4.4.83 Case 1: Non-Linear Divide Deformation

This model parameterization assumes that internal layer warping under the divide is
caused only by the anomalous flow regime predicted near ice divides under a non-
linear ice flow law. The shape functions ¢; and (4, in equation (4.3) are described
by an 8th-order Chebyshev Polynomial fit to the FEM flow field at z = 10 km and
T = 0 km, respectively. The partitioning function ¢(z) is chosen so that the horizontal
velocity u(z, z) given by equation (4.5) matches u(z, z) predicted by the FEM. We

find that &(z) is well-approximated by the continuously differentiable, even function:

o(z) = 0.6exp [— (2)2] + 0.4exp [— (%)2} , (4.9)

where £, = 775 m and ¢, = 3740 m represent scale lengths which define the width of
the divide zone. This partitioning function illustrates that the characteristic width of
this zone associated with divide-flow is about 2 ice thicknesses (~ 2 km)(Raymond,
1983; Hvidberg, 1996). Figure 4.5 shows the horizontal velocity shape functions from
the FEM and from equations (4.3) and (4.9). Despite the simplifications involved in
defining &(z,z), the kinematic model reproduces the layer shapes predicted by the
finite element reference model with an rms error of 5 meters.

A simple spatial variation in accumulation b(z) is allowed because the asymmetry
of the observed layers implies some accumulation gradient across the divide inde-
pendent of the layer warping. We describe a hinge-like accumulation pattern with
two gradient parameters G, and G, which describe the accumulation gradient on the

south (z < 0) and north (z > 0) sides of the divide, respectively:
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b(z) . -
—l = <
50) G,z +1 z<0,
(4.10)
bz . _
W = Gnl' +1 > 0,

where b(0) is a reference accumulation rate and # = z /H. Since we assume that the
ice thickness H is constant, we scale the velocity pattern to the accumulation rate so
that equation (4.1) holds. Velocity equations (4.5) and (4.7), with shape functions
given by equations (4.3) and (4.9), and parameters given by equations (4.8) and (4.10)
define the kinematic model for isochrone deformation due to a non-linear flow law.
There are three non-dimensional free parameters, M . G4, and G, which we vary and

find the combination which best fits the observed layer shapes.

4.4.4 Case 2: Accumulation Minimum at Divide

The second parameterization assumes that internal layer warping is caused solely by a
local accumulation minimum over the divide. We construct a uniform flow field with
no inherent special divide flow zone by setting @(z) = 0 in equation (4.3) thereby

removing the spatial variation in the velocity shape function &(z, z) so that

€(z.2) = (4(2). (4.11)

We further define a new accumulation pattern that allows a local minimum over the
divide. This pattern could be caused by wind-scouring at the divide and re-deposition
elsewhere (Fisher et al., 1983), or by a deposition pattern which causes less snow to
be deposited over the divide relative to the flanks. The snowfall at Siple Dome may
be associated with meso-scale cyclones which track from the north or north-east side
of Siple Dome (Carrasco et al., 1997; Bromuwich, 1988). Numerical models suggest

that winter surface winds are likely from the north to north-east (Bromwich et al.,
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1994). Wind perpendicular to the east-west trending divide could cause scouring
and re-deposition on the lee side. Orographic effects may cause more deposition on
the north flank of Siple Dome, and a precipitation “shadow” on the south flank. We
simulate these effects by superimposing one period of a cosine curve on the best-fitting

hinge-like accumulation pattern from Case 1:

(1+63, 7 < -4,
b(3) _ ) 14+ G;% — Acos(52), A4 <1<0, (4.12)
5(0) 1+ G1& — Acos(2E), 0 < < 3)/4,

| 1+G:z, i > 3)/4,

where G3, and G; emerge from Case 1 since the far-field layer shapes suggest an
accumulation gradient independent of the divide zone.

Using this second parameterization, the model flow field u(z,z) and w(z,z) is
defined by equations (4.5), (4.7), and (4.8) with the shape function given by equa-
tion (4.11) and accumulation pattern given by equation (4.12). We vary three non-
dimensional parameters to find the best fit to the observations: the scaled amplitude
A and wavelength A of the superimposed cosine accumulation curve and the scaled

divide migration rate M.

4.5 Choosing the Best Model

Because we do not know a priori the accumulation history of Siple Dome or the age of
any layer, our goal is to match layer shapes rather than any particular isochrone. We
must therefore decide which modeled layer we compare to a given observed layer in a
way that makes a unique 1-to-1 assignment of observed to modeled layers. Options |
include comparing layers with the same height (1) at the present divide z = 0, (2) at

their shallowest point, (3) at either edge of the domain, or (4) when averaged over the
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domain. We want to emphasize the shape of layers near the divide to determine the
divide migration rate. Options (1) and (2) are therefore poor choices because they
emphasize the mismatch between the model and the data at edges of the domain
where we expect the effects of a migrating divide to be smallest. Option (3) presents
problems when the layers are asymmetric. We choose option (4) and compare modeled
and observed layers with the same average height =. The shape S of each layer is

defined as its height variation relative to its average height:
S(z,z2) = 2(z,2) - =. (4.13)

For a discrete set of digitized layers, each layer is denoted by the index j and
identified by its average depth Z;. Points along the horizontal coordinate are denoted
by 7. The shape of each layer is quantified by measuring the elevation Si; at each

position : along layer j so that
Sy = S(z:1. %) = 2(2i,35) — 3. (4.14)

To compare modeled (S7) and observed (S,‘-’J.) layer shapes (data). we define a mis-

match index J.

J= T—_I)ZZQJ% (4.15)
The term ¢; is the expected combined error from the model and the data for a partic-
ular layer j. A weighting function w;; for point 7 on layer J is chosen to give increased
weight to the residual in the divide area. The number N; is the total number of points
i along a layer j, and L = 30 is the total number of layers, T = >_; N; is the total-
number of points sampled in the domain, and p is one less than the number of free

parameters in the model. In this application, each layer is sampled every 200 m, and

N; depends on the length of the RES profile (3 to 7 km).
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4.5.1 The Ezpected Error

The combined error term ¢, represents errors in layer shape S(z;,;,z) and arises
from errors in determining the elevation z of a point at z; on a given modeled or
observed layer and in determining the average height of the layer z;. For each layer j

with average height z; we define

2 2 1/2
6§ = [(%) Az + A2 + (%) Az + Az;‘;} , (4.16)
where all values on the right-hand side correspond to layer j and subscripts m and d
denote modeled and observed values, respectively.

Both the model and the data contribute to the total error. We do not include errors
due to using possibly wrong assumptions in the flow model (flow law, temperature
distribution, etc.) because we instead consider two distinct descriptions of internal
layer deformation. However, there is an error in z,, associated with simplifications
used to define the kinematic model. Based on a comparison to the FEM, these model
simplifications correspond to Az, = 1 — 5 meters. depending on the height of the
layer. We assume no error in average depth so that Az, = 0.

Main sources of errors in the data include /1) picking errors: accurately defining
an internal layer from the radar data, (2) processing errors: filtering and smoothing
the internal layers, and (3) physics errors: converting the signal travel-time to depth.
Part of the error Az, is due to random noise associated with picking a layer from the
raw radar data which contributes to (1). This error is significantly reduced during
the smoothing process and amounts to less than 1 meter. Another contribution to
Az, is uncertainty associated with horizontal space between radar measurements, and
how well this spacing is known: Az,;. We somewhat arbitrarily set Az, to be half of

the measurement spacing: 10 — 50 meters. The contribution to Az, is small (<2m)



because the layer shapes vary only slightly with position. The error in average depth of
a layer Az, is systematic for a given layer and arises from identifying a specific return
time associated with an internal layer from a rather broad reflection signal and from
converting the signal travel time to depth. Both of these depend on signal frequency
and with an error of about 1/10 of the wavelength of the transmitted pulse: about
2-10 meters. Based on these estimates, the total combined error ¢; from equation
(4.16) ranges from 3 to 6 meters, depending on the average layer height and signal

frequency.

4.9.2 The Weighting Function

The simplest weighting scheme is to prescribe equal weight to all of the residuals
by setting w;; = 1. However, we are primarily interested in determining the rate of
divide migration, and information about divide position is contained in the shape
of the “divide bump”. We therefore want to give greater weight to the residuals
associated with this feature so that residuals occuring where the divide signature is
most pronounced are given more weight than those where the signature is weak.

We define a weighting function w;; which is proportional to the component of
the modeled layer shape that is caused by deformation processes associated with the
presence of the divide. This divide shape component G;; is obtained by subtracting
the layer shape predicted under no special divide flow or divide accumulation pattern
from the modeled layer shape S77. This removes the shape associated with bed topog-
raphy and large-scale accumulation patterns. The resulting shape contains only the
signature from the divide flow field. For Siple Dome layers, this adjustment amounts
to removing any linear trend present in the modeled layer shape. The divide signature
shape (3;; is generally positive because the divide deformation processes considered

here produce up-warped isochrones. We do not consider models where the divide
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deformation produces down-warped isochrones and negative §;; values. The divide

signature shape is normalized so that

Bi;
wy = =D (4.17)
! f:l Y21 By

and
<Y

L N
oY wiy=1. (4.18)
=1 i=1
With this definition of the weighting function, residuals far from the predicted
divide signature receive little weighting, and layers with a more pronounced divide
signature are weighted more heavily than layers with no signature such as those found
near the surface and bed. Because the weighting function is normalized, models which
produce a mismatch index J < 1 match the observations to within the weighted errors
(a 68% confidence level) , and models corresponding to J < 2 fit the data to within
twice the weighted errors (a 95% confidence level). Over- or under-estimation of the
errors would change the value of the minimum J (e.g., from 1 to 2), but not its
dependence on the model parameters. Since we have only three free parameters for
each case, we can explore the entire parameter space and find the shape of the 3-d
parameter volume that defines the best fit (minimum J).
Our results are not sensitive to a reasonable choice of weighting functions. Pre-
scribing equal weight to all points along a given layer by choosing w;; = 1 does not
change the value of the 3 best-fitting parameters for either case; though the overall

value of the mismatch J increases slightly for Case 1.

4.6 Results

Figure 4.6 shows a comparison between the shape of the observed layers and the layers

predicted by the kinematic model with the combination of parameters that produces
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Figure 4.6: Best-fit case assuming the internal layer warping is caused primarily by
non-linear ice flow. M =3, G, = 0.06, G, = ~0.01. (a) Modeled layers in gray and
observed layers in black. (b) Model and data discrepancy plotted according to the
grayscale to show the spatial pattern of the mismatch.
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Figure 4.7: Mismatch index J as a function of each model parameter for Case 1: non-
linear ice flow law. Each panel is a cross-section of J taken through the minimum at
model parameter values G, = —0.01, G, = 0.06, and M = 3, respectively. Contour
lines for J are shown in intervals of 0.5.

the smallest J for Case 1 where the divide bump is caused by a non-linear ice flow law.
The small area of larger residuals likely indicates that the simple hinge-like spatial
pattern of accumulation allowed in the Case 1 model is not sufficiently flexible to allow
an exact match between model and observations. The real accumulation pattern is
probably more complex.

Figure 4.7 shows how the mismatch parameter J depends on the three model parame-
ters G,, G, and M. The models with parameters within the J < 1 contour fit the data
to within the expected errors. Given this threshold, the inferred scaled migration rate
M = 2.0 - 3.5 corresponds to a divide migration rate m = 0.2 — 0.5 m a~! northward
toward Ice Stream D when we take (0) = 0.10—0.15 m a~!. Thisis 3 to 7 times faster
than the migration rate inferred from the angle of the apex axis and a hypothetical
depth-age scale. The inferred migration rate is relatively insensitive to the accumula-
tion gradient south of the divide G, (Fig. 4.7). Northward divide migration (toward

Ice Stream D) smears out layer shapes to the south, leaving a “wake” of relatively flat
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layers and obscuring information about accumulation patterns there (Waddington et
. al., in prep.). Therefore, G, is not well-constrained and ranges from about —0.03 to
0.02. The minimization indicates a relatively strong positive accumulation gradient

north of the divide with G, = 0.05 — 0.07.

For Case 2 where the divide bump is caused by a local accumulation low, we
choose G}, = 0.06 and G} = 0 in equation (4.12) as derived in Case 1. We also
choose p = 4 in equation (4.15) to reflect 2 additional degrees of freedom because
we allow a more complicated accumulation pattern and use results from Case 1 in
equation (4.12). Figure 4.8 shows a comparison between the observed layers and the
predicted layers for the combination of A, A, and M which give the minimum J.
Figure 4.9 shows the shape of J. Overall, the accumulation low model produces a
slightly better fit (J << 1) to the observations than the non-linear flow law model,
probably because of the curvature allowed in the prescribed accumulation pattern.
However, this slightly improved fit is beneath the level of expected errors and does
not imply that Case 2 is more plausible than Case 1. The predicted migration rate is
slower than Case 1, with M ranging from 0.5 — 2.0 at the J < 1 level. The predicted
migration rate M is largely independent of the amplitude A or the wavelength A of
the accumulation pattern. The predicted amplitude A of the accumulation low ranges
from 2 to 6 percent of 5(0). The predicted wavelength A of the accumulation feature
varies between 2.5 and 6.5 ice thicknesses (2.5 — 6.5 km), increasing with amplitude
A. This range of A is expected since the warped feature observed in the layer shapes
spans about 2 — 4 ice thicknesses, suggesting A = 4 — 8. The accumulation patterns

predicted by this model are reasonable possibilities near the divide.

The lower predicted migration rates for Case 2 (accumulation low) arise from the
fact that a combination of 4 and ) alone can be found to produce a sufficient match

to the general shape of the observed lavers with no divide migration. Only a slight
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Figure 4.9: Mismatch index J as a function of each model parameter for Case 2: local
accumulation low. Each panel shows a cross-section of J taken through the minimum
at parameter values A = 3, A = 0.04, and M = 1, respectively. Contour lines for J
are shown at intervals of 0.5.

shift of the flow field (small migration rate) is required to bring the modeled layers
into agreement with observations. For Case 1 (non-linear flow), the deformation
field which produces the divide bumps is largely fixed by our assumptions about ice
dynamics. and a more significant migration of the flow field is required to produce

agreement between the model and the data.

4.7 Discussion

[t is possible that the real situation at the divide is best described by a combination
of a special flow regime associated with non-linear flow and a complex accumulation
pattern. Assuming that Case 1 and Case 2 are equally likely, and using the J < 1
mismatch level as a reasonable threshold, we estimate that the Siple Dome divide is
migrating northward toward Ice Stream D at about 0.05 —0.50 m a~!, corresponding

to M = 0.5 — 3.5 and 5(0) = 0.10 — 0.15 m a~!. If we have over- (under-) estimated
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the errors, then the predicted range would be smaller (larger). The simple estimation
of the migration rate from the angle of the layer apex axis and a presumed depth-age
scale produces a value in the low end of this range at about 0.07 m a~!. The predicted
rate s only slightly sensitive to the presumed mechanism which produces the internal
layer warping beneath the divide. The non-linear divide flow mechanism predicts
higher migration rates than the accumulation minimum mechanism. However, this
analysis does not distinguish which mechanism is operating at Siple Dome or reveal
any information about the ice flow law. Resolution of these questions will require

information from ice cores and measurements of the depth variation of strain.

A large south-north accumulation gradient of (5—10) x 10~8 a~! is a robust feature
of our analysis in the 2-4 km zone north of the divide. This result is independent
of the migration rate and is consistent with both mechanisms of bump formation
considered here. The predicted accumulation gradient would be artificially high if the
divide zone calculated using the FEM is too wide (giving low vertical velocities over a
large zone). However, the accumulation pattern predicted for Case 2 (no divide zone
from non-linear flow law) does not require a smaller gradient. Therefore, the large
predicted accumulation gradient near the divide is a requirement of the data, not an
artifact of the calculation. Measurements from shallow cores and snow pits in the
vicinity of the Siple Dome summit indicate a regional-scale south-north accumulation
gradient over the divide which is 10— 30% of our prediction (K. Kreutz, pers. comm.,
K. Taylor, pers. -comm.). We expect that the strong accumulation gradient predicted
here is a divide-local effect and must decrease with distance from the divide. The
available field sampling is too sparse to detect the localized pattern suggested by this

analysis.

We do not allow for time variation of the migration rate. If past changes in mi-

gration rate or accumulation pattern have occurred, then the discrepancy between
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the model and the data would be depth-dependent. A model which fits the shallower
(younger) layers would not fit deeper (older) layers. Such a pattern is not clearly
evident in Figures 4.6 and 4.8, suggesting that either the migration rate and accumu-
lation pattern have been relatively constant in time, or that isochrone shapes are not

sensitive to past changes that have occurred.

The insensitivity of isochrone shapes to past flow changes arises because isochrone
deformation is an integrated effect. Their shapes lose evidence of old flow regimes over
time. It is therefore difficult to determine how long the divide has been migrating.
We assume that it has been migrating for ¢ >> H/b (10* a). However, the actual
onset of migration may be relatively recent and the layer shapes no longer contain
onset information. It is not correct to use the age of the oldest (deepest) detectable
isochrone with a displaced apex as the age of divide migration onset because the
moving flow field affects the deformation history of all isochrones, regardless of their
age. However, a deep layer can be used to place an upper bound on the date of
migration onset. If the divide had been in one location for a long time and then
started to migrate, we would expect to see remnant warping at the old divide position
in the deeper layers where the warping is expected to be most pronounced. It would
take ~ 10" a for the changing flow field associated with divide migration to smear out
well-developed warped layers ( Waddington et al., in prep.). Suppose the divide was
once at the present apex of the deepest detected layer, about 700 meters south of the
divide. Then the divide has been migrating toward Ice Stream D for at least 700/M

years, or about 1.5 to 15 ka.

Migration of the ice divide suggests that non-steady processes are affecting the
geometry of Siple Dome. Candidates include changes in the elevation or position of the
bounding ice streams, or a change in the spatial accumulation pattern. Nereson et al.

(1998a) (Chapter 3) have explored these possibilities and concluded that relatively
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small changes in either candidate could produce the rate of observed divide motion.
A further consequence of the Siple Dome divide migration and the associated effects
on isochrone shapes is that pre-Holocene ice is thickest about 0.5 km south of the
present ice divide. This information has been used to select the exact site for a deep

ice core to be obtained for paleo-climate analysis.

The migration rate is sufficiently slow that the near-divide warping is maintained
in the internal layer pattern. This indicates that the divide has been within a few ice
thicknesses of its present position for the past 10 — 10* years, and suggests that there
have been no major asynchronous changes in the configuration of the bounding ice
streams or in the geometry of Siple Dome in that time. Significant asymmetric forcing
at the boundaries of Siple Dome would cause rapid motion of the divide (Hindmarsh,

1996a) and prevent the development of a near-divide isochrone bump.

Since the development of a divide bump takes time, its presence at Siple Dome
raises the question about the age of Siple Dome itself. There are two distinct hy-
potheses. The first is that Siple Dome has existed in about its present state for the
past 10* or more years. This suggests that Siple Dome has been a flow center for
most of the Holocene and supports the theory that ice streams were present during
the early stages of retreat of the Ross Ice Shelf (Denton et al., 1989). The second
hypothesis is that Siple Dome formed more recently as a result of ice stream initiation

and thinning of the WAIS.

The analysis presented here assumes the first hypothesis, constant ice thickness.
Given this assumption and a time-averaged accumulation rate of 0.10 m a~! ice equiv-
alent, the time-scale to create a well-developed warp in the internal layers by either an
accumulation low or by ice dynamic processes is related to the thickness/accumulation
rate time-scale (inverse of the characteristic vertical strain rate), about 10* years.

Without considering the smearing effects of divide migration, it would take at least
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5 ka to deform isochrones to the extent we observe at Siple Dome. The first hypothesis
is thus consistent with the data.

We cannot eliminate the second hypothesis, however. Possible rapid thinning
of WAIS and the formation of Siple Dome would be associated with large vertical
strain rates which increase the speed of ice deformation and reduce the time required
to create internal layer warping under the divide. If Siple Dome formed by rapid
synchronous thinning at its boundaries as a result of ice stream initiation, then it is
possible to form isochrone bumps under the divide at all depths in as little as 10° years.
For example, suppose Siple Dome was once twice as thick as present and thinned to
its present thickness in about 10° years. Assuming no change in accumulation rate,
the vertical strain rate during thinning would be roughly 10~3 a~! which is about
one order of magnitude larger than the vertical strain rate for the steady state case.
The time to form a divide bump, which is related to the vertical strain rate, would
correspondingly be reduced by about a factor of 10. Measurements of age versus depth
and total gas content from the deep ice core will help resolve this question. If Siple
Dome has thinned rapidly in the recent past, then the thickness of layers deposited
during and prior to thinning would be smaller (due to larger vertical strain rates).
Thus. these layers would appear in the present ice sheet at shallower depths than if no
thinning occurred. Accumulation rate estimates from layer thickness profiles which

assume no dome thinning would be artificially low.



Chapter 5

SENSITIVITY OF THE DIVIDE POSITION AT SIPLE
DOME, WEST ANTARCTICA TO BOUNDARY FORCING

This chapter was developed in collaboration with R. Hindmarsh at the British Antarctic Survey,
Cambridge, UK under an EISMINT exchange grant in May 1997. It was published in the Annals
of Glaciology, volume 27 with co-authors R. C. A. Hindmarsh (British Antarctic Survey) and C. F.
Raymond (University of Washington). Helpful review comments were given by D. Dahl-Jensen and
R. Alley.

5.1 Summary

A linearized perturbation about a 2-D Vialov-Nye ice sheet profile is used to inves-
tigate the sensitivity of the divide position at Siple Dome, West Antarctica to small
changes in the accumulation pattern and in the elevation of its lateral boundaries at
the margins of Ice Streams C and D. Relaxation time-scales for the ice sheet sur-
face and divide position are derived from the perturbation theory. For Siple Dome,
these time-scales are short: 450-800 years for surface adjustment and 200-350 years
for divide position adjustment. These short time-scales indicate that Siple Dome re-
sponds quickly to forcing at its boundaries. Therefore, the recent migration of the
Siple Dome divide (Chapter 4; Nereson et al., 1998b) is probably a response to an
on-going, sustained forcing rather than a response to a long-past climate event such
as the transition from the Last Glacial Maximum (LGM) to the Holocene.

Based on our analysis, the inferred rate of migration of the Siple Dome divide
could be attained by: (1) a steady increase in the south-north spatial accumulation

gradient of (0.1 — 1.5) x 107° a~2, or (2) a steady increase (decrease) in elevation of
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Table 5.1: Notation

Variable Meaning
a(z,t) accumuiation rate
b(z) bed topography
g gravitational acceleration
h(z,t) ice thickness
k boundary elevation rate
n power in Glen’s flow law
q(z,t) ice flux
s(z,t) ice surface elevation
t time
u(z, z) horizontal ice velocity
z distance along flow
z distance above bed
A depth-averaged flow parameter
E matrix of eigenfunctions
G Green'’s function matrix for
accumulation perturbations
H(z) eigenfunction/spatial
component of h,
M discretized version of ©
Q(z) spatial component of q;
R divide migration rate
T(t) temporal component of h, ay, q;
Xqg divide position
a(z) spatial component of a,
3 scaled accumulation gradient
y (ar/ar)H/"+D)
A eigenvalue
P ice density
o(z.z) shear stress
T time constant
o rate of change in
scaled accumulation gradient 8
o] linear perturbation operator
A diagonal matrix of eigenvalues
Sup/Subscript | Meaning

Sobomea~o %

initial condition

reference value

zeroth order (steady-state)
perturbation

divide position

volumetric

Hindmarsh

left

right

Weertman
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the Siple Dome lateral boundary adjacent to a relict margin of Ice Stream D (adjacent
to Ice Stream C) of 0.005 — 0.040 m a~! ove. rhe past several thousand years. The
required forcing is quite small, and suggests that major changes in the configuration
of Ice Streams C and D associated with major changes in the elevation at boundaries

of Siple Dome have not occurred over the past several thousand years.

5.2 Introduction

The motion of ice divides can be caused by changing conditions at ice sheet bound-
aries. A record of ice divide position may be a delayed and smoothed representation
of boundary forcing. If the relationship between divide motion and boundary forcing
can be established, then one could infer boundary forcing from a record of divide
_position, or predict divide position for a given boundary forcing. Ice divides are
also theoretically associated with a narrow zone of anomalous ice flow which causes
isochrones to be warped convex-up beneath steady divides (Raymond, 1983; Huvid-
berg, 1996). Small variations in divide position compared with the ice sheet span
may cause perturbations to the flow field and complicate the interpretation of ice
cores obtained at ice divides. The sensitivity of divide position to boundary forcing
is therefore relevant to possible identification of forcing mechanisms occurring at ice
sheet boundaries and to interpretation of ice cores obtained at ice divides.
Weertman (1973) investigated the effect of simple changes in ice sheet span and
accumulation rate on divide position with the finding that steady-state divide posi-
tion is most sensitive to changes in ice sheet span and less sensitive to the spatial
pattern of accumulation. Hindmarsh (1996a) characterized the sensitivity of divide
position to stochastic asymmetric accumulation forcing and found that the relaxation
time-scale of divide position to such forcing is about 1/16 times the fundamental

thickness/accumulation rate (h/a) time-scale. Anandakrishnan et al. (1994) used in-
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verse techniques to estimate that the Greenland ice divide may have shifted by about
40 km and thinned by 50 m over the last glacial cycle from changes in margin position
and accumulation rate. Cuffey and Clow (1997) estimated the effect of margin ex-
pansion and retreat on the divide elevation in central Greenland over a glacial cycle,
with a diffusive relaxation time of about 1900 years, about 1/5 of the fundamental

h/a time-scale.

Sout_h.l’ole

’oﬂ . Oevccmcneeiircencaana

West
Antarctica

Figure 5.1: Map of West Antarctic Siple Coast ice streams showing Siple Dome and
Ice Streams C and D.

In this paper, we determine the sensitivity of divide position of Siple Dome, the ice
ridge between Ice Streamns C and D in West Antarctica, to more subtle forcing at its
boundaries (Figure 1). A deep ice core is being obtained near the present summit for
paleo-climate analysis. Recent migration of the Siple Dome divide northward toward
Ice Stream D at a rate of 0.05 — 0.50 m a~! over the past several thousand years has

been inferred from analysis of the pattern of internal layers near the divide which
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have been detected with an ice-penetrating radar (Chapter {; Nereson and Raymond,
1997; Nereson et al., 1998b). We identify probable causes of this subtle divide motion
by quantifying the effects of small changes in accumulation pattern and small changes
in the elevation of the lateral boundaries of Siple Dome (an indicator of ice stream

activity around Siple Dome) on the divide position.

5.3 The Linearized Ice Sheet Equation

We consider a linearized perturbation about a 2-D Vialov-Nye ice sheet solution.
Standard ice flow models do not generally contain the scale of resolution required
to simulate small changes in divide position (< O(k)). A linearized perturbation
allows simulation of small-scale divide motion as it permits explicit tracking of divide
position.

Mathematical development of the linearized ice sheet evolution equation is given
in NVye (1959a) and Hutter (1983). The main points are summarized here. The

time-dependent evolution equation for a 2-D ice sheet is
O0th = —~0.q + a, (5.1)

where h(z.t) is the ice sheet thickness, q(z,t) is the ice flux, a(z, t) is the mass balance,
z is the distance along flow. For an ice sheet deforming in laminar flow with shear
stress

Oz: = —pg(s — 2)0;s, (5.2)

and flow relation

é@,u = Acl,, (5.3)

we obtain an expression for the ice flux g,

g= 2(’:5) AR™|8,5" 8,5, (5.4)
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where s(z.t) is the surface profile, obtained by the sum of the ice thickness h(z.t)

and bed elevation b(z), z is the distance above the bed, ice density p =917 kg m~3,

gravitational acceleration g = 9.8 m s~?, depth-averaged flow law parameter A is
prescribed. n = 3, and m = n + 2. Substituting

c 2(pg)" - (

=25 7

m

[]]
(S]]
S’

vields the ‘Vialov-Nye’ or ‘VN’ ice sheet evolution equation,
Oth = 8-(Ch™ |05 ! O,s) + a. (5.6)

The standard steady-state Vialov profile is obtained when ;2 = 0 and a = ag is a
constant ( Vialov, 1958).
We are interested in the effect of small perturbations in thickness h and accumu-

lation a on the ice sheet geometry. We expand 4 and a such that

h(z,t) = ho(z.t) + hy(z,t),
a(z.t) = ao(z.t) + ai(z,t).

(5.7)

where h1/ho < 1. Substitution into equation (5.4) vields a corresponding flux expan-
sion.

q(z.t) = qo(z.t) + qi(z.t). (5.8)
The zeroth order state is defined to be steady state such that

Othe = 0,
tho ; (5.9)

a,,-qO = 4Qag.
Substituting equations (5.7), (5.8), and (5.9) into (5.6) and keeping only first order
terms yields the linearized perturbation equation which we solve to determine the ice

sheet response to small perturbations:

Othy = —0.q1 + ay, (5.10)

hy Ok -
= — 11
()] 4do (m ho +n 61_.80) ’ (O )
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where sg = hg +b. When m = 0 and n = 1 the standard linear diffusion equation is
obtained (e.g., Boyce and DiPrima, 1986) and we expect diffusive type behavior when
m = 5 and n = 3 (Nye, 1959a). It is convenient for developments in later sections to

write equations (5.10) and (5.11) in operator form as
3¢h1 = @(hl) + a; (512)

where

a:l.'SO

O(e) = -0, {qo (mhi +n O- )} . (5.13)

5.4 Calculation of Normal Modes

Since equation (5.10) (or (5.12)) is a linear differential equation, its general solution

can be expressed as a superposition of solutions to the homogeneous equation,
&hl = @(hl), (514)

where h; = 0 at the lateral boundaries of the domain (Boyce and DiPrima, 1986).

Following ( Hindmarsh, 1996a.b, 1997a,b) we assume a separable solution,
hi(z,t) = H(z)T(t). (5.15)
Because the problem is linear, we may also write:
a(z.t) = a(z)T(t) (5.16)
a(z,t) = Q(z)T(2). (5.17)

Substituting equations (5.15) and (5.17) into the homogeneous equation (5.14) allows
us to separate the time-dependent and the space-dependent equations by use of a

separation constant. or eigenvalue A:

A = (5.18)

NN-

-0z
H
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where

Qz) = q(m& +nZh). (5.19)

9zs0

The solution for the time-dependent component of equation (5.18) is T = T exp(At),
where T~ is an initial condition. The eigenvalue ) represents an inverse relaxation
time-constant for the spatial solution H(z), provided A < 0.

The solution H(z) is a spatial response function, or eigenfunction, associated with
the time-constant given by A. These spatial solutions are the are normal modes of the

ice sheet and are found by solving the spatial component (right hand side) of equation

(5.18).
-0 {qo (m£+narH)} —AH =0. (5.20)
ho 8,30

Following Hindmarsh (1996b. in press) we discretize equation (5.20) according to

the method of finite differences and solve the resulting algebraic eigenvalue problem
written in matrix form as:

MH - AH = 0, (5.21)

where A is a diagonal matrix of eigenvalues A;, M is the discretized version of the
operator © and H is a vector of perturbations sampled at N discrete points in .
Specifically, M is a tridiagonal matrix whose values are found by evaluating the
discretized version of the operator © at N — 2 points in z. The solution is found by
finding the eigenfunctions and eigenvalues of M. We construct a matrix E whose i-th
column is the eigenfunction H;(z) corresponding to );, and a vector T = T~ exp(At),
where T~ is an initial condition. The general solution to the perturbation equation
(5.12) can be written in matrix form as a linear combination of the temporal and

spatial solutions to the homogeneous equation (5.14):

hy(z,1) = 3 Hi2)Ti() = ET. (

@]
[ SN
N
A
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5.5 Estimating Divide Motion

We are particularly interested in how the position of the ice divide is affected by
perturbations. Following Hindmarsh (19962), the evolution of divide position, where

0:5(z = X4) =0 can be written as
DtarS(Xd) = ata,_.s + 'R,a,_.azs = 0, (5.23)

where R is the divide migration rate. In an increment of time, 8¢, the divide motion

is then

0:s ~ 0:51
2. . 92<. "
azs 61.50

This relation implies that divides with high curvature are less sensitive to a given

Xy =6tR =~ (5.24)

perturbation s;.

Equation (5.24) is technically invalid because it ignores the fact that the divide
curvature §2sg is singular for VN ice sheet profiles. In general, accurate calculation
of flow near the divide requires special mathematical treatment because the standard
(VN) ice flow model is invalid there. While the separate solutions to symmetric
and antisymmetric perturbations have been calculated while fully accounting for the
divide singularity for the VN ice sheet solution (e.g., Hindmarsh 1997), the general
problem has not been solved. We ignore the effect of the divide singularity and
estimate divide curvature from a Taylor expansion of a discretized ice sheet. This
approximation results in a small error in the estimation of divide position.

We quantify this error by comparing our solution to an analytic solution for a
special case. Weertman (1974) considered the effect of a step change in accumulation
rate on both right and left sides of an initially symmetric VN ice sheet profile, and

determined that the total divide motion is

—1
= (5.25)

xX¥ =
d y+1

o] r—
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where v = (agr/ar)*"*!) and ag and a; are spatially constant accumulation rates for
the right and left sides of the ice sheet, respectively. Hindmarsh (1997) showed that
the linearized solution for divide movement caused by imposing a step increase in ag

is
H_ 1 v Aap
T n+1(v+1)? an

A comparison between the analytic solutions X}, X¥ and the solution X; given

(5.26)

by equation (3.24) for a given Aag and for a range of discretization intervals dz
shows that all results agree to within 10%. This error is smaller than errors due
to uncertain accumulation rate and flow properties (leading to errors in qo). and is
acceptable since the flow divide and topographic divide do not exactly correspond for
real ice sheets (Raymond, 1983). The exact solution of the problem that respects the

divide singularity would probably not increase the accuracy of the physical solution.

5.6 Normal Modes of Siple Dome

Field measurements made in 1994 and 1996 show that Siple Dome is essentially a
2-dimensional ridge about 1000 m thick and 100 km wide overlying relatively flat
bedrock (Raymond et al., 1995). We are therefore justified, to first order, in applying
this 2-d linearized perturbation model to Siple Dome. Figure 2 shows the zeroth order
geometry (hg and b) for two similar ice sheet profiles for which we calculate normal
modes: a theoretical flat-bed VN ice sheet, and the actual Siple Dome (SDM) ice
sheet from field measurements of surface and bed topography ( Raymond et al., 1995).
These two geometries are used to illustrate the sensitivity of our results to variations
in ice sheet shape. We choose A = 10=2¢ s~! Pa=3 and qg = 0.10 m a~! to calculate
the VN ice sheet geometry from equation (5.6). The domain is truncated at +47 km
from the summit with z = 0 at the divide, approximately corresponding to the full

span of Siple Dome.
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Figure 5.2: Ice sheet geometries used to calculate hg and sg in equation (3.11). The
dashed profile corresponds to a symmetric Vialov-Nye profile with A = 10-24 s~!
Pa™3, ao = 0.10 m a™! ice equivalent. and a half-width of 47 km. The solid profile

corresponds to the Siple Dome profile determined from radar and GPS measurements
(Raymond et al., 1995)

We obtain the zeroth order flux g directly by integrating the accumulation rate.
This approach does not require explicit knowledge of the flow parameter 4, although A
can be deduced from the zeroth order accumulation rate and geometry. Measurements
from snow pits and shallow cores show that the accumulation rate at the summit of
Siple Dome is about 0.11-0.13 m a™! (ice equivalent) (Mayewski et al., 1995), with
a south-north accumulation gradient giving higher accumulation to the north (K.
Kreutz, pers. comm.; Chapter 6). For convenience, a reference accumulation rate &

is defined to be that at the divide: @ = ao(0).

Figure 3 shows the slowest two ice sheet modes found by solving equation (5.21),
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assuming constant accumulation rate for each ice sheet profile shown in Figure 2.
The eigenfunction associated with the largest non-zero eigenvalue (labeled ‘Mode 1’
in Figure 3) is the first dynamic ice sheet mode and represents the slowest volumetric
response of the ice sheet. Its time-scale (7,) is associated with the time it takes for
the ice sheet to relax to a steady state after a perturbation. The second mode is
the slowest mode representing divide position -by virtue of its non-zero slope at the
divide. Additional modes representing the ice sheet response at higher wave-numbers
have faster response times (< 10 a) and are not shown in Figure 3. There are two
“solutions” to equation (53.14) which correspond to the case where Q = constant and
have A = 0 (see equation (5.20)). These “solutions” violate the boundary condition
that Ay = 0 at the lateral boundaries of the domain, and are therefore discarded as
solutions which define the ice sheet modes. However, these functions will be valid

solutions when we consider perturbations with non-zero values at the boundaries.

The relaxation time-scales associated with the slowest modes are shown in Table
2. The volumetric response time-scale 7, is 430 — 800 years and the divide position
response time-scale 74 is twice as fast at 200 — 350 years. Both are much less than
the fundamental ho/ao time-scale (~ 10* years). Increasing the accumulation rate
shortens the fundamental time-scale and leads to a corresponding decrease in the mode
relaxation time-scale. Because our domain is truncated with non-zero thickness at
its boundaries. the volumetric relaxation time-scales are almost twice as fast as those
found in Hindmarsh (1997). In our case, the divide-to-margin ice thickness is about
half that for a full non-truncated ice sheet so that the time-scales are correspondingly
scaled by about a factor of 2. The values in Table 2 are comparable to those calculated
by Cuffey and Clow (1997). Using values appropriate for Siple Dome, they estimate 7,
at about 730 years. The fact that the VN ice sheet and the Siple Dome ice sheet have

similar eigenvalues and eigenfunctions shows that the ice sheet response is relatively
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Figure 5.3: Slowest ice sheet normal modes from solution to equation (5.14) for (a)
the Siple Dome (SDM) ice sheet geometry and (b) the Vialov-Nye (VN) ice sheet
geometry shown in Figure 2. Accumulation rate, ag = 0.10 m a~! ice equivalent is
assumed constant in both cases. The volumetric response mode and divide position
response modes are labeled “Mode 1” and “Mode 2,” respectively. Solutions with
zero eigenvalue (no intrinsic dynamics), which permit external forcing of boundary
elevation, are denoted by dashed curves. The similarity between the two ice sheets
shows that the response modes are relatively insensitive to small variations in surface

and bed topography.
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insensitive to small variations in the zeroth order ice sheet shape or the presence of

moderate bed topography.

These short time-scales indicate that Siple Dome responds quickly to boundary
forcing. Information about changes in ice stream activity or in the spatial pattern
of accumulation prior to a few thousand years ago is no longer contained in the
geometry of Siple Dome. The time-scale associated with divide position is much
shorter, indicating that the Siple Dome divide motion is not a response to a distant
past event, such as the transition from the Last Glacial Maximum to the Holocene,
nor a response to an abrupt event in the past few thousand years. The divide motion

is more likely associated with an on-going, sustained forcing.

Table 5.2: Response time constants in years for slowest modes (volumetric response
7, = —1/A; and divide position response 7, = —1/Az) for VN and SDM ice sheet
profiles with various grid spacings and accumulation patterns ao(z) in m a™?! jce
equivalent. For the last column, the spatial accumulation pattern is given by af(z)
where f(z) = 1.0 + 0.6arctan(z/40 km) and @ = ao(0). Asterisks denote a range
of time-constants corresponding to VN profiles calculated using 4 = 1.5 x 10-2¢ —
1.5 x 107%° 57! Pa~2 and reflecting a range of average ice temperatures of -5 to -20
°C (Paterson, 1994).

gnd size VN SDM SDM, ao = af(z)
meters | ap=0.10 | ag =0.15 | ag =0.10 [ag =0.15 | a=0.10 ] a =0.15
2000 731 513 706 471 782 522
Ty | 1000 732 513 706 471 783 522
500 732 513 706 471 783 522
1000 696-927" | 488-650"
2000 340 238 324 216 327 218
T¢ | 1000 353 247 326 217 328 219
500 362 254 326 217 328 219
1000 334-446° | 235-313°
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Figure 5.4: Evolution of thickness perturbation h;(z,t) for an instantaneous 100-
meter increase in elevation of the margin of Siple Dome near Ice Stream D, plotted
every 200 years.

5.7 Response to Boundary Elevation Perturbation

There is evidence that the ice streams bounding Siple Dome have recently changed
their activity. The lower part of Ice Stream C essentially stopped stream flow about
130 years ago and is currently thickening at the accumulation rate (Retzlaff and
Bentley, 1993). A linear feature on the north flank of Siple Dome near Ice Stream
D is likely a former ice stream margin that ceased flow about 10° years ago (Jacobel
et al., 1996). We expect that once stream flow ceases/begins, the ice streams may
thicken/thin and change the elevation at the boundaries of Siple Dome. We consider
2 cases: (1) an increase in elevation at the ice sheet margin sufficiently fast that it
can be represented as an instantaneous change, and (2) a steady increase in margin

elevation at a constant rate.
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The effect of perturbing the elevation of the ice sheet boundary is found by solving
equation (5.12) as an initial value problem. For the first case, we specify as the initial
condition a spike in elevation at the boundary (k;(z,0) = h*(z) = 0 for all z except
at the boundary). We hold the boundaries fixed at these initial values for t > 0. Since
h,= ET by equation (5.22) the initial condition is

T" = E~'h~, (5.27)

and the solution is

h;= ET = Eexp(At)E~'h*. (5.28)

Figure 4 shows the ice sheet response for an instantaneous arbitrary increase in
elevation of the Ice Stream D-side boundary by about 10% of the total ice thickness
(100 m). The shape of the steady state ice sheet response corresponds to one of
the eigenfunctions with zero eigenvalue (Fig. 3). This is expected since these eigen-
functions are the only ones which will not exponentially decay over time (all other
A <0).

Figures 5a and 5b show the divide elevation and divide position response for a
range of initial conditions. There is a divide response delay of 100—200 years when the
effect of boundary perturbation is propagating up the ice sheet and has not yet affected
the divide (Alley and Whillans, 1984). The characteristic time to reach steady-state
for each case is similar to the volumetric and divide position relaxation time-scales
shown in Table 2. The zeroth order, reference accumulation rate @ = ao(0) affects
only the response time-scales and thus the transient divide response. The final divide
position and elevation are determined by the mode shapes which are independent
of @ and depend only on how kg and ag vary with z (e.g., compare curves A and
B). Increasing the elevation of the Ice Stream D-side boundary by 10% of the scale

thickness causes a 2-3% increase in divide ice thickness and migration of the divide
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Figure 5.5: (a) Evolution of divide elevation for an instantaneous 100 m increase in
elevation of the ice sheet boundary nearest Ice Stream D. The characteristic (1-1/e)
relaxation time for all cases is about 500-800 years. (b) Evolution of divide position
with a relaxation time of about 200 to 350 years. (A) SDM geometry, ao(z) =0.10m
a~!; (B) SDM geometry, ao(x) = 0.15 m a~!; (C) SDM geometry, ao(z) = 0.10(1 +
arctan(z/40 km)) m a™ (D) SDM geometry, ao(z) = 0.15(1 + arctan(z/40 km)) m
a~!; (E) VN geometry, ap(z) = 0.10 m a~!. There is a response delay of 100-200 years
until the boundary perturbation affects the divide.
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toward Ice Stream D by about 1% of the total span. Since the problem is linear, a
20% elevation change would predict a 4-6% change in ice thickness and a 2% divide
shift. Because the ice sheet is largely symmetric, a similar decrease in elevation of the

Ice Stream C boundary would also produce the divide shift shown in Figure 5b.
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Figure 5.6: Steady-state divide migration rates for various rates of boundary elevation.
The rate of Siple Dome divide migration inferred from the pattern of internal layering
(0.05—-0.50 m a=') is bounded by solid horizontal lines. (A) SDM geometry, ap(z) =
a: (B) SDM geometry, ao(z) = a(1 + arctan(z/40 km)); (C) VN geometry, ao(z) =
a. The divide migration rate depends only on how ag and ho vary with z. and is
independent of the reference accumulation rate @ = ao(0).

This analysis of an instantaneous change in boundary elevation helps determine
divide response characteristics, but may not be physically reasonable. In reality,
the boundaries of Siple Dome probably change their elevation over long time-scales.

Moreover, we are particularly interested in what gradual boundary changes could
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produce the constant rate of divide migration inferred for Siple Dome. Since the
divide response delay time is 100-200 years, it is likely that the Siple Dome divide is
just now beginning to experience the effects of any thickening associated with the shut
down of Ice Stream C. Possible thickening associated with a shut down of the relict
Ice Stream D margin would move the divide in the direction of the observed motion.
Therefore, we wish to find the elevation rate k of the Ice Stream D-side boundary
which produces the inferred Siple Dome divide migration rate. The solution is found

by superposing solutions given by (5.28) which we write in matrix form as
h; = Eexp(At)E~'kt. (5.29)

Figure 6 shows the migration rate deduced by solving equation (5.29) for various
elevation rates k and for various initial conditions. An elevation rate of 0.005 to
0.040 m a~! (ice equivalent) produces the inferred migration rate and corresponds
to elevating the right boundary 10 to 80 m in the past 2000 years. This result is
not unique, however. Boundary changes producing a similar relative difference in
elevation of the two sides would also match the inferred divide motion. For example,
it is possible that the boundary adjacent to Ice Stream C has decreased in elevation
sometime in the past few thousand years, as a result of a past change in Ice Stream

C flow.

5.8 Response to Accumulation Rate Perturbation

Divide migration can also be caused by a change in the accumulation pattern. The
ice sheet response to such a perturbation is found by solving equation (5.12) which

we write in matrix form as,

Oih;= Mh,+a;. (530)
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Figure 5.7: Evolution of SDM thickness perturbation hi(z,t) for an instantaneous
change in the accumulation pattern a;(z) = 10~%z plotted every 200 vears.

After using equations (5.22) and (5.21) this becomes
ET = EAT +a,, (5.31)

and reduces to

T=AT+E 'a,. (5.32)

Since T = T~ exp At by equation (5.18), we solve for T~ given a,.
Again. we consider 2 cases: (1) the response of the ice sheet to an instantaneous ac-
cumulation rate perturbation, a;/@ = Bz, and (2) the response to a constant increase

in the spatial accumulation gradient, a,/a@ = ¢zt, where

o= 2%4 _55 (5.33)

is a prescribed constant. We fix the boundary elevations at their present values for

both cases. The solution T for each case is found using standard analytical techniques
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for solving first-order ordinary differential equations. Upon using (5.22) the ice sheet

response is:

hl(casel) = E(exp(At) - I)A—IE—IX,B&, (5.34)
hl(caae2) = E(exp(At) - I)A—2E_lx¢& - EA-IE-IX¢& t, (535)

for cases 1 and 2, respectively. The exponential terms in equations (5.34) and (5.35)

represent the transient ice sheet response. At steady state (¢ — oo) these equations

become
hl(casel) = _EA_IE_IXB &1 (536)
hi(casez) = —EAT?E7'x¢a - EA"'E 'xoat. (5.37)
The quantity G = ~EA'E~! is the Green’s function for accumulation perturbations

(Hindmarsh, 1997a).

Figure 7 shows the ice sheet response to an instantaneous change in accumulation,
ai(z)/a@ = Bz, where 3 = 10~°> m~!. Figure 8 shows the divide position response for
various initial conditions for the same fractional accumulation perturbation 8. There
is no divide response delay time in this case, and divide evolution begins immediately
with relaxation time-scales consistent with those in Table 2. Unlike margin perturba-
tions, accurnulation perturbations excite in general all ice sheet modes which depend
strongly on the characteristics of the zeroth order ice sheet configuration. The steady-
state divide position is therefore more sensitive to the initial ice sheet geometry and
the spatial pattern of accumulation, producing a 20% variation in Figure 8. However,
like the case for margin elevation perturbations, a the transient divide response is
sensitive to a for a given 3, but the steady state response is independent of a.

We are interested in what gradual changes in accumulation pattern would cause

the rate of divide motion inferred for Siple Dome. Specifically, we consider a gradual
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Figure 5.8: Evolution of divide position for an instantaneous accumulation per-
turbation a;(z) = al07%z. (A) SDM geometry, ao(z) = &; (B) SDM geometry,
ao(z) = a(l + arctan(z/40 km)); (C) VN geometry, ao(z) = a. Solid and dashed
curves correspond to @ = 0.10 ma~! and @ = 0.15 m a~! respectively. Relaxation
time-scales are about 200 to 350 years. For a given geometry and spatial accumnulation
pattern, the steady state divide position is independent of a.
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increase in the accumulation gradient over time producing lower accumulation rates
toward Ice Stream C and higher rates toward Ice Stream D. Such a change could
perhaps be linked to an evolution of WAIS which causes Siple Dome to emerge as
a prominent topographic feature and so influence its climate, or a general change in
circulation affecting Siple Dome climate over time. We use equation (5.35), find the
divide response for various values of ¢ and for various initial conditions, and show the
predicted steady-state migration rate in Figure 9. Values for the rate of change in
accumulation gradient (¢ d) ranging from 0.1 x 1079 to 1.5 x 10~° a~2 would produce
the inferred divide migration rate (0.05 to 0.50 m a~!). At 10 km from the divide,
these values correspond to a total increase/decrease in accumulation of .001 to .015
m a~' (ice equivalent) in 1000 years. Accumulation changes in this range are may be

reasonable.

5.9 Conclusions

Our results suggest that divide position at Siple Dome is quite sensitive to changes
at its lateral boundaries and to changes in accumulation pattern. The divide motion
inferred from the shapes of internal layers could be caused by either a change in eleva-
tion at its boundaries of less than 100 meters, or by a modest on-going change in the
accurnulation gradient over the past several thousand years. Since the perturbations
required to move the divide are small, and since the Siple Dome divide has moved
only slightly in the past several thousand years, it is unlikely that Ice Streams C or
D have changed their relative thickness dramatically in that time.

The divide position at Siple Dome would respond to abrupt forcing in a few
hundred years (14 = 200 — 350 a), with complete adjustment of the surface in a few
thousand years (7, = 450 — 800 a). Therefore, only information about sustained

forcing would persist in the geometry of Siple Dome for more than a few thousand
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Figure 5.9: Steady state divide migration rates for various rates of increase in accu-
mulation gradient. The rate of Siple Dome divide migration (0.05— —0.50 m a™!) is
bounded by solid horizontal lines. (A) SDM geometry. ao(z) = a; (B) SDM geome-
try. ao(z) = a(1 + arctan(z/40 km)); (C) VN geometry, ag(z) = a. Solid and dashed
curves correspond to @ = 0.10 m a~! and @ = 0.15 m a~! respectively. The range
bounded by the inferred Siple Dome divide migration rate corresponds to a change
in accumulation rate at 10 km from the divide of 0.001 — 0.015 m a~! in 1000 years.

years. The recent inferred migration of the Siple Dome divide is likely a response
to on-going changes in the bounding ice streams or the local climate rather than a

response to an event in the distant past (> 3000 a BP).

Because of the delayed response to perturbations in margin elevation of 100 — 200



years, the Siple Dome divide has not yet been affected by elevation changes associ-
ated with the shut down of Ice Stream C. However, a possible 20 — 80 m thickening
associated with the shut down of the relict Ice Stream D margin would be consistent
with the inferred divide motion. Such an elevation change has not been measured.
Photoclinometric analysis of satellite images indicate that the relict ice stream surface
is ab.out 50 m above the present level of Ice Stream D (Scambos et al., 1998), which
is suggestive of recent thickening. This scenario is not unique. Small changes in the
precipitation pattern over time are equally likely. Analysis of the pattern of internal
layering at Siple Dome may help clarify which scenario has caused the inferred divide

motion.



Chapter 6

REGIONAL-SCALE ACCUMULATION PATTERN AT
SIPLE DOME

This chapter was presented as a poster at the American Geophysical Union 1997 Fall Meeting with
co-authors C. F. Raymond (University of Washington), R. W. Jacobel (St. Olaf College) and E. D.
Waddington (University of Washington).

6.1 Summary

The spatial distribution of accumulation across Siple Dome is determined from anal-
vsis of the shapes of internal layers detected by radio-echo sounding (RES) measure-
ments. A range of assumed accumulation patterns is used in an ice flow model to
calculate an internal layer pattern. Inverse techniques are used to determine which
assumed accumulation pattern produces a calculated internal layer pattern that best
matches the shape of internal layers from RES measurements. All of the RES internal
layer shapes at Siple Dome can be matched using a spatially asymmetric accumula-
tion pattern which has been steady over time. Relative to the divide, the best-fitting
accumulation pattern predicts up to 60% less accumulation on the south flank and
40% more accumulatior on the north flank. The data also allow the possibility for a
small time-variation of the pattern north of the divide. The mismatch between the
calculated and the observed layer shapes is slightly reduced when the accumulation
gradient north of the divide is higher in the past (> 5000 a BP) than present. Sen-
sitivity tests show that the predicted change in accumulation gradient required to

cause the inferred divide migration would be detectable in the internal layer pattern
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if it persisted for more than 2 ka. Analysis of the pattern of the mismatch shows
no evidence that such a change has occurred, and the possible accumulation change
allowed by the data is in the opposite sense. Therefore, it is unlikely that the divide
motion has been caused by a temporal change in the spatial pattern of accumulation,

and suggests the alternative of forcing from the boundaries with Ice Streams C and

D.

6.2 Introduction

The evolution of ice domes in cold polar regions is driven by the accumulation rate
history, its spatial pattern, and conditions at the ice sheet boundaries. The history
of the spatial pattern of accumulation is an indicator of past climate conditions (e.g.,
Morse. 1997) and a predictor of ice sheet evolution (e.g., Hindmarsh, 1996a). Annual
layer thickness measurements from ice cores have been used to determine the accumu-
lation rate history for a particular point on an ice sheet (Paterson and Waddington,
1986; Alley et al., 1993; Bolzan et al., 1995; Cutler et al., 1995; Cuffey and Clow,
1997). However. ice core measurements do not give information about the spatial
distribution of accumulation or its changes with time.

The shapes of internal layers detected in ice sheets with radio-echo sounding (RES)
can complement ice core measurements. Internal layers arise from variations in elec-
trical properties in the ice (Moore et al., 1992). These variations are likely associated
with the original deposited snow. We therefore assume that the internal layers are
isochrones - former ice sheet surfaces that have been buried and deformed by ice flow.
Information about the spatial distribution of accumulation can be obtained from the
horizontal variation in thickness between RES-detected internal layers. Since the
shapes of un-dated internal layers do not contain information about the absolute ac-

cumulation rate, the age-depth relationship from ice core measurements is necessary
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determine the accumulation rate and its variation with time. Weertman (1993) used
RES measurements of internal layer shapes and annual layer thickness measurements
from an ice core to determine the recent accumulation pattern on Dyer Plateau.
Antarctica. Morse (1997) used RES and ice core measurements to determine past
changes in the pattern of accumulation at Taylor Dome, Antarctica.

The spatial distribution of accumulation and any past changes in this distribution
over Siple Dome are relevant to inferring the history of climate and ice dynamics in
this region. The shapes of RES-detected internal layers near the Siple Dome divide
suggest that the ice divide has been slowly migrating for the past several thousand
years (Chapter §; Nereson et al., 1998b). This motion could be caused by a gradual
change in the accumulation pattern, or by small changes at the boundaries of Siple
Dome (Chapter 5;: Nereson et al.. 1998a). In this chapter, the shapes of internal
layers detected using RES techniques are analyzed to determine the spatial pattern
of accumulation and any detectable changes in the pattern over time. Since annual
layer thicknesses are not yet available from a deep ice core, this analysis is relevant
only to the spatial pattern of accumulation. A steady-state pattern of accumulation
over the past 10* years is found to provide a satisfactory fit to the layer shapes. A
slight improvement to the fit is found if the accumulation gradient north of the divide

was higher before about 5 to 10 ka BP.

6.3 Measurements

The geometry of the surface, bedrock, and internal layers of Siple Dome were deter-
mined from Global Positioning System (GPS) surveys and radio-echo sounding (RES)
measurements made in 1994 and 1996 as part of a collaborative project among the
University of Washington, St. Olaf College, and the University of Colorado. These

measurements show that Siple Dome is a nearly 2-dimensional ridge overlying a flat
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Figure 6.1: AVHRR image of Siple Dome showing the summit grid and main traverses
where RES and GPS measurements were made. Image courtesy of Ted Scambos,
National Snow and Ice Data Center, University of Colorado.

bedrock plateau. Velocity measurements over the 2 year study period support a 2-d
description of the dome with flow generally normal to the ridge for several tens of
kilometers from the summit. The RES data used in this study were collected along a

line normal to the ridge. This line is assumed to be parallel to ice flow.

The composite RES profile shown in Figure 6.2 corresponds to the white line which
begins at Ice Stream C in Figure 6.1, crosses several relict flow features, the dome,
and a relict flow feature near Ice Stream D. Most measurements along the profile were
made every 100 meters using a center frequency of about 2 MHz (wavelength in ice

=~ 80 m), with the exception of a 30 km section on the extreme south flank, which
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was measured with a center frequency of 4 MHz. Internal layers are apparent and
continuous over the entire width of the dome. At the dome boundaries near the relict
flow features, the internal layers are disrupted from past or current dynamic activity
(Gades, 1998; Jacobel et al., 1996).

It is immediately apparent that the shapes of internal layers in figure 6.2 are
asymmetric. The depth to a given layer north (right) of the divide is greater than its
depth south (left) of the divide. This asymmetry suggests that more accumulation
occurs to the north than to the south. Such an asymmetry could also arise from an
asymmetric strain history associated with the activity of the bounding ice streams.

We restrict our analysis to the region 50 km south to 40 km north of the summit
where the internal layers are continuous and where RES measurements were along
the assumed flow line perpendicular to the ridge. The velocity field derived from GPS
measurements (Chapter 3) shows that the RES profile over most of the chosen region
corresponds to an ice flow line. From 30 km to 40 km north of the divide, the flow
turns westward toward the Ross Ice Shelf. At 40 km north, the RES profile and the
flow line differ in azimuth by about 26°. Since about 90% of the velocity component
at 40 km north is still along the RES profile, we ignore the deviation from the flow

line for this analysis.

6.4 Data Analysis

Each RES measurement is a time-series of reflection amplitudes. To eliminate en-
vironmental and instrumental noise. each time-series measurement is filtered with
a zero-phase, forward/reverse, 4th order Butterworth band pass filter from 1 to 10
MHz. Specific internal layers are selected from the filtered data using an automated
routine that finds the time of maximum amplitude from each RES measurement in a

hand-prescribed time-window (Gades, 1998). The resulting internal layers are then
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smoothed horizontally using a low-pass filter with the cut-off frequency at 0.2 km™!.

Figure 6.3 shows selected smoothed internal layers.
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Figure 6.3: Smoothed internal layers detected by radio-echo sounding.

6.5 Ice Flow Model

A two-dimensional, plane-strain, steady-state ice flow model following Reeh (1988) is
used to track ice particle paths and predict an internal layer geometry under various
assumed patterns of accumulation over Siple Dome. Each set of predicted layer shapes
is compared to the RES-measured layer shapes. The accumulation pattern giving
the minimum mismatch between the modeled and RES layer shapes determines the
steady-state accumulation pattern that produces the best fit to the data.

The ice flow model accounts for the effect of bed topography on ice flow and



allows the depth variation of horizontal velocity to be prescribed. The model does
not allow ice thickness H(z) or accumulation pattern b(z) to change with time. The
accumnulation rate b(z), the depth-averaged horizontal velocity #(z), ice thickness

H(z), and distance along flow from the divide z are related by!

/0 " b(z)dz = a(z)H(z). (6.1)

It is convenient to define a normalized vertical coordinate 3:

z — R(z)
H(z) ’

where R(z) is the bedrock elevation and z is measured upward from a horizontal

> =
z =

(6.2)

datum below the bedrock. We construct u(z, z) as

u(z, z) = ul(z)§(32), (6.3)

where u, is the horizontal velocity at the ice surface and the shape function £(2) de-
scribes the depth variation of u(z, z) such that £(0) = 0 and £(1) = 1. Equation (6.3)
assumes that the shape function does not vary with position z. This assumption is
valid where the ice thickness varies slowly with position (as is the case for Siple Dome)
and remote from the anomalous flow regime predicted within a few ice thicknesses of

an ice divide (Reeh, 1988; Raymond, 1983). Combining equations 6.1 and 6.3 yields

§(2), (6.4)

u(z,z) = =

where B(z) = [§ b(z)dz and = = fj £(3)dz.

The vertical velocity field w(z, z) is found from continuity:

!Distance along flow from the divide is denoted z in this chapter. This differs from the notation
used in Chapter 3 where the distance along the flow-line is denoted y to coincide with the local
coordinate system.



116

o;u = —0,w. (6.5)

Differentiation of equation (6.4) with respect to z vields

_ b+ B&E  Blz)oH

O = =—=p =H?

£. (6.6)

The chain rule and equation (6.2) are used to calculate 3:£(2):

(Z - R)a::H) ) (6.7)

. 1
al‘f(z) - = SE (Ea:cR + T
Substitution of Equation (6.7) into Equation (6.6) and integration with respect to :
yields the vertical velocity w,
b(z) B(z)

wmg=—7?éaaa+EGE@¢H+@maa, (6.8)

The calculation of particle paths is simplified if calculations are performed on a
regular grid in the transformed vertical coordinate domain 3. The vertical motion of
an ice particle is then described by the material time derivative d,z which is related

tow =d,: by

dz dzdz dzdz
i etz (6.9)
and reduces to
dz  w(z,z) (6.10)

dt ~ H(z)

Equations 6.4 and 6.10 describe a continuous flow field for ice particles given
ice thickness H(z), bedrock geometry R(z), shape function &(z), and accumulation
pattern b(z). Ice thickness and bed geometry are given by the RES measurements.

R(z) is smoothed so that H(z) is smooth and slowly varying. The shape function



€(z) is described by an 8th order Chebyshev polynomial fit to the typical lank shape
function predicted by a steady-state, 2-d, finite element model (FEM) of flow at Siple
Dome ( Chapter 2; Nereson et al., 1996). The FEM shape function was chosen because
it includes a correction for typical temperature distribution in the ice. Other shape
functions, such as the common description for laminar ice flow, could also be used.
Since the shape function does not vary with position in the model, its depth-variation
does not affect the predicted shape of isochrone layers, only their predicted age.

The accumulation pattern b(z) is chosen to allow the maximum degrees of freedom
where we expect the accumulation pattern to vary the most while maintaining calcu-
lation efficiency. Since the divide is the main topographic feature in the region, rapid
variation in pattern of accumulation may be expected to occur there with relatively
smooth variation elsewhere. We choose an arctangent function centered at the divide,

b(z)

m =1+ a,narctan(z/A, ). _(6.11)

where b(0) is the accumulation rate at the divide. In the limit of small A, this function
approaches a step function at the divide. At large A, this function approaches a
constant gradient. Different values for A and amplitude o for the south (s) and north
(n) sides of the divide accommodate a wider range of accumulation patterns. The
parameters, a,, Qn, Ay, and A,, are varied in order to find the combination that

produces the best match to the observed layer shapes.

6.6 Residual Calculation

For each model calculation, a set of isochrone shapes is predicted for a given amplitude
(as) and tramsition length (A, ) of the accumulation pattern. Since the age versus
depth relationship is unknown, the goal is to match the shapes of all observed internal

layers, and not any particular isochrone. Therefore, we are free to decide which
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modeled layer to compare to a given observed layer. Following Nereson et al. (1998b)
(Chapter 4) the shapes of layers with the same average height are compared. Each
side of the divide is considered separately so that a layer denoted by the index j is
identified by an average height z} for the north side of the divide a different average
height =7 for the south side. Points along the horizontal coordinate are denoted by
1. The shape of a layer on a given side of the divide is quantified by measuring the

elevation S;; at each position 7 along layer j so that

S5 =S(zi 57 = 2(zi, 77) — 5. (6.12)
The superscript denotes values for the south (s, z; < 3 km) and north (n, z; > 3 km)
sides of the divide, respectively. No attempt is made to match the observed layers
in the divide zone z; = £3 km. The anomalous flow in this zone associated with ice
divides is not accounted for in the model.

Modeled isochrone shapes ST are compared to the observed isochrone shapes Sg

using a mismatch parameter J which is also calculated separately for each side of the

divide for each model calculation:

1 & 1 X (sm - 59y
J=zj§wj(Nj_p§( Jef J)) (6.13)
The term ¢; is the expected combined error from the model and the data for a partic-
ular layer j. A depth-dependent weighting function w;j for layer j is chosen to account
for the fact that the layers are not uniformly distributed over depth. The number
N, is the total number of points i along a layer j, p = 1 is one less than the number
of free parameters in the model, and L = 14 is the total number of layers. In this
application, each layer is sampled every 1000 m, and N; depends on the length of the
RES profile (30 to 50 km).

The error term ¢; represents errors in layer shape arising from errors in estimating

z and % at each point along the modeled and observed layers. We do not account for
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contributions to the total error from model simplifications. These errors are difficult to
quantify and are addressed instead using sensitivity tests developed in a later section.
Errors in the observed layer shapes arise from digitizing and defining a given layer and
depend primarily on signal frequency, sampling density, and the reflection strength
of the layer (Chapter 4). All the data used for this analysis were collected at the
same frequency (2MHz) and spatial density (100 m). As the reflection strength of the
layer decreases, it is more difficult to identify from RES data. Layers identified using
- the automatic picking routine are rougher as the reflection strength decreases. An
error is therefore associated with picking a layer and is assumed proportional to the
“roughness” of the layer, defined as the standard deviation of the difference between
the smoothed and raw internal layer shape. This standard deviation for Siple Dome
data varies between 1 and 5 meters, increasing with layer depth. We conservatively
estimate the combined error €; at 6 to 10 meters, depending on layer depth.

The weighting function w; is applied to correct for the fact that the measured
internal layer shapes have different lengths and are unevenly spaced with depth. With
no imposed weighting, areas where layers are closely spaced would be weighted more
heavily than where layers are sparse. Similarly, short layers which sample only part
of the horizontal domain would receive relatively more weight per sample than layers
which cover the whole horizontal domain. Therefore. a weighting scheme is applied
to correct the effects of varying layer length and vertical spacing. Conceptually, it is
simple to separate these two factors so that the total weight for a given layer w; is a
sum of a weight to correct for its vertical spacing w! and a weight to correct for its

length w:

wj =w! + wf. : (6.14)

We define w! to be proportional to the distance between a given layer j and its
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adjacent layers with a scale factor F so that

LU_;I = (§j+1 - Ej_l)Fv. (615)

More weight is given where the vertical layer density is sparse. Similarly, we define
wf to be proportional to the number of samples N; in a layer so that longer internal

layers are given more weight than shorter layers:

Wt = N;F*. (6.16)

The scale factors F¥ and F* are normalizing factors chosen so that

dw;= Zw}’-{-wj-: L. (6.17)

i J
With this weighting scheme. each depth interval receives equal weight. Since depth
and time are not linearly related, this does not give equal weight to all ¢time represented
by the internal layers. Younger ages are weighted more heavily according to the depth-

age relationship. Since the weight function w; is scaled by F* and F*, modeled layers

which match the observed layers to within the weighted error will produce J < 1.

6.7 Results

6.7.1 The Predicted Steady-State Accumulation Pattern

Figure 6.4 shows the range of steady-state accumulation patterns which fit the ob-
served layers to within given error intervals. The black range corresponds to values
of A;, An. a4, and o, which produce a match to within the estimated errors in the
data (J < 1). The medium and light ranges correspond to to J < 2 and J < 3,
respectively. A smcoth and well-constrained south-north accumulation gradient is

predicted. Relative to the divide, the minimization predicts 40% lower accumulation
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Figure 6.4: Steady-state accumulation pattern which produces the best fit to the
observed layer shapes. The black range produces layers which match the data to
within the expected errors (J < 1). The dark and light gray ranges corresponds to
J < 2and J < 3, respectively. The accumulation pattern is scaled to the accumulation
rate at the divide.

rates at 30 km south of the divide and about 30 — 40% higher accumulation rates at
30 km north of the divide.

Figure 6.5 shows the predicted layer shapes given a spatially constant accumula-
tion pattern (upper panel) and given the spatial pattern shown in Figure 6.4 (lower
panel). The improved match to the observed layer shapes from using the derived
spatial pattern is apparent. The remaining mismatch at £ = 30 — 40 km is probably

due to 3-d flow effects which are not accounted for in the model.
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Figure 6.5: (a) RES-detected layer shapes (gray) compared to layer shapes calcu-
lated assuming a constant accumulation pattern (black). For the purposes of display,
modeled layers shown match the measured layers near the divide. In the residual cal-
culation, modeled and measured layers with the same average depth are compared.
(b) RES-detected layer shapes (gray) and layer shapes (black) calculated assuming
the steady state accumulation pattern which produces the minimum weighted mis-
match J. Modeled and measured layers have the same average depth. The modeled
layers shown correspond to the parameters A, = 30 km, A, = 5 km, a, = 0.6 and
an = 0.2. Modeled layer shapes within 3 km of the divide are ignored because the

anomalous flow regime associated with ice divides is not accounted for in the ice flow
model.



123

6.7.2 Comparison with other Measurements

The inferred accumulation gradient is consistent with accumulation estimates from
chemical analysis of 2-meter snow pits at +30 km (from K. Kreutz, pers. comm.),
but inconsistent with measurements of the pole-to-surface distance over a 1- or 2-
vear period (Fig. 6.6) and with the accumulation pattern deduced from the physical
and electrical stratigraphy of three 100-meter cores taken from +30 km and at the
divide (K. Taylor, pers. comm.). Preliminary analysis of the shallow cores suggests
a smaller gradient with 20% less accumulation at 30 km south of the divide and no
gradient north of the divide. However, these methods sample different time-averaged
windows at Siple Dome. Pole-to-surface distances measure accumulation over 1- or
2-year periods; snow pits span less than 10 years; shallow cores generally span time-
scales of 10' to 10 years; RES layers are detected approximately every 10° years
in the shallow ice and every 10* years in deep ice. Accumulation estimates from
analysis of RES-detected internal layers represent averages over at least 103 years and
do not overlap with measurements from the most recent 100 years on snow pits or
‘shallow cores. Since these RES measurements cannot be used to detect decade to
century scale accumulation patterns. it may not be relevant to compare accumulation
estimates derived from low-frequency RES measurements to estimates obtained from

shallow cores and snow pits.

If Siple Dome is near steady state, then the spatial accumulation pattern should
agree with the spatial pattern of the horizontal flux divergence determined from from
GPS measurements of survey poles (Chapter 3). This comparison can be used to
determine whether the inferred steady-state accumulation pattern is consistent with
the steady-state assumption. Figure 6.6 shows that the inferred accumulation pattern
and the calculated flux divergence pattern generally agree north of the divide between

0 and 20 km where the flow begins to turn off the pole line. The patterns strongly
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disagree south of the divide. This disagreement suggests that Siple Dome is presently
not in steady state and may be significantly thickening along its south flank (see also
Chapter 3). Analysis presented in Chapter 7 suggests that this non-steady situation
has probably existed for the past 500 years or less and is consistent with the finding
that the summit area is presently near steady state (Chapter 3). Since the shallowest
internal layer used to infer the accumulation rate pattern is about 1000 years old,
it is likely that the pattern of accumulation inferred from this analysis reflects the

long-term pattern and is not significantly affected by the recent non-steady situation.
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Figure 6.6: Accumulation pattern inferred from the RES layer pattern is denoted by
the gray shaded area assuming the accumulation rate at the summit is 0.11 m a~! in
ice equivalent units(Mayewski et al., 1995). Dark and light areas correspond to J < 1,
J < 2. and J < 3, respectively. The flux divergence calculated from GPS measure-
ments of horizontal velocity is shown by the black region (Chapter 3). Diamonds
denote accumulation rate estimates in ice equivalent units from pole-to-surface mea-
surements in 1994, 1996 and 1997.
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6.7.3 Temporal Changes in the Spatial Accumulation Pattern

Although a steady-state spatial accumulation pattern matches the observed layers to
within the measurement errors, it is possible that the spatial pattern has changed with
time and the effects of these changes on the internal layer pattern are indistinguishable
from the steady-state case. Could a non-steady-state spatial pattern of accumulation

also match the observations?

The depth-distribution of the residuals is examined to test this possibility. If a
detectable change in the accumulation pattern has occurred, then an accumulation
pattern which produces a good match to shallow (young) layers would not produce
a good match to (deeper) layers. The residuals along each layer are averaged and
the amplitude values a, and a, are varied while the transition length values (A,
and A,) are held fixed at 40 km and 5 km, respectively. The horizontally averaged
residuals are plotted in gray versus the average depth of the layer and versus a range
of normalized amplitude values (Fig. 6.7). The north and south sides of the divide

are treated separately.

In Figure 6.7, the panel corresponding to the south side of the divide shows that
layers at all depths have minimum residuals for a single amplitude value. This suggests
that there has been no change in the amplitude value (and therefore accumulation
pattern) over the time represented by the measurements. The panel corresponding
to the north side of the divide shows a very broad minimum around an amplitude
value of 0.2, possibly suggesting little to no change in the accumulation pattern over
time. However, there appears to be a trend to the minimum with shallow layers
fitting best to a low value of @, and deeper layers fitting best to a slightly higher
value of a,. This change with depth shows that the data allow for the possibility
that the accumulation gradient north of the divide has decreased over time. Using

hypothetical time-scales for Siple Dome to date the internal layers ( Chapter 2; Nereson
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Figure 6.7: Depth distribution of residuals for layers south and north of the divide.
respectively. South of the divide, minimum residuals are found at one amplitude value
a, at all depths, suggesting no change over time south of the divide. North of the
divide, residuals for shallow (young) layers are minimized at low values for a, while
residuals for deep (old) layers are minimized at slightly larger values.

et al., 1996), the range of time-dependent accumulation patterns shown in Figure 6.8
is implied by the residual pattern pattern shown in Figure 6.7. This accumulation
scenario suggests that 5-10 ka BP. accumulation rates were 15-30% higher relative to
the divide than in more recent times. The accumulation gradient north of the divide
has possibly decreased over the past 10* years. Because the range of time-dependent
accumulation patterns shown in Figure 6.8 is within the 95% confidence limits of the
range of inferred steady state patterns. (Fig. 6.4), we cannot distinguish between the

time-dependent and steady-state scenarios.
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Figure 6.8: Potential time-change in accumulation pattern allowed by the data. Shal-
low layers correspond to layers younger that about 5 — 7 ka. Deep layers are older
than 5 — 7 ka.

Because data for deep layer shapes north of the divide are sparse, the time-
dependent scenario shown in Figure 6.8 should be viewed with caution. North of
the divide, layers are not detectable over the full region (Fig. 6.3). The residuals at
depth are therefore dominated by one deep layer which extends to 25 km from the
divide. Because the data are sparse for layers older than 5-10 ka, it is difficult to draw

firm conclusions for changes in the spatial pattern prior to that time.

Nevertheless, this analysis is relevant to the hypothesis that a change in the ac-
cumulation pattern is responsible for the divide migration inferred at Siple Dome

(Chapter 5; Nereson et al., 1998a). Analysis presented in Chapter 5 (Nereson et al.,
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1998a) shows that an increase in the gradient is required to move the divide toward
Ice Stream D. The possible change in the spatial pattern shown in F igure (6.8) is a
decrease in the south-north accumulation gradient over time; this change is in the
opposite sense. We therefore suspect that temporal changes in the accumulation pat-
tern are not responsible for Siple Dome divide motion. Rather, the divide motion is
likely caused by changing conditions at the boundaries of Siple Dome at the margins

of Ice Streams C and/or D.

To make this a firm conclusion, the ability of RES-detected internal layer shapes to
record changes in the accumulation pattern over time needs to be quantified. What
kinds of accumulation pattern changes would produce a detectable change in the
internal layer pattern? Is this signal distinguishable from other factors which might
affect the layer shapes such as changes in ice thickness? The shape of an internal
layer depends on (1) the amount and distribution of deposited snow since the laver
was formed at the ice surface and (2) the amount and distribution of strain the layer
has experienced since its formation. The first depends on the accumulation pattern
since the time of layer deposition, and the second depends on both the accumulation

history and the thickness history of the ice sheet.

6.8 Sensitivity to Temporal Changes in Accumulation Distribution

Recovery of information about temporal changes in the spatial pattern of accumula-
tion is limited by how well and how many internal layers are measured and how well
the strain history is known. Measurements from the University of Washington RES
system can detect internal horizons every 50-100 meters in an ice column correspond-

ing one layer every 0.5 — 20 ka (for Siple Dome) with a measurement uncertainty
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of about 10 meters.? Any detectable changes in the accumulation distribution must
persist over a time interval sampled by the internal layer pattern and must produce a
change in distance to adjacent internal layers which is greater than the measurement
uncertainty. The strain history is especially difficult to estimate for older (deeper)
layers. The total strain depends on the hisfory of the velocity field, which in turn
depends on history of accumulation ~ the quantity we are trying to find. In general,
older layers have a more complicated strain history.

A simple analytic argument can be used to quantify these factors and make a
first-order estimate of the limits of using RES to interpret accumulation changes.
Consider a perfectly plastic ice sheet. Any change in the accumulation pattern will
be accommodated by a change in the velocity field with no change in the ice thickness.
(In a real ice sheet, the ice thickness is relatively insensitive to accumulation changes
(Paterson, 1994), so this perfectly plastic extreme is a reasonable starting point.)
Suppose we sample the internal stratigraphy at two places on the ice sheet: Site
A and Site B, separated by some distance r. Both A and B are sufficiently close
together that the ice thickness H is essentially equal at both sites. Under a constant
accumulation pattern, isochrones will appear at the same depth at both sites. If a
non-constant spatial pattern exists, a given isochrone will be found at different depths.
If we make the additional assumption that the ice moves only vertically, then we can
predict the difference in depth to a particular isochrone between the two sites Az. A
change in the spatial pattern over time will produce a deviation from the predicted
steady-state depth-difference. Figure 6.9 shows this situation schematically.

Both sites have the same ice thickness H, and constant vertical strain rate d,w.
Site A has a constant accumulation rate b4 (t) = by and Site B has a variable accu-

mulation rate bg(t). At Site A,

*The uncertainty is about 1/10 of the dominant wavelength of broad-band transmitted signal
with a center frequency of 2 MHz (wavelength in ice = 82 m).
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Figure 6.9: Schematic of the analysis used to determine the sensitivity of internal
layer shapes to a change in the distribution of accumulation.

dez = bo (6.18)

ml w

Solving for z(t) gives the Nye time-scale:

bot

z4(t) = Hexp (F) . (6.19)

where time proceeds forward so that t = 0 is the present, and ¢ is negative. Site B has
a time-dependent accumulation rate, simulating changes in the accumulation pattern

between points A and B. The time-scale for site B is

25(t) = H exp (-[1? /to bB(t)dt) . (6.20)

This simplified scenario is not fully realistic. In reality, ice deposited between

sites A and B would have some intermediate thickness associated with an interme-
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diate accumulation rate. The ice particles along the deposited layer between sites A
and B would travel horizontally as well as vertically over time, to be found eventu-
ally beneath, say, site B. Therefore, the layer thickness pattern beneath Site B does
not reflect deposition at Site B, but some average between sites A and B. Despite
this limitation, this exercise can still shed some quantitative light on the first-order

sensitivity of layer shapes to accumulation change.

by

20
-+
A
Ab
. "t

Figure 6.10: Hypothetical accumulation history at Site B.

We are interested in the depth to a particular isochrone at each site, and the size
of the depth-difference (Az = z4 — z5) between the sites is for a given accumulation
history at Site B. For example, we can detect the difference between a spatially
constant accumulation pattern and one that deviates from a constant pattern if the
changed pattern causes isochrones at Site B to be deeper or shallower than at site A
by an amount detectable using RES techniques (~ 10 m for 2MHz). Assume bg(t)is a
step-change in time relative to b, with center #4, duration or width 2w, and magnitude
Ab (Fig. 6.10). The difference in depth Az to a given isochrone between the two sites
can be calculated from equations (6.19) and (6.20).

For layers deposited prior to the step change (deep layers): t < tg — w,



z= Hexp (?;Tt) <exp (1 - _2§A6)) . (6.21)

For layers deposited during the accumulation change: {p —w <t <ty +w,

bot Ab
Az = Hexp (%) (1 — exp F(t —to — w)) . (6.22)

For layers deposited since the accumulation change,
Az =0. (6.23)

Equations (6.21) and (6.22) have four important time-scales: ( 1) the fundamental
H/b time-scale, (2) a time-scale related to the duration of the accumulation change
«. (3) when the change occurs ¢y, and (4) the amplitude of the change scaled to the
ice thickness H/(Ab). The interplay of these time-scales is shown in Figure 6.11. The
contour lines are the maximum Az/H values for a given age (to), duration (w), and
magnitude (Ab) of an anomalous accumulation pattern. All values are scaled to the
fundamental time-scale r = H/b. Largest Az values are obtained for recent, long-
duration, and high-magnitude variations in the accumulation pattern. There appears
to be a critical duration value w below which Az values vary significantly with the
mean age of the accumulation anomaly and above which Az values vary slowly with
the anomaly age.

When Ab = 1/(2w) and 2w — 0, these equations describe the unit impulse re-
sponse of the layers to an accumulation change (Vye, 1965). They can therefore be
combined to solve for any combination of step-changes in the accumulation pattern.
Figure 6.12A shows the response to the same step-change in accumulation pattern
which occurs at two different times. Recent changes produce a larger Az signal. The

effects of ancient accumulation changes decay with time and are eventually unde-
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Figure 6.11: Contours of maximum Az/H values in the ice column versus the duration
w and mean age ¢ of an anomalous accumulation pattern at Site B for Ab/by = 0.1
(solid) and Ab/by = 0.5 (dotted). All values are scaled to the fundamental time-scale
7 = H/by. The Az signal increases as w and Ab increase and as ¢y decreases.

tectable. For example, curve 2 (dashed) in Figure 6.12A would not be detected with
an error in Az as large as 10 m.

Figure 6.12B shows how various accumulation scenarios can produce a similar
signal in the internal layer pattern. Long, low-amplitude changes such as a small
step change of long duration (curve 2) could produce a similar signal to several high
amplitude, frequent changes (curve 3). For comparison, the depth difference arising
from an accumulation pattern where Site B has higher accumulation rates for all time
is shown (curve 1). Because layers must conform to the surface and the bed, the
maximum Az is reached at mid-depth. The longer the duration of the accumulation

change, the lower the amplitude required to produce a signal in the layers.
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Figure 6.12C shows the response of the layers to a steady increase (0.1x10~® m a~2)
in the accumulation rate at Site B. The curves 1 and 2 correspond to different ages of
the onset (2000 and 5000 years), but both increase at a rate (0.5 x 107° a~2) toward
the low end of the expected range required to move the Siple Dome divide (Chap-
ter 3; Nereson et al., 1998a), assuming that Sites A and B are 20 km apart. The figure
shows that if the accumulation rate gradient has been steadily increasing for the past
2000-5000 years, a detectable signal should be observed in the internal layer pattern
(Az > 10 m). If the change has occurred more recently than 1500 years ago, the
signal would be below our detection limit. Also plotted is the predicted response to
a step-change occurring 3000 years before present (curve 3). The predicted response
of the layers to this step-change is not distinguishable from a gradual change.

Some general conclusions can be drawn from this simple exercise. Recovery of in-
formation about past accumulation patterns from RES-detected internal layer shapes
is limited by the sparseness of data, the measurement error, and the way this in-
formation is recorded in the internal layer pattern. Even if an infinite number of
internal layers could be measured, the recovery of past changes is still limited because
the cumulative strain of a given layer depends on the accumulation history since its
deposition. It is possible for different accumulation histories to produce the same

cumulative strain.

1. Infrequent changes of long duration (> 5—10 ka) are detectable if the amplitude
is greater than about 10% of the scale accumulation rate by for recent times
(< 5 ka BP); the detectable amplitude must be greater for changes older than
10* a (> H/b).

2. Frequent changes of short duration (= 2 ka) are detectable if the amplitude is

at least 30-50% of the scale accumulation rate by. Because of the compressed
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time-scale at depth, frequent changes are only detectable in the upper portion

of the ice sheet.

Moreover, it is difficult to distinguish between a gradual change in the accumula-

tion pattern, and a step change, even for the shallowest layers.

6.9 Sensitivity to Changes in Ice Thickness

All analysis to this point has assumed constant ice thickness over time. However,
Siple Dome is located in a very dynamic area of the West Antarctic Ice Sheet and
it is likely that its thickness and configuration have been quite different in the past.
One hypothesis is that during the LGM, the whole Siple coast was once much thicker
and has subsequently thinned via retreat of the grounding line and/or initiation of
ice stream activity. Initiation of streaming flow at the edges of what is now Siple
Dome would cause a wave of rapid thinning to propagate inward from the ice stream
margins to the present divide. analogous to the predicted thinning wave associated
with a potential drop in sea-level for East Antarctica described by Alley and Whillans
(1984). The effect of such thinning on the internal layer pattern and associated
implications for the inferred accumulation pattern is not immediately clear.

I use a coupled surface-evolution and particle-tracking model (e.g., Waddington,
1981) to determine the effect of rapid thinning of Siple Dome on the internal layer
pattern. The surface-evolution model uses a finite-difference scheme to solve the

continuity equation:

Oth = —0:q + b(z, t); (6.24)

In this application, we consider a flat-bed ice sheet deforming as an isothermal,

parallel-sided slab so that the variation of horizontal velocity with depth is
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u(z,2,8) = Zo(pg) (e (1)) R (1 — (1 - 29) (6.25)
where £ = z/h(z,t), the flow parameter A = 0.5 x 10~!7 Pa® a~!, Glen’s flow law
exponent n = 3, ice density p = 917 kg m™3, and gravity g = 9.8 m s~2. Ice flux ¢

can be written in terms of the ice thickness profile h as:

g=h = 22 (oo (B.h) . (6.26)
n+2

Equation (6.24) is solved explicitly with a prescribed accumulation history b(z,t) on
a finite difference grid with spacing of 2 km (about twice the ice thickness) and a
time-step of 1 year. The initial profile is a symmetric 2-d ice divide, 1500 meters
thick at its center, corresponding to a “Vialov” profile ( Vialov, 1958) with spatially
constant accumulation rate b(z) = 0.10 m a~!, and truncated at 50 km from the
divide. The flux is calculated at the midpoint of each grid node as recommended by
Waddington (1981). The ice thickness at the boundaries of the domain is prescribed.
Changing ice stream activity is simulated by rapidly decreasing or increasing the ice
thickness at the boundaries points at a prescribed rate.

A separate particle tracking model takes as input the geometry h(z) and depth-
averaged horizontal velocity field () from the surface evolution model at 100-year
intervals and interpolated to a 20-year time-step using Chebyshev polynomials. The

vertical velocity field is determined from incompressibility,
Ozu = —0,w. (6.27)

The total velocity field is thus given by

u(z,z,t) = uyz,t)(1—(1-2)%) (6.28)
w(z.z,t) = —%H(z,t) (2 + % ((1 o 1)) (6.29)
—u,(z,t)aHa#)- (2(1 —5)t 4 éu 5= %) . (6.30)
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where u,(z,t) = (5/4)ua(z,t). Ice particles originating at the surface are tracked in
this time-dependent velocity field for 10-15 ka using a time step of 20 years. The age

field is then contoured to reveal the shape of the internal layer pattern.

Figure 6.13 shows the internal layer shapes 3000 years after the initiation of a rapid
500-meter thinning of the ice stream. This thinning affects the shapes of internal
layers such that the thinning scenario predicts generally flatter internal layers than
the steady-state case. The relative flatness occurs because prior to thinning, the ice
sheet itself was flatter and the internal layers at depth contain some “memory” of
this former flow regime. At 40 km from the divide, the depth-difference is up to 15
meters. If such thinning occurred at Siple Dome, the inferred accumulation rate on the
flanks of the dome would be too low relative to the divide. Since rapid synchronous
thinning driven at the edges of the dome has only a modest effect on the layer shapes,
the effects of gradual thinning would be minimal. The main effect of the thinning is
to alter the age and annual layer thickness distribution (Fig 6.13c). Measurements of
annual layer thicknesses and of °Be (a proxy for accumulation rate) (e.g.. Steig, 1997;
Steig et al.. 1998) from the deep ice core would help determine whether thinning has

occurred.

Figure (6.14) shows that rapid asymmetric ice thickness changes would signifi-
cantly affect the internal layer pattern. Layers on the thinning side of the divide
would appear shallower than in the steady state case (a result of the initial thicker
and flatter ice sheet there), and we would under-predict accumulation rates there.
Layers observed on the south flank of the Siple Dome appear to exhibit this feature
since they are significantly shallower than layers on the north flank. Is this feature
a signal of asynchronous thinning rather than the spatial variation of accumulation?
The presence of a convex-up bump feature in the near-divide layer pattern (Chap-

ter 4; Nereson et al., 1998b) and the near-steady state mass balance found at the
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Figure 6.13: The effect of symmetric ice sheet thickness change on internal layer
shapes for a 500-meter thinning which begins 3000 years before present. (a) Surface
profiles at 100-year intervals. Thinning at the boundaries is complete after 1000 years
with full adjustment of the surface after 4000 years. (b) Selected internal layer shapes
for the steady state case (solid) and for the thinning scenario (dashed). (c) Age versus
depth relationship at the summit for the steady-state case (solid), and for the thinning
scenario (dashed).

Siple Dome summit (Chapter 3) suggest that major asynchronous thinning of Siple
Dome in the past several thousand years is not likely. We therefore conclude that the
spatial accumulation pattern and not asynchronous thinning is the cause of the shape

of the shallow layers south of the divide.

6.10 Conclusions

A steady state ice flow model and minimization scheme are used to predict the pattern
of accumulation over Siple Dome from the observed pattern of internal layering. Rel-
ative to the divide, the model predicts up to 60% less accumulation on the south flank
of Siple Dome and about 40% more accumulation on the north flank. The pattern is
consistent with the hypothesis that storms approaching Siple Dome from the north

to deposit most of their moisture on the wind-ward side of the dome as a result of
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Figure 6.14: The effect of asymmetric ice sheet thickness change on internal layer
shapes for thinning which begins 3000 years before present. (a) Surface profiles at
100-year intervals. Thinning at the boundaries is complete after 1000 years with full
adjustment of the surface after 4000 years. (b) Selected internal layer shapes for the
steady state case (solid) and for the thinning scenario (dashed). (c) Age versus depth
relationship at z = 0 for the steady-state case (solid), and for the thinning scenario
(dashed).

orographically induced uplift (e.g., Bromwich, 1988). Because the predicted pattern
produces a match to the observed internal layer shapes at all depths to within errors.
it is possible that the accumulation pattern has not changed in the past 10* vears.
However. the data do allow for a 15-30% decrease in the accumulation gradient north

of the divide sometime between 5 — 15 ka BP.

Certain changes in the accumulation pattern over the past 10 vears should pro-
duce a detectable signal in the internal layer pattern. Because RES layers sample
the time domain infrequently (every 10 to 10* years) and because the internal layer
shapes lose memory of accumulation changes, a low frequency, low amplitude change

can be indistinguishable from a series of high-frequency, high-amplitude changes.

Synchronous thinning of the ice sheet would leave a minimal signal in the layer

shapes, making them shallower toward the dome margins than predicted under steady
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state. If such thinning has occurred then our analysis would under-predict the true
accumnulation rates far from the divide. Significant asynchronous thinning (O(H/2))
would significantly affect layer shapes. However, even small asymmetric changes
would be accompanied by significant shifts in the divide position (Chapter 5; Nereson
et al., 1998a; Hindmarsh, 1996a). Since it appears that there have been no dramatic
shifts in the divide position over the past several thousand years (Chapter 4; Nereson
et al., 1998b), and since it appears that the dome is not presently dramatically thin-
ning or thickening (Chapter 3),'we are not motivated to suspect this mechanism has
significantly affected the layers at Siple Dome for at least the past several thousand
years. However, we cannot rule out this possibility for older times without indepen-

dent evidence.

If a gradual increase in the south-north accumulation gradient at 0.1 — 1.5 x
107 a=? is the cause of the inferred divide migration, this signal should be detectable
in the internal layer pattern. The internal layers at Siple Dome show no evidence for
an increase in the accumulation gradient of this magnitude over the past 3-5 ka. Such
a change would appear in the pattern of residuals shown in Figure 6.7. The spatial
pattern of residuals allows only for a decrease in the accumulation gradient sometime
during the past 5-15 ka. Although we cannot make conclusions about small changes in
the accumulation pattern over the past 1500 ka (recent changes are not large enough
to be detectable in the 2MHz RES layers), the existing evidence suggests that we can
rule out changes in the accumulation pattern as the main cause of Siple Dome divide

migration.

The likely candidates causing divide migration are changes occuring at the bound-
aries of Siple Dome at the margins of Ice Streams C and D. Small changes in elevation
at these boundaries could lead to divide migration. Although rapid (~ 0.5 m a~!)

and sustained (> 1000 a) asynchronous thinning of Siple Dome has been ruled out in



this analysis, smaller, second-order changes at the boundaries of Siple Dome sufficient

to produce divide migration are possible.



Chapter 7

THE EVOLUTION OF ICE DOMES AND RELICT ICE
STREAMS

This chapter is a manuscript in preparation for publication in the Journal of Glaciology.

7.1 Summary

A 2-D finite-difference continuity flow model is used to simulate the evolution of
an inter-ice stream ridge flanked by stagnated ice streams. The model tracks the
elevation of small scale features which form at the ice stream margin and shows that
these features are initially lifted onto the flanks of the evolving dome before they
are carried down-slope by ice flow. The time-scales which govern the evolution of
the dome and the lifting of surface features can be estimated from the fundamental
characteristics of the dome/stream system based on a perfectly-plastic description of
ice flow. The volume adjustment time-scale corresponding to the incorporation of the
stagnant Siple Ice Stream adjacent to the NE flank of Siple Dome is about 1000-1500
vears. The present geometry and elevation of scar features on both flanks of Siple
Dome suggest that the dome is in the early stages of dome/stream evolution and that

the relict ice streams have stagnated less than 500 years ago.

7.2 Introduction

Several small ice domes and ridges along the Siple Coast of the West Antarctic Ice
Sheet (WAIS) are commonly bounded by linear topographic features with widths on
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the order of the ice thickness on their flanks (Scambos et al., 1998). One of these
features has been interpreted as a former ice stream margin (Jacobel et al., 1996).
New satellite imaging techniques and detailed GPS surveys have enabled detailed
mapping of the spatial pattern and elevation of these “scar” features (Scambos et al.,
1998). Scar features on Siple Dome, the ridge between Ice Streams C and D, lie 20-
100 meters above the level of active or recently active ice streams (Fig. 7.1). If these
features are markers left behind by a former flow regime, then their present elevation

and shape may hold information about the timing and nature of WAIS evolution.

{ Siple Dome Area NSRS
“ Ross - Jée Stream D-
Ice Shelf ~ - -~ £Ss IR
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- ) R
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- .
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158 W = ‘Duck’s Foot’
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Figure 7.1: AVHRR image of Siple Dome and Ice Streams C and D showing lin-
ear topographic “scar” features on the flanks of Siple Dome labeled “scar feature”
and “Duck’s Foot”. Courtesy of T. Scambos, National Snow and Ice Data Center,
University of Colorado.



One hypothesis about these features is that their elevation relative to the surround-
ings is indicative of recent thinning of WAIS along the Siple Coast, and these scar
features mark the “trimline” of past ice sheet elevation (G. Hamilton, pers. comm.;
T. Scambos, pers. comm.). I propose a second, alternative hypothesis that following
the shut-down of an ice stream, adjacent inter-ice stream ridges are allowed to expand
into former actively streaming regions. A wave of thickening which travels faster than
the ice causes small scale topographic features associated with the former margin of

the ice stream to be lifted onto the flank of the ridge.

This chapter develops the second hypothesis. A 2-d continuity model is used to
show that expansion of an ice dome into a formerly active ice stream would initially
lift small-scale topographic features onto the flanks of dome. As the dome reaches a
new steady state, ice flow carries the feature down slope. For a wide range of dome
characteristics, even modest dome expansion results in scar uplift for an initial period.
A simple analytic calculation relates the timing of this evolution to fundamental

characteristics of the ice-sheet/ice-stream geometry.

This chapter does not address the evolution of the scar features themselves. These
features generally have topographic wavelengths ranging from 1 to 4 ice thicknesses
(Scambos et al., 1998). Linearized perturbation theory predicts that undulations in
the surface should diffuse rapidly in time. Why these features appear to persist over
time remains an open question, but is probably related to their spatial scale (Gud-
mundsson et al., 1998). We assume that the topographic features are sufficiently small
that they do not diffuse away quickly, and they are carried along by ice flow as pas-
" sive markers on the ice surface, much like wave ogives (e.g., Nye, 1959b; Waddington,

1986).
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7.3 Finite Difference Continuity Model

A 2-d finite-difference continuity model (hereafter referred to as the “FD model”) is
used to track the elevation history of scar features on an evolving ice dome initially
flanked by ice streams. The initial surface profile is assumed tc be a steady state dome
truncated at its flanks by flat sections of ice representing relict ice streams which once
flowed perpendicular to the 2-d plane. Prior to stagnation, dome flow into the ice
stream is assumed steady-state and two-dimensional. Stream flow is perpendicular
to dome flow. All flux from the dome at the ice stream margin is incorporated into
the ice stream. At time ¢ = 0, stream flow ceases along the relict ice stream and all
ice flow in the domain is assumed to be constrained to the 2-d plane (Figure 7.2).
We assume symmetry about the divide, so that there is no divide migration during
evolution. The new ice stream margin at the edge of the domain is held at its initial
elevation by some éxternal constraint such as another active ice stream. For the Siple
Dome/Siple Ice Stream /Ice Stream D system for example, we assume that the activity
of Ice Stream D is unchanged after stagnation of Siple Ice Stream so that its margin
with Siple Ice Stream is held at a fixed elevation. After ice stream shut down, the
dome is allowed to expand into the relict ice stream and reach a new steady state
configuration according to continuity relationships. As ice accumulates on the relict
ice stream and as the dome evolves, a slope develops at the new ice stream margin.
All ice flux at this point is incorporated into the still-active ice stream (Ice Stream
D for example). The scar feature, initially located at the boundary between the ice
dome and the relict ice stream at ¢ = 0, is assumed to be a passive marker on the ice

surface antd is tracked through this evolution process.

In two dimensions, the evolution of the ice thickness h(z) through time t is de-

scribed by the continuity relation,



147

Domain Length D

/ \‘\ AL \\
+-—— .

Scar Feature

> N ’
Truncated Span =fL, Ice Stream

Py

Initial Span =L,

P

Final Span = L,

Figure 7.2: Schematic of the initial and final states of simplified ice dome/relict ice
stream system. Lined area denotes the portion of the dome which grows during the
evolution process. Stippled area denotes the total volume added during evolution.

Oih(z,t) = =Vaq + b(z.t), (7.1)

where r is the distance along flow from the divide, y is the transverse horizontal

coordinate, and b is the mass balance. The horizontal divergence of ice flux V,q is
Vg = az-qz + 6y‘1y7 (7.2)

where (qz, ¢y) are the horizontal components of ice flux. Assuming that the ice thick-
ness does not vary across the flow line (,h = 0) and that the transverse velocity

component is zero (v = 0), the horizontal flux divergence V,q becomes
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Vaq = Be(@h) + hd, 5. (7.3)

The variation in depth-averaged velocity perpendicular to flow (0,7) can be expressed

in terms of the variation in width between adjacent flow lines W (Paterson, 1994)

8,5 = %a,w. (7.4)

The horizontal flux divergence can then be written as

1
qu = War( ’l_th.). (7.5)

The depth-averaged velocity along flow @ is derived from the velocity solution for a

parallel-sided slab deforming according to Glen’s flow law (Paterson. 1994),

i = ——2(pg)(8.5)"h* 7.6
u——n+2(pg) (8:5) , (7.6)

where S(z) is the ice surface profile, A is an effective depth-averaged flow parameter,
ice density p = 917 kg m~3. gravitational acceleration g=98ms2, 'and the flow law
exponent n = 3. The parameter A ranges from 1 x10~!" Pa=3 3~! to 1 x 10~16 Pa~3 a-!
depending on the accumulation rate and desired initial dome/stream configuration.
For the calculations presented in this chapter, we assume a flat bed (S(z) = h(z))
and W =1.

The continuity equation (7.1) is solved on a finite-difference grid with horizontal
spacing of 2 km. The flux is calculated at the midpoint of each cell and the horizontal
spacing is about 2 ice thicknesses. Additional smoothing of the surface slope is not
needed to prevent numerical instabilities ( Waddington, 1981: Bindschadler, 1982).
The elevation at the boundaries of the domain is held fixed throughout the calculation.

Ice thickness is extrapolated one grid point beyond the domain to determine the
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flux derivative at the boundary points. The model is stepped forward at 0.5-year
increments using an explicit method. The ice thickness and slope from time step 1
are used to predict the ice flux at the next time step 7 + 1.

We are also interested in the elevation history of a feature on the ice sheet surface.
We assume that the feature remains at the ice surface as snow accumulates. The

vertical motion of a point on the ice sheet can be written as

d:2(z,t) = us0-h(z,t) + O:h(z,1), (7.

-~1
~1
~—

where u, is the horizontal velocity at the ice surface. The first term represents the
advection of ice thickness, while the second term represents an increase or decrease
in surface elevation from dome evolution. The horizontal motion of an ice particle at
the surface is

dt.T = U,. (7'8)

Equations (7.7) and (7.8) are used to track the position of the scar feature as the
dome evolves.

We use this ice flow model to simulate an ice dome/ice stream system with
characteristics similar to those found on the Siple Coast in West Antarctica, where
ice thickness H = 600 — 1000 m, span L = 20 — 50 km, and accumulation rate
b=0.10-0.20 m a™! ice equivalent. For simplicity, a flat bed and constant accumu-
lation rate are assumed. Figure 7.3 shows the evolution of the ice dome under several
scenarios: different dome/stream intersection points, different accumulation rates,
different ice stream widths. Figure 7.4 shows the evolution scenarios for a smaller ice
dome.

In all cases. scar features are initially lifted onto the flanks of the evolving dome
by a wave of thickening which travels faster than the ice (Fig. 7.5). As the ice

dome approaches a new steady state, ice flow carries the scar features down-slope
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Figure 7.3: Ice surface profiles plotted every 200 years for an evolving ice dome similar
in size to Siple Dome. The heavy line in each panel traces the position of a scar feature
formed at the margin of a relict ice stream. The black dot shows the position of a
scar feature at its maximum elevation predicted from an analytic description of the
problem. Inset panels show the scar elevation over time with the predicted time of
maximum elevation denoted by + (t., eq. 7.26) and e (Tgiu, eq. 7.11). For all cases,
b=0.10 m a~?, except for panel (d) where b = 0.20 m a~!.
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Figure 7.4: Ice surface profiles plotted every 200 years for a small ice dome. The
heavy line in each panel traces the position of a scar feature formed at the margin of
a relict ice stream. The black dot shows the position of a scar feature at its maximum
elevation predicted from a perfectly plastic description of the problem. Inset panels
show the scar elevation over time with the predicted time of maximum elevation
denoted by + (., eq. 7.26) and e (7, eq. 7.11). For all cases, b = 0.20 m a~!
except for panel (a) where b = 0.10 m a~!.
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Figure 7.5: Propagation and diffusion of the wave of thickening for case C in Fig-
ure 7.3. The thickening rate is scaled to the accumulation rate and the curves are
drawn every 200 years and labeled in units of + = Trin- The wave is spread over the
domain after about 0.57. The wave is almost completely diffused after about 17.

and their elevation decreases. The timing of these events is faster for ice sheets
with high accumulation rates and narrow relict ice streams (Fig. 7.3a and d). Scars
reach high elevations when the relict ice stream is wide (Fig. 7.3b). The timing and
maximum elevation seem to be insensitive to where the dome is initially truncated
by the stagnated ice stream (Fig. 7.3e and f). The accumulation rate affects only
the timing of the elevation process, but not the extreme elevation of the scar feature
(Fig. 7.3c and d).

The wave of thickening which propagates over the dome is shown in F igure 7.5
for case C from Figure 7.3. The rate of thickening is scaled to the accumulation
rate and the curves, drawn in 200-year increments, are labeled in units of the volume

adjustment time-scale + = Trin which we derive in a later section. For this case
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Tsit = 1700 years. The thickening wave is spread over the domain after about 0.57.
The wave is almost completely diffused after about 17.

We have assumed that the margin of the relict ice stream at the edge of the domain
is fixed at its initial thickness as if it were a new margin of an active ice stream.
Another possibility is that the elevation of this margin is not fixed by another ice
stream, but is controlled by evolution of the region outside of the domain. Figure 7.6
shows the growth of a dome/stream system assuming an infinitely wide ice stream so
that the edge of the domain is allowed to thicken at the accumulation rate following
its stagnation. In this case, the scar feature is raised indefinitely as long as the

boundaries are allowed to thicken.
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Figure 7.6: Surface profiles of an evolving ice dome drawn every 200 years where
the right edge of the relict ice stream is allowed to thicken at the accumulation rate
after stagnation. The track of the scar feature is shown by the heavy solid line. The
spatially constant accumulation rate is assumed 0.10 m a™~!.
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7.4 Analytic Evolution Model

Numerical models can be computationally intensive and are generally applicable only
to a specific set of initial conditions and assumptions used as input to the model.
An analytic description of dome evolution and scar feature elevation is needed to
address the general case and for quick estimates of the relevant time and length
scales. In this section, the fundamental time-scales which govern the evolution of
truncated ice domes and the elevation of scar features are derived from a perfectly-
plastic description of ice sheet evolution.

Consider a perfectly plastic ice sheet on a flat bed with thickness h(z) and hori-
zontal coordinate z. Its thickness profile is given by the solution to the force balance
equation,

oh -
oy = —pgh%, (7.9)

where o} is the basal shear stress. Assuming o is everywhere equal to the yield stress

0o, the surface profile is given by
h(z) = K(L — z)"/? (7.10)

where A" = 20¢/pg and L is the span (Nye, 1952).

To simulate an inter-ice stream ridge, we truncate the profile at a hypothetical ice
stream margin at z = fL < L where 0 < f < 1, and assume that the interior ice flows
as if the ice ridge has a width of length L. L is then its “virtual span” (Fig. 7.2). A
scar feature is formed at the ice stream margin z = fL. Suppose that this ice stream
shuts off at ¢t = 0. If flow is confined to 2 dimensions, the dome will expand into the
old ice stream aqd approach a new steady state profile. A perfectly plastic ice sheet
responds instantaneously to a change in its mass balance or boundary conditions by
changing its thickness and width while maintaining its characteristic parabolic profile.

Diffusion of surface perturbations occurs instantaneously. Therefore, evolution of a
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plastic ice dome to a new steady profile will proceed through a series of parabolic ice
sheet profiles described by the evolution of the ’virtual span’ L(t).

The time-scale for evolution of the plastic dome can be described in terms of a
“volume filling time”, discussed by Jéhannesson et al. (1989) for valley glaciers. The
volume filling time-scale for the dome/stream case is the time it takes to fill the
volume per unit width V;, denoted by the stippled region in Figure 7.2, given the

spatially constant accumulation rate b over the domain of length D:
T = g‘% (7.11)
The main problem with equation 7.11 is that V| may be difficult to estimate if the
final ice sheet profile is unknown. Jdhannesson et al. (1989) assumed that the final
ice surface has a similar shape as its initial surface and estimated the volume change
by shifting the glacier profile according to its change in length. This approximation
is only valid for small changes in glacier span and therefore not generally applicable
to the dome/stream case.
For a perfectly plastic ice sheet, Vi has an exact analytical solution. Integrating

equation (7.10) with respect to z for the initial (subscript 0) and final (subscript f)

profiles vields the non-truncated volume change:
Vit = %A’ (23 - L") (7.12)
The ice stream volume is
Vitream = (Ly — Lo)K(Lo — fLo)"/2. (7.13)
The volume of interest V] is then

‘/l = V;ot - ";tream (714)
2 s v -
= KLY~ 1% = (L; - Lo)K Ly/*(1 = f)'2. (7.15)
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Assuming the ice stream width AL = F L, is some fraction F of the initial span Lo,
then D = Lo(F+f)and L; = Lo(1+F). Substituting these expressions, Hy = K LY/?,
and V} into equation (7.11), the total time required for the plastic ice sheet to evolve

to its final state is

(7.16)

_Ho (H(1+F)P¥2—1) = F(1 - f)1?
Trit = T ( f+ & ) .

This characteristic adjustment time is related to the fundamental time-scale 1 =
Ho /b modified by terms which represent the extent of ice dome growth F and the
dome/stream intersection point f. The characteristic time is independent of the initial
ice volume and depends only on volume difference between the initial and final ice
sheet profiles.

Figure 7.7 shows how the dome/stream adjustment time-scale 7y, normalized



to the fundamental time-scale 79 = Hy/b, varies with the dome/stream intersection
factor f and the ice stream width factor F. The adjustment time-scale increases
with increasing F' and as f — 1. The dependence of the time-scale on f is expected
because ice sheets truncated near their divides (small f) are associated with a smaller
total volume change than if truncated near the margin (large f). Dependence of the
volume evolution time-scale on f is not as strong in the FD model (e.g., Fig. 7.3e
and f, Fig 7.4b, c and d). The weak dependence in the FD model arises because of
diffusion and advection effects. For a given ice stream width, ice sheets truncated high
on their flanks near the divide are associated with a small volume change Vi which
would tend to decrease the total adjustment time. However, the mean slope here is
also small causing slow flow rates and tending to lengthen the adjustment time. Ice
sheets truncated low on their flanks have a larger volume change V; (contributing to
a longer adjustment time), but they also have a higher mean slope and larger flow
rates (contribution to shorter adjustment time). The net result is that diffusion and
advection in a non-plastic ice sheet tend to diminish the dependence of the adjustment

time-scale on f predicted for a plastic ice sheet.

For a doubling of the ice sheet span where f =1 and F = 1, 74y = 0.6 Hp/b. For

small growth where FF << 1 and f = 1, 7y reduces to

Ho AL
TR ——. 7.17
b Lo ( )
For non-plastic ice sheets, there is a non-zero characteristic adjustment time-scale even
in the limit AL — 0 (e.g., Chapter 5; Nereson et al., 1998a). This is because diffusion
processes are slower for non-plastic ice sheets and are instantaneous for plastic ice

sheets. Therefore, we expect the plastic approximation to break down when AL is

small.
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Figure 7.8: A comparison between the initial and final surface profiles from an FD
model calculation (solid lines) and from a perfectly plastic approximation (dashed
lines). The parameter A" in equation 7.10 is chosen so that initial plastic profile
matches the FD model profile at the divide and at the ice stream margin. The span
of final plastic profile L; is chosen so the profile matches the final FD profile at the
right ice stream margin.

7.5 Numeric vs. Analytic Comparison

The utility of estimating the adjustment time-scales from a perfectly plastic descrip-
tion of ice flow is realized only if the estimated time-scales agree with those predicted
from a more realistic description of ice flow. To test the utility of using equation (7.11)
to estimate dome/stream adjustment time-scales, I compare this estimate to the evo-
lution time-scales predicted by the FD model which includes a more realistic ice flow
description. Figure 7.8 shows the representative plastic ice sheet profiles used to ap-
proximate the initial and final profiles from the FD evolution model and to calculate

Vi. The parameter A in equation (7.10) is chosen so that the initial representative
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plastic ice sheet matches the FD ice sheet at the divide and at the position of the
scar feature. The final plastic profile profile h(z, o) is chosen to match the FD final
profile at the margin of the relict ice stream at the edge of the domain. The total -
volume change V; predicted using these plastic profiles is about 20-25% less than the

FD volume change (Table 1).

Figure 7.9 compares the plastic volume evolution given by equation (7.11) to the
volume evolution predicted by the FD model (curves A and B). Because the volume
change is scaled to V] from the FD model, growth of the plastic ice dome terminates at
a scaled volume which is less than unity after time ¢t = 7. Volume growth initially
occurs at the same rate for both the FD model and the plastic case (curves A and B).
This initial agreement is expected. The boundary at the edge of the relict ice stream
does not initially affect interior ice flow in either model. The volume growth rate is
initially determined only by the accumulation falling on the dome so that the dome
grows at the same rate for both cases. Eventually, a slope develops at the ice stream
margin in the FD model, increasing ice flux away from the dome, and slowing dome

growth. This does not happen during evolution of the plastic ice sheet.

An asymptotic exponential curve (1 — exp(t/7sin)) is also shown in Figure 7.9.
It is clear that for at least two cases (curve C, middle and right columns), the FD
volume evolution is approximately exponential with a characteristic time-scale close
to ;. As expected, the plastic approximation fails to match the FD model at small
AL. Assuming laminar power-law flow with power exponent n = 3, Nereson et al.
(1998a) predicted the adjustment time-scale for small perturbations at the boundaries
of Siple Dome to be about 700 years (Chapter 5). This time-scale is consistent with
the FD model for small AL which assumes the same physics of ice flow (Figure 7.9,

left column).

It is somewhat coincidental that 7 is a good estimate of the exponential growth
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time-scale for the FD model. The good agreement is at least partially due to the fact
that the volume V; is about 25% less in the plastic case (Fig. 7.8). If the two methods
produced the same value for V;, we would over-predict the characteristic time-scale.
We are therefore motivated to ask whether Tt 1S an appropriate time-scale for a wide
range of dome/stream cases, such as those shown if figures 7.3 and 7.4.

Figure 7.10 shows a comparison among (1) the evolution of V; from the FD model
(pluses), (2) the curve 1 —exp(—t/7) where T is determined by a least-squares fit to V}
(solid), (3) and the curve 1 — exp(—t/7) where 7 = 77 (dashed) for all dome/stream
configurations shown in Figures 7.3 and 7.4. Table 1 shows the least-squares fit time-
scale and its fractional difference from Trin- The estimate 77 consistently predicts
the fitted FD adjustment time-scale to within about 10%. These comparisons show
that estimation of the adjustment time-scale from equation (7.11) using a plastic
approximation of the volume change is reasonable even for a non-plastic description

of ice-flow.
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Figure 7.10: Volume evolution Vj(t) scaled to V;(oc) according to the FD model for
10 dome/stream evolution cases as summarized in Table 1 and shown in Figures 7.3
and 7.4. Plus markers (+) denote the volume evolution of the FD model. The solid
curve is a least squares fit of the equation 1 — exp(—t/7) to the FD evolution. The
dashed curve corresponds to 1 —exp(—t/7) where 7 = ;. Time is presented in units
of Tfill
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7.6 Tracking the Scar Features

Assuming the scar feature reamins on the ice surface as snow accumulates, its vertical

position through time can be written as
diz(z,t) = u,0-h(z,t) + 8ih(z, t). (7.18)

The first term represents the advected thickness, while the second term represents
an increase or decrease in elevation from dome evolution. A given point on the ice
surface remains at its original elevation when these two terms are equal. Assuming

dome growth so that 3,k > 0, we define

O:h

—— (7.19)

R =

When R = 1, the vertical position of the scar feature is static; when R < 1, its
elevation decreases; and when R > 1 its elevation increases.
Since the volume evolution has an exponential character and V o L3/2, the span

evolution L(t) can be written as a similar exponential function of time,
L(t)=L;y—- ALexp-t/r, (7.20)

where

T = Tfill- (721)

The numerator in equation (7.19) is then

oh _ K, noL y
at ?’(L_”) bt (7.22)
= %(L—r)"lﬁ%exp(—t/‘r) (7.23)

Assuming u(z) = bz /h(z), the denominator is

Koy —o (7.24)

u(z)8:h = b3
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and equation (7.19) becomes

_ ALt exp(—t/T)h

= (7.25)

R

Based on these simple descriptions of the scar evolution, we can predict how long it
will take the scar feature to rise to its highest point and what its highest point will be
for a given dome/stream evolution scenario. The scar feature will reach its maximum
elevation when R = 1 and elevation term 8;k (equation 7.23) and the down-slope
motion term u(z)8:h (equation 7.24) are equal in magnitude. Solving equation (7.25)
for t when R =1 yields the critical time ¢, when scars are predicted to reach their

maximum elevation.

tc = —7log (Ti z ) . (7.26)

Equation 7.26 is not strictly correct because we ignored the fact that A and z
depend on t. Because the adjustment time-scales are relatively fast, the scar position
r does not change much while it is being elevated (Figs. 7.3 and 7.4). Therefore we
use z = fLo in equation 7.26. We further specify h(z,t) to be the final ice thickness
at position z, h(z,t) = h(fLg,c0). Intermediate values for h(z,t) under-predict the
time scar features reach their maximum elevation. The maximum elevation of scar
features can be estimated from A(fLg, c0).

Figures 7.3 and 7.4 show that ¢. accurately predicts the time when the scar reaches
its maximum elevation in most cases. The prediction is less accurate when the relict
ice stream is thin and scar features occur low on the flanks of the dome. The dis-
crepancy arises because surface velocities are relatively large there and z varies sig-
nificantly over time. The time-scale 7/, shown by black dots also produces a good

estimate for the maximum elevation time in nearly all cases.
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7.7 Application to Siple Dome

Several lines of evidence support the hypothesis that the topographic “scar” features
which flank Siple Dome are associated with margins of formerly streaming regions
adjacent to Ice Streams C and D. These include (1) disruption of the internal layering
at the “scar” features (see Fig. 6.2; Jacobel et al., 1996), (2) evidence for liquid water
at the bed beneath the relict ice streams (Gades, 1998), and (3) the low surface slopes
of the relict ice streams (Chapter 3 Scambos et al., 1998). Assuming the Siple Ice
Stream and Duck’s Foot are former ice stream areas, these models and time-scales
can be used as predictive tools to estimate the timing of their stagnation given the
present elevation of their scar features.

For the ridge/stream system represented by Siple Dome and the relict ice streams,
Lo~ 60 km. AL = 30 km, b ~ 0.10 m a~!, and f = 0.6. The volume adjustment
time-scale is about 1500 years and the time when the scar is predicted to reach its
maximum elevation is about 2000 years. The scar features are predicted to reach a
maximum height of about 250 meters above the initial ice stream margin (Fig. 7.3.
panel c).

Measurements of bed topography and the accumulation pattern inferred from RES
layer shapes can be input to the FD model to predict the early evolution of Siple Dome
assuming the Siple Ice Stream and the Duck’s Foot are former streaming areas which
stagnated at similar times. We allow the width between adjacent flow lines to increase
away from the divide such that W/W(0) = (z/L)?+1, where L = 50 km (Chapter 3).
A surface profile over the dome is assumed where the elevation at the boundaries
of the dome (at = +50 km) are held fixed at their present elevation. An initial
model is run for 5000 years until the surface profile is steady state and consistent
with the prescribed bed topography and accumulation pattern. Flat surface and bed

sections representing the relict ice streams are added to this steady state profile and
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Figure 7.11: Surface profiles from the FD evolution model for Siple dome at 0, 200,
400, and 600 years since synchronous stagnation of the Duck’s Foot and Siple Ice
Stream.

the model is run again for 1000 years to obtain the predicted Siple Dome evolution
profiles. Figure 7.11 shows the initial dome/stream profile and the surface evolution

after 200, 400, and 600 years.

Detailed topographic images of Siple Dome show that the Siple Ice Stream is
generally flat over most of its area. It appears that the NE part of the dome has
expanded slightly into the former ice stream area (Scambos et al., 1998). The present
geometry is similar to the profiles shown in Figure 7.11 during the very early stages of
evolution. The scar feature associated with the former margin of this flow feature is
presently about 50-100 meters above the level of Ice Stream D with higher elevations in
the northeastern region where Siple Dome appears to be expanding into the former ice

stream area. This elevation pattern can be explained by shut-down of the ice stream
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and subsequent incorporation by Siple Dome which began about 100-500 vears ago.
The age is probably toward the young end of this range since the accumulation rates
on the north side of Siple Dome are likely greater than 0.10 m a~! (see Chapter 6)
and the dome adjustment is therefore faster (Fig 7.11). This age is consistent with
the age estimated from analysis of the internal layer pattern detected by radar in the
vicinity of the lower part of the Siple Ice Stream (< 400 years, Gades, 1998) and
from measurements of the depth of buried crevasses in the upper part of the Siple Ice

Stream (230-350 years, N. Lord, pers. comm. to A. Gades; Gades, 1998).

The northern-most scar features which comprise the Duck’s Foot lie about 20-30
meters above the present level of Ice Stream C (Fig. 7.1). These lower elevations are
consistent with the hypothesis that streaming activity has ceased at the Duck’s Foot
more recently than to the north of Siple Dome. However, part of the difference could
be due to the difference in accumulation rate over the dome. Higher accumulation
rates correspond to fast evolution and associated rates of uplift. Given the accumu-
lation gradient over Siple Dome with lower accumulation rates south of the divide, it
is possible that the Duck’s Foot near Ice Stream C and Siple Ice Stream on the NE

flank of Siple Dome have similar stagnation ages.

Since GPS measurements of survey poles along the south flank of Siple Dome were
along a flow line, the thickening rates predicted by the FD model and inferred from
GPS measurements can be compared. The calculated horizontal flux divergence along
the south flank of Siple Dome suggests that the south flank is thickening rapidly in
2 zone from about 40km to about 70 km from the divide (Chapter 3). Figure 7.12
shows the thickening rates predicted by the FD model for 100, 200, 300, 400, and
500 years since synchronous stagnation of the Duck’s Foot and the Siple Ice Stream.
The character of the GPS-inferred thickening is similar to the thickening pattern
predicted by the FD model 200-500 years after stagnation of the Duck’s Foot area
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Figure 7.12: Dashed curves show predicted thickening rate pattern from FD continuity
model at 100, 200, 300, 400. and 500 years since stagnation of the Duck’s Foot area.
Shaded area shows the thickening rate inferred from GPS measurements of horizontal
velocity and the RES-inferred accumulation pattern.

with the maximum thickening occurring at the former junction of the dome and ice

stream.

7.8 Discussion

The expansion of a 2-d ice dome into a stagnated ice stream can be simulated using
a numerical model and simple continuity relationships. The time-scales governing
volume evolution and scar feature elevation can be derived from the fundamental
characteristics of the dome/stream system. This eliminates the need for compli-

cated numerical models to determine order-of-magnitude time-scales for a particular
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dome/stagnated ice stream system. Because the time-scales depend only on the differ-
ence between the initial and final ice sheet profiles, detailed knowledge of the bedrock

topography or ice thickness is not required to estimate the adjustment time-scale.

We assume that the relict ice stream margin at the edge of the domain is held
fixed at its initial elevation by the activity of an adjacent actively streaming region
outside the domain. The age of the scar features is inferred from their present eleva-
tion relative to the actively streaming regions. In reality, actively streaming regions
thicken and thin over time, changing the assumed boundary condition and the refer-
ence elevation level. However, elevation changes at the boundaries would affect the
evolution of the dome only after the wave of thickening reached the boundaries of the
domain. Evolution of the dome/relict ice stream is initially the same for both the
fixed boundary case (Fig. 7.3) and for the non-fixed boundary case (Fig. 7.6). Since
Siple Dome is apparently in the early stages of dome/stream evolution, the assump-
tion that the elevation at the new ice stream boundary is fixed does not affect our

interpretation of the age of the relict flow features at the edges of Siple Dome.

The slope discontinuity at the ice dome/ice stream margin interface in the FD
model is not physically realistic. We assume that ice flow from the dome proceeds as
if the ice stream does not exist and that the ice flux to the ice stream is determined
by the ice thickness and slope at the ice stream margin (Hindmarsh, 1993). The
model includes no longitudinal coupling between the ice dome and relict ice stream.
This assumption is valid for modeling the general evolution of the ice sheet, but not
valid for modeling the specific behavior at the ice dome/ice stream transition where
the scar feature is formed (Hindmarsh, 1993). On some small scale (O(H)), there is
a transition zone between the dome and ice stream at t = 0. Accurate modeling of
this zone at small ¢ when the shear stress varies abruptly over this region requires

consideration of longitudinal stress gradients. In addition, the transition zone must
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be initially concave in profile so that the dome/stream boundary is smooth. Exclusion
of these effects contributes to errors in the FD prediction of scar elevation at small ¢.

These errors do not affect our conclusions. The elevation of the scar feature is
constrained by the general evolution of the dome. After a few hundred years, the
slope discontinuity is smoothed out and longitudinal stress gradients become small
again. The errors affect the particular evolution of the scar feature, but not the
general character of thickening. Thus, the order of magnitude estimates for the age
of the shut down of the relict ice streams is unchanged.

Three-dimensional effects will affect the transient behavior of the ice sheet. The
transient behavior of a 3-d dome is controlled by the local flux into the former ice
stream area. Areas of the dome with large slopes and ice thickness will expand
more quickly. Therefore, we do not expect scar features to be elevated uniformly.
At any given instant in the early evolution process, the scar feature may exist at
several elevations along its length. Ultimately, the transient effects diminish and the

evolution of the dome is governed by the volume response time-scale.

7.9 Conclusions

Topographic features left by relict ice stream margins can be elevated relative to the
former streaming surface by growth of the adjacent ice stream ridge. Interpretation
of the elevation of former flow features for the past configuration of ice streams or
ice sheet may therefore be complicated. The time-scales governing the evolution can
be estimated from fundamental properties of the ice sheet/ice stream system as in
equation (7.11).

These time-scales, together with the modern geometry of a dome/stream system
can be used to estimate the timing of ice stream stagnation. For Siple Dome, the

volume adjustment time-scale relevant to the NE flank relict ice stream is about
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1500 years. The present geometry and elevation of Siple Dome and its existing scar
features suggest that Siple Dome is in the early stages of evolution where ¢t < Tfill-
Based on this analysis, shut down of the Siple Ice Stream probably occurred in the
past 500 years. This age is consistent with other estimates based on analysis of the
internal stratigraphy across the feature ( Gades, 1998). The scar features on the south
flank of Siple Dome could be associated with a flow regime which shut down nearly
synchronously with the Siple Ice Stream. The thickening rate predicted by a model of
Siple Dome evolution for the Duck’s Foot area is generally consistent with the rate of
thickening inferred from GPS measurements (Chapter 3) for an ice stream stagnation
age of 200-500 years.

The recent shut-down age implied for the Siple Ice Stream and Duck’s Foot has
implications for the explanation for the divide migration toward Ice Stream D which
has likely persisted for at least the past 1000 years ( Chapter 4; Nereson et al., 1998b).
In order to cause the inferred divide migration. changes occurring at boundaries of
Siple Dome must also have persisted for at least 1000 years (Chapter 5; Nereson
et al.. 1998a). The more recent shut-down age predicted by this analysis does not
support the hypothesis that the divide migration is caused by thickening of the Siple
Ice Stream since its stagnation. The thickening inferred along the south flank of Siple
Dome is also a recent event (< 500 years) and would tend to move the divide in
the opposite direction than is inferred from the internal layer pattern (Chapter 4;
Nereson et al., 1998b). It appears that the recent stagnation of these flow features is
not the cause of the divide migration. A remaining possibility is past activity of the
now-relict flow features when they were active. In particular, gradual thinning of the
south margin of Siple Dome associated with past streaming activity of Ice Stream C

and Duck’s Foot would move the divide in the observed direction.



Chapter 8

SYNTHESIS

The analysis and conclusions presented in the previous chapters are parts of an
interconnected puzzle. When brought together, these pieces describe the history of
ice flow at Siple Dome and lead to implications about the past activity of Ice Streams
C and D. This chapter synthesizes the information from the previous chapters and
presents the main conclusions of this dissertation grouped into four categories: (1)
the present geometry and flow of Siple Dome, (2) the utility of using RES data to
infer past changes in ice flow, (3) the history of ice flow at Siple Dome over three time

periods and (4) the implications for the past activity of Ice Streams C and D.

8.1 The Modern Geometry of Siple Dome

Siple Dome is an inter-ice stream ridge about 100 km wide over a bedrock plateau
between Ice Streams C and D. The summit location is 81.6543° S, 148.8081° W, and
622 m high relative to the WGS84 ellipsoid. Ice thickness at the summit is 1009+ 7 m
as measured by RES (Raymond et al., 1995) (100445 m from borehole measurements,
H. Englehardt, pers. comm., 1998). The accumulation rate is estimated to be b =
0.11 m a~! for the past 1000 years and 0.13 m a~! for the past 30 years (Mayewski
et al., 1995). Measurements of ice flow near the divide show that flow is nearly
2-dimensional and perpendicular to the ridge within several ice thicknesses of the
summit (Chapter 3).

Assuming a spatially constant accumulation rate history with 0.10 m a~! ice
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equivalent during interglacial periods and about 40% less during glacial periods, I
have used a finite element model of Siple Dome to predict an ice age of 10* years at
about 60% depth (600 m) and 10° years at 90% depth (900 m) (Chapter 2 Nereson
et al., 1996). The temperature at the bed is predicted to be below the melting point.
This is consistent with analysis showing low RES reflectivity of the bed under Siple
Dome relative to recently streaming areas which are at the melting point (Gades,
1998) and with borehole temperature measurements (H. Englehardt, pers. comm..
1998).

Internal layers detected by RES are continuous over the entire width of the dome
and detected to about 70% of the ice depth (to 700 m). The continuity of layers is
disrupted where the profile crosses former shear margins on its flanks. The internal
layers are warped convex-up in a region spanning about 4 km beneath the present
divide. The large-scale internal layer pattern is asymmetric about the divide. A
central part of this dissertation involves analysis of the shape of these layers using ice

flow models and new inverse techniques to infer the history of ice flow at Siple Dome.

8.2 Using RES Internal Layers to Infer Ice-Flow History

In general. a set of internal layers detected at a given location using RES is discrete.
The number of internal layers which can be detected is inversely related to the RES
signal wavelength. Also, because of increased RES signal attenuation with depth,
layers are most easily detected in the upper part of an ice sheet. At depth, only the
layers with the strongest reflection properties can be detected. Each of the detected
layers is associated with an age according to the age-depth relationship appropriate
for that location.

The flow history which can be inferred from the shape of these layers is therefore

limited by their number density and distribution with depth. If the density is uniform



over the ice thickness, then the temporal resolution of the inferred flow history is
limited by the slope of the age versus depth relationship. Frequent changes in ice
flow are generally best resolved for the recent past (< H/b) represented by the upper
part of the ice sheet where more layers are generally detected and where the age-
depth scale is approximately linear with depth. Below about 50% depth, where ice
age is generally older than H/b, only the strongest reflecting internal layers can be
detected. The age versus depth slope here also steepens significantly. Therefore, the
few internal layers which can be detected are separated by very long periods of time,

making changes in past ice flow less resolvable.

The integrated effect of ice flow over time also limits the resolvable history of ice
flow from internal layer shapes. Even if an infinite number of internal layers could be
detected by RES, ice flow causes the shapes of internal layers to lose information about
prior flow regimes over time. The time-scale for this information loss is related to the
fundamental H/b time-scale. This effect is illustrated in Chapter 6 for variations
in the spatial accumulation pattern at Siple Dome assuming a simplified model of
layer deformation. For a given change in the spatial distribution of accumulation, its
effect on the internal layer shapes is reduced by a factor of (1 — 1/e) after H/b years.
Because of this flow effect, information about the flow regime associated with the age

of the deepest internal layers (>> H/b) is lost.

Given these limitations, RES methods were used at Siple Dome to detect variations
in ice flow of period 10° a over the past 5-10 ka (< H/b). The resolvable flow variations
are limited to those which cause internal layer shapes to be deformed more than about
10 meters (about 1/10 of the 2Mhz signal wavelength in ice). Prior to about 10 ka
(> H/b). only very large and long-lived changes in ice flow are potentially detectable
and no such changes were detected in Siple Dome data. Therefore, the flow history

of Siple Dome inferred from RES measurements is limited to the past 10* years.
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8.3 The History of Siple Dome

8.3.1 The Distant Past (> 5000 a)

The continuity of the internal layer pattern suggests that Siple Dome has not been
over-run by fast-flowing ice streams in the past 10* years, the approximate age of the
deepest detected internal layer. Further, the presence of the near-divide bump in the
internal layer pattern is suggestive of long-term stability of the Siple Dome divide po-
sition. Given the present ice thickness and accumulation rate at Siple Dome. a bump
formed by non-linear ice dynamics would take at least 5000 years to develop to its
present amplitude (Chapter 4; Nereson et ai., 1998b). However, we cannot eliminate
the possibility of thinning of Siple Dome in the past which may have been related to
thinning of WAIS and/or the initiation of ice stream activity. Rapid thinning would
decrease the amount of time required to form a divide bump by differential downward

motion of the ice.

The pattern of internal layers is consistent with an accumulation pattern which
has not changed in the past 10* years. Relative to the divide, the pattern predicts
up to 60% less accumulation to the south and 40% more accumulation to the north
(Chapter 6; Nereson et al.. 1997). The data also allow the possibility for a slight
decrease in the south-north gradient on the north flank over the past several thousand
vears. Sensitivity tests show that large or long-term changes in the accumulation
pattern would be detectable in the pattern of internal layers, but layer shapes are
not sensitive to small or short-term changes in the spatial accumulation distribution,
and that the sensitivity decreases with age of the event. Synchronous thinning of
the boundaries on either side of Siple Dome would only minimally affect the inferred
accumulation pattern. Asynchronous thinning of the boundaries of Siple Dome would

have larger effects, causing inferred accumulation rates on the thinning side of the
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dome to be artificially low.

8.3.2 The Intermediate Past (1000-5000 a)

Analysis of the shape of the divide bump present in the internal layer pattern shows

' for

that the divide has been migrating toward Ice Stream D at 0.05 to 0.50 m a™
the past few thousand years. Possible causes of divide migration include a steady
increase in the south-north accumulation gradient of 0.10—0.5x 107° a~!, or a relative
thickening of the north side of Siple Dome at a rate of 0.005 — 0.040 m a~! for the
past few thousand years (Chapter 5; Nereson et al., 1998a). The spatial pattern
of accumulation inferred from the large-scale layer shapes shows no evidence for an
increase in the accumulation gradient in the past 5000 years. The only evidence for
change is in the opposite sense to that required to move the divide toward Ice Stream
D (i.e.. a decrease in gradient). It is therefore unlikely that changes in the spatial
accumulation pattern have caused the observed divide migration.

Thickening of Siple Ice Stream since its stagnation could also cause divide mi-
gration. if stagnation occurred more than about 2000 years ago. However. models
of dome/ice stream evolution suggest that stagnation of the relict ice streams which
flank Siple Dome (Siple Ice Stream and Duck’s Foot) occurred less than 500 years ago
(Chapter 7). Any adjustment of the shape of Siple Dome associated with this stag-
nation is just now beginning to affect the divide position. Since the divide has likely
been migrating for the past few thousand years, we can rule out recent stagnation
of these relict ice streams as the cause of the migration. A remaining possibility is
the activity of the relict ice streams prior to stagnation. Thinning of the Ice Stream
C-side of Siple dome, or thickening of the Ice Stream-D side would tend to move the
divide toward Ice Stream D. It is possible that while Ice Stream C and the Duck’s

Foot were actively streaming, the ice stream slowly thinned and caused the southern
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boundary of Siple Dome to gradually decrease in elevation until its recent stagnation.

8.3.3 Present and Recent Past (< 1000 @)

Measurements of horizontal strain rate and estimates of the accumulation rate suggest
that the summit of Siple Dome is near steady state or slightly thinning at its summit at
one or two centimeters per year (Chapter 3). GPS measurements of surface velocity
across Siple Dome suggest that it is thickening significantly along its south flank
relative to the divide, with the most pronounced thickening occurring 40-60 km from
the summit where the flux divergence is negative ( Chapter 3). The spatial pattern and
magnitude of the thickening is consistent with the hypothesis that the Duck’s Foot
area is a former region of fast flow which ceased about 300-500 years ago (Chapter 7).
According to a dome/stream evolution model, the present elevation of the scar feature
on the north flank of Siple Dome suggests that this area also stagnated less than 500
vears ago. This finding is consistent with analysis of the internal stratigraphy over

the relict margin (Gades, 1998).

8.3.4 Complimentary Studies

Measurements from the deep ice core will help test these hypotheses about the flow
history of Siple Dome. Measurements of total gas content in the ice should determine
whether Siple Dome has thickened or thinned rapidly in the past. Measurements of
annual layer thicknesses will provide accurate dates for the stratigraphic layers and
could be used in conjunction with measurements of beryllium isotopes (an accumu-
lation rate proxy) to determine the strain history of the dome. These measurements
will better determine the history of accumulation and whether the Siple Dome sum-
mit is indeed in steady state. Measurements from 100-m cores taken at 30 km north

and south of the divide can be used to test the accumulation pattern inferred from
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RES layers in this analysis (Chapter 6; Nereson et al., 1997). Measurements of the
depth distribution of vertical strain near the summit will better constrain the flow
description used in flow models and determine whether the divide bump feature in the

internal layers is a non-linear rheology effect or an accumulation distribution effect.

8.4 Implications for Past Activity of Ice Streams C and D

Several lines of evidence support the hypothesis that the topographic “scar™ features
which flank Siple Dome are associated with margins of formerly streaming regions
adjacent to Ice Streams C and D. These include (1) disruption of the internal layering
at the “scar” features (Jacobel et al., 1996), (2) evidence of liquid water currently at
the bed beneath the relict ice streams (Gades, 1998), and (3) the low surface slopes
of the relict ice streams (Chapter 3; Scambos et al., 1998). Given this evidence, it
is reasonable to assume the Duck’s Foot and Siple Ice Stream are indeed relict ice
stream areas.

Based on a dome/stream evolution model, the modern elevation of topographic
“scar” features. and the pattern of modern inferred thickening on the south flank of
Siple Dome. stagnation of the Duck’s Foot and the Siple Ice Stream probably occurred
within the past 500 years. This recent stagnation age for the Siple Ice Stream is
consistent with other independent estimates based on analysis of the internal layer
pattern and measurements of the depth to buried crevasses (N. Lord, pers. comm to
A. Gades; Gades, 1998). Analysis presented in Chapter 7 suggests that stagnation of
the Duck’s Foot is also recent and may be nearly synchronous with stagnation of the
Siple Ice Stream.

The general stability of the Siple Dome divide position and the near steady-state
situation of the summit area suggests that any ice stream activity that occurred

prior to this stagnation (> 500 years ago) must have been such that the summit of
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Siple Dome was unaffected. This requires that the elevation at both north and south
boundaries of Siple Dome either remained fixed or changed synchronously. Given this
constraint, allowable changes in ice stream activity include (1) on-and-off switching of
the ice streams (including the Duck’s Foot and Siple Ice Stream) sufficiently quickly
that the Siple Dome divide position and its elevation are not significantly affected, (2)
a relatively steady flow of the ice streams with no associated changes in their elevation
at the boundaries of Siple Dome, or (3) steady flow of the ice streams involving gradual
but mostly synchronous increases or decreases in elevation at the boundaries of Siple

Dome.

Evidence for migration of the Siple Dome ice divide toward Ice Stream D for the
past several thousand years indicates slight asynchronous activity of the bounding ice
streams - eliminating option 2. Since the direction of divide motion has been in one
direction over that time, and since there is no evidence for changes in the migration
rate, rapid on-and-off switching (option 1) seems less likely than gradual thinning of
Ice Stream C at the south boundary of Siple Dome relative to the Siple Ice Stream
(option 3). If option 3 is correct and ice stream flow has been slightly asynchronous
but steady for several thousand years prior to stagnation of Siple Ice Stream and
Duck’s Foot (and Ice Stream C), then the recent stagnation events are not part of
the natural variability of the ice streams and may represent a major reorganization

of the ice stream system.

The evidence for recent reorganization of the ice stream configuration following
a relatively stable period for the prior several thousand years and the evidence for
long-term stability of Siple Dome supports a quasi-stable hypothesis for the WAIS ice
stream system. Inter ice stream ridges, because they commonly occur over bedrock
plateaus (Shabtaie and Bentley, 1987), may be relatively stable and define general

channels for ice streams. Ice streams flowing around the bedrock plateaus can quickly
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switch on and off or change their boundaries over short time-scales (10? a). The
allowed changes in ice stream configuration are partially constrained by the presence of
the inter-ice stream ridges and probably controlled by thermal and physical conditions
at or near the ice stream bed (e.g., Alley et al., 1987; Kamb, 1991; Anandakrishnan
and Alley, 1997; Jacobson and Raymond, 1998).
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Appendix A

THE HORIZONTAL STRAIN TENSOR

A.1 Finding Tensor Components using Least-Squares

The components of the horizontal strain tensor d;; can be found from the change in
distance among several survey poles over a measurement period At sufficiently long to
define the change accurately. A 2-year measurement period was used on Siple Dome.

For every measurement k of a change in line length L,

TFA ~ %™

(A.1)
where d;; is the strain rate tensor i, j = (z,y), and n¥ is the component of the unit
vector along L* parallel to the coordinate direction i.

Let (z%,y*) and (zf, y¥) be the k-th set of coordinate pairs a and b observed at

times £; and ¢;. The distance between these two points at each time is:

LE(t1) = \/(zk(t1) — 25(t1))? + (wE(t1) — y*(t1))? (A.2)
L¥(t2) = \/(zk(t2) — 24(t2))? + (vE(t2) — yh(t2))?, (A.3)

and the distance change is
ALF = LF(t) — L*(¢,). (A.4)

The unit vector components for each coordinate pair k can be written as
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k(s\ _ -k
nt = zb(tl[;)k(t::)a(tl) (A.5)
k(s \ _ .k
ny = yb(tlgk(tfj)“(tl) (A.6)

Using the summation convention, and assuming deformation is constrained to the z

and y plane, we can write the product of the component vectors in matrix form as:

nﬁn'yc = Ayg;. (A.7)

where j = (1.2, 3) represents the three terms of the summation. Let By = AL* /L¥

and X; = [X,, Xz, X3] = [dzz, dzy, d,,]. Equation A.1 is then

Bi = A4 X;. (A.8)

Our goal is to find the components of the strain rate tensor X ; which satisfy the
above equation for each measurement. A least-squares technique is used to find X;

for a set of k measurements. We first define a residual:
Ry = Ak;j X; — Bk. (A.9)

Squaring R gives
R* = RiR:. = (Ak; X; — Bi)(Ake X — By)
= Ak_,'XJ'Ak(X( - 2AijjBk + B B..

To minimize the squared residual, we differentiate with respect to each component of

the strain rate X, and set equal to zero:

OR?
oX,

= 24k Ake Xe — 2A4,Br = 0. (A.10)

Rearranging yields



AipAreXe = Aty Be. (A.11)

Finally, we can solve for the components of the strain rate tensor in matrix form:

X =(ATA) ' ATB. (A.12)

A.2 Principal Values and Vectors

The principal values P! and P? and directions n! and n? are found from solutions to

the equations

det(d; —P(Sij) =0 (A.13)
d‘-jnj it Pn; = 0. (A14)

The first equation gives the principal values:

(dzz + dyy) F \/(dxr +dy)? —4x (drxdyﬁ - d?:y)
5 .

£4

(P!, P?] = (A.15)

The principal direction for each principal value relative to the original z, y coordi-
nate system is found by rotating the original coordinate system according to the new

coordinate system via the matrix of direction cosines Bij:
cos(8) sin(6)
B =|—sin(f) cos(8),

so that
di; = dixBiiB, (A.16)

where the primed value indicates the new coordinate system. Solving for 4 yields

1 2,
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and since the principal directions must be orthogonal,

n' = [cos(d), sin(8)] (A.18)
n®* = [cos(d +/2), sin(d + 7/2)]. (A.19)



Appendix B

VERTICAL MOTION OF THE FIRN

Let (z,y,2) and (u,v,w) represent position coordinates and velocity directions
where z is the vertical coordinate. Let e denote strain rate. Conservation of mass

requires

1Dp
e,,,--i-eyy-{-ezz = —;E (Bl)

Assuming Sorge’s Law which states that the variation of density p with depth z does

not change in time ¢ (0;p = 0), and assuming no horizontal variation p, then

w
€rz + €yy + €:: = —— 0,p. (B.2)
p
Rearranging yields
w
€. = —; 20 — (€zz + €yy)- (B.3)

The term (—e;; — €yy) is equivalent to the vertical strain rate assuming no firn
layer in the ice column, €},. Integration of e}, over the ice thickness is the vertical
motion of a point in the firn in ice-equivalent units w;. The term e,., when integrated
over the ice thickness, represents the true vertical motion of a point in the firn near
the ice surface w, = w(h). Therefore, integrating equation B.3 over the ice thickness

vields
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A
w, = w; — E 0.pdz (B.4)
z[trn base h
= ~—/ z_u_ zpdz—/ Eazpa'z. (B.5)
Zfirn base
(B.6)
Assuming ice density does not vary below the firn-ice transition we can write
h
wy = w; -/ ¥ 8,pd-. (B.7)
Zfern bage P
If p is only a function of z, this reduces to
Ps
Wy = w; —/ Edp. (B.8)
Py p

By substitution we can show that w(z) = w;p;/p(z ) is a solution to the above equation

with the result

w, = w;— b (B.9)
ps’

where p, is the firn density at the base of the survey pole where w, is measured.
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